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PREFACE 


Under the title of General Physics, or Properties of Matter, it is 
usual to include the fundamental laws and principles of matter and 
motion, or what are known as Mechanics and Hydrostatics. Though 
these mechanical properties of solids, liquids and gases form a neces¬ 
sary part of the instruction in the most elementary course of physics, 
their full significance cannot be understood without a fair equip¬ 
ment of the mathematical principles involved. In this book, which 
is chiefly intended for students preparing for Higher School Certi¬ 
ficate, or Intermediate Examinations in Physics, it is assumed, 
therefore, that they are acquainted with the operations of the 
differential and integral calculus. 

It was formerly customary for work in these subjects to be 
deferred to a later stage. This, however, is no longer the case, for 
nearly all candidates for the Higher School Certificate receive 
instruction in the calculus as part of their mathematics course for 
this examination. But though the needs of these students have been 
borne particularly in mind, the book is not written for the syllabus 
of any one university, and subjects are included for the sake of 
continuity which may not appear in any syllabus. • 

Both classes and individuals vary much in their attainment, so 
that the choice of reading for the student must be left to the teacher. 
It should be remembered that the same examination serves not only 
to discriminate between passing and failing candidates, but also for 
the awarding of scholarships. It is, therefore, usual to set some 
questions of a more advanced character than the others, and it is 
hoped that this book will help the candidate in the more advanced 
as well as in the elementary parts. 

Many points have been elaborated by means of examples, most of 
which are taken from examination papers. 

Acknowledgments are due to those examining bodies which have 
kindly allowed questions to be taken from their Higher School 
Certificate examination papers, namely, the University of London 
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PREFACE 


(L.H.S.C., Int. and B.Sc,); Oxford and Cambridge (O. and C.H.S.C.); 
Cambridge (C.H.S.C.) ; Oxford (O.H.S.C.) ; Joint Matriculation 
Board (J.M.B.H.S.C.) ; and Central Welsh Board (C.W.B.H.S.C.). 

I must express my very great indebtedness to Sir Richard Gregory 
for help in all stages of the work, and to Mr. A. J. V. Gale for 
a number of suggestions made upon the proofs; also to Mr. 
H. J. Gray, B.Sc., for reading the manuscript and working out the 


examples. 
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CHAPTER I 


VELOCITY AND ACCELERATION 

General considerations.—The study of Nature begins with an 
examination of those phenomena that appeal directly to the senses. 
From sight and touch we obtain the idea of distance or length. 
From the muscular exertion required to set a body in motion we 
realise the quantity which we call “ force/’ and the sequence of 
events gives us an instinctive feeling which we call '* time.” Hear¬ 
ing, colour sensation and taste are other primary sensations but 
with these we are not concerned here. 

In choosing units for the measurement of physical quantities it is 
necessary to bear in mind that each unit must be constant and con¬ 
venient. The unit of length chosen is the metre, the distance between 
two marks on a platinum-iridium bar preserved at the International 
Bureau of Metric Weights and Measures at Sevres near Paris, when 
the temperature of the bar is O® C. One hundredth of this, or one 
centimetre, is commonly used as the unit of length for scientific 
purposes. The unit of time is the mean solar second, or 1/86400 of 
the average time taken by the earth to make one complete rota¬ 
tion with respect to the sun. 

One more unit must be defined before it is possible to measure the 
majority of physical quantities. There is a choice between force 
and mass. If either of these is given, the other can readily be defined, 
and the question will be discussed more fully when Newton’s laws 
of motion are given (p. 25). 

The quantity mass is chosen in preference to force, for its standard 
is easy to preserve and convenient to compare with other masses. 
Mass is a property of matter which is easy to realise, but difficult to 
define. Everyone knows that it is easier to set in motion a floating 
cork than a ship. This is chiefly because the ship has the greater 
mass. The standard of mass used in scientific work is a piece of 
platinum-iridium preserved at Sevres and called the kilogram. One 
thousandth part of this is taken as unit and called the gram. Thus 
we measure our physical quantities in centimetres, grams and 
seconds ; hence this is called the e.G.s. .system. 

On the British system the foot, pound and second are used, and 
A 2 


S.P.M. 
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defined, in a similar manner to the c.G.s. units, with reference to 
standards preserved at the Standards Ofiice of the Board of Trade, 
and 1 pound = 453-59 grams, 1 foot = 30-48 cm. 


Uniform velocity,—A body moving in a straight line and travelling 
over the same distance in equal times is said to have uniform velocity. 
To specify velocity completely, the direction of the motion must be 
given, as well as the distance moved in unit time. The latter is the mag¬ 
nitude of the velocity, or the speed. When the time is not unity, the 
velocity is the ratio of the total distance moved to the time taken, or. 


velocity = 


distance 


time 


1 

v = - 


1 = vf. 


If the motion is along a curve the direction is always changing, 
and, strictly speaking, the velocity is changing but the speed may 
be constant. In this case the distance measured along the curve 
bears a constant ratio to the time taken. 


speed = 


distance 
time * 



j 


$ = vt. 

Vectors and scalars.—Some quantities have magnitude only, 
and there is no idea of direction in relation to them. Such are 

mass, volume, time, etc. They are 
called scalar quantities, or invariants. 
On the other hand, displacement, 
or distance measured in one definite 
direction, velocity and other quanti¬ 
ties that will appear later, have direc¬ 
tion as well as magnitude. These are 
called vector quantities. The typical 
vector is a displacement, and may 
be represented geometrically by a 
straight line. Thus a displacement from O to A (Fig. 1) is represented 
by the line OA, which is a vector and is designated a. Similarly a 



FiQ. 1 .—Adiution op Two Vp-ctors. 
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displacement from A to B is represented by the vector AB or b. The 
point B has been reached by two displacements OA, followed by AB ; 
but it might equally well have been reached by one displacement OB, 
represented by the vector c. This leads us to the law of addition of 
vectors, which is really only an extension of the law of addition of 
scalars or numbers. In fact a general law of addition may be stated 
as follows : if the second quantity begins where the first quantity finishes, the 
quantity extending from the beginning of the first to the end of the second is the 
sum of the two. In numbers and scalars this follows by the ordinary 
process of counting and is the basis of all arithmetic ; but in the 
case of vector quantities, which from their geometrical nature 
involve direction, it can be seen from Fig. 1 that if b begins where a 
finishes, a vector c drawn from the beginning of a to the end of b is 
equivalent to the sum of the effects of a and b. Vectorially we write 

c = a + b. 


It should be noted that vector quantities are designated by heavy 
clarendon type, while scalar quantities are given in italics. 

The result may be extended to the 
addition of any number of vectors; 
thus in Fig. 2 

c = a + b + c + d. 

If the end of d coincides with the 
starting point O, then e = 0 and 

a+b + c + d = 0. 

Again from Fig. 1 we see that the 
order in which the displacements are 
made is immaterial, for ordinary geo¬ 
metry shows that if the displacement b is made first, followed by 
displacement a, the point B is reached as before, 



Kia. 2 .—Addition of Maht 
Vectors. 


.*. a-hb = b + a. 

Composition of velocities.—A velocity being a displacement 
divided by a time, it follows that velocity, like displacement, is a 
vector quantity. Referring again to Fig. 1, if OA is the displacement 
of a body which takes place in one second, it is also the velocity of 
the body. If at the same time the body has a displacement AB, 
this is a velocity simultaneous with the first. The velocity equi- 
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O V, A 

Pio. 3 .—Addition of Velocities. 


valent to these two is the velocity OB. This may be realised in a 
simple case. Suppose a person at O (Fig. 3) to be standing on a 

moving floor, say a railway carriage, 
which has the velocity OA = v^. This 
velocity would cause him to reach 
A at the end of 1 second. If, how¬ 
ever, he walks across the carriage 
with velocity AB = V 2 > he will reach 
B in 1 second instead of A. By 
dividing the time into small inter¬ 
vals and considering his position at 
the end of each, it will be seen that his actual path is along OB and 
his velocity is represented by OB = V 3 . 

Thus V 3 = Vi+V 2 - 

The velocity V 3 is said to be the resiiltant of and V 2 , and Vj and 
Vg are the components of V 3 . Velocity being then a vector quantity, 
velocities are compounded or added like all other vector quantities, 
and the process of addition or compounding will be treated for all 
others directly they are known to be vector quantities. The com¬ 
pounding of any number of velocities possessed simultaneously by 
a body may be carried out as in Fig. 2. 


A word of warning is necessary here, so that the magnitude of the 
velocity shall not be confused with the complete velocity, which has 
direction as well as magnitude. Thus, if Vj, and are the magni¬ 
tudes of V|, Vg and V 3 in Fig. 3, it is, of course, not true that Ug is 
the sum of and Vg* ^3 calculated from v, and Vg by the 

ordinary laws of trigonometry, or found by graphical construction. 
The calculation mav be 
carried out to any desired 
degree of accuracy, but 
may be tedious or dilfi- 
G^ilt. On the other hand, 
ifthe velocities aredrawn 
to scale the resultant 
may be found from the 
drawing. This graphical 
method is of great con¬ 
venience and is simple, 
but the accuracy attainable is limited by the difficulty of measuring 
with an ordinary rule. 
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In Fig. 4, if and Vg are the magnitudes of the component 
velocities and the magnitude of the resultant, 6 being the angle 
between the components, Vg may be calculated from 

cos dy 

and the angle <t> it makes with Vj is given by 

Vg sin 6 

tcLTl O ^ 2 • 

t'l + COS u 


The graphical solution would consist in drawing OA to scale, say 
t\ centimetres, and AB of length Vg centimetres, the angle between 
their directions being 6°. Then OB is drawn and measured, and the 
value Ug is its length in centimetres. Similarly ^ may be measured 
with a protractor. 

If OB' is drawn instead of AB and the parallelogram OB'BA com¬ 
pleted, the diagonal OB is the required resultant. OB'BA is some¬ 
times called the paxallelogram of velocities. 


Example. —A vessel steams in such a direction that if there were no 
ocean current it would travel in a north-easterly direction at a speed of 
23 knots. There is, however, a current of 3 knots in an easterly direction. 
What is the resultant speed and direction of the vessel ? 



FiQ. 5 .—Problem. 


In Fig. 5, OA represents 23 knots and AB 3 knots. Then 

OB® = 23® + 3® + (2 X 3 X 23 cos 45®) 
= 529+ 9+ 97-6, 

= 635 6. 

OB = 25 22 knots. 

3+23 cos 45® 19-27 

tan BON - . 

= 1185. 


Angle BON =49-83®; 

path OB is 49-83® east of north. 
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Acceleration. When the velocity of a body is changing, the 
simple definition of it on p. 2 no longer holds. If the distance 
travelled m a considerable time is divided by the time, the result is 
the average velocity, and not the velocity at any instant. If, how¬ 
ever, the interval of time is made small, 8^, and the distance travelled 

m a straight line is 5l, the quantity approaches a limiting value 

as St is made smaller and smaller. In the limit when St is vanishinely 

SI ffl ^ ^ 

small the ratio becomes and this is called the velocity at 

the instant considered. 


Thus 


dl 

^ dt' 


If the speed only is being considered, 


ds 


The velocity v may change from moment to moment ; over a 


small interval of time 8/ it may change by Sv. The ratio ap- 


dv 


Si 


proaches the limit ^ as Si decreases, and this ratio is called the 
acceleration of the body. 

Thus 


a = 


dv 


From the nature of the definition we see that acceleration is a 

vector quantity, having direction as well as magnitude, but for a 

moment we shall consider motion in one straight line only, so that 

the magnitudes only of length, velocity and acceleration will concern 
us. 


Thus 


ds 


and 


dv 

dt 


If the velocity is increasing, dv and di are both positive and the 
acceleration is positive. If the velocity is decreasing, dv is negative 
and the acceleration is also negative. It is sometimes called a 
retardation. In any event, acceleration may be defined as the rate of 
change of velocity of the body. 

The equations given above may be written ds = vdt and dv = adt. 
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Integrating these equations, 

s = ^vdt and u = 

If V is constant, the first of these gives 

s = vt+c, 

and if a is constant, the second equation gives 

v = at-hc', 

where c and c' may be any constants. In the first case c may be 
the distance from a fixed point at the start, and $ = vt is the distance 
moved with constant speed in time t. 

In the second case c' is the speed of the body at the beginning, 
and at the gain in speed in time t. Writing c=^u, it follows that 

v = at + u. 

Again, substituting v — at + ii in equation ds = vdt 

d$ = (at + u)dtf 


s= \at dt + 




Or 


a = 


= + ut +c". 

dv . ds 

-y, and v = -r , 
dt dt * 


a = 


d^s 

dt^ 


Integrating once with respect to (, 


, , ds 

c +at = -^^ = u+at\ 

and again. 5 = \at^ + ui+ c". 

If the distance is calculated from the origin, s = 0 when i 
it follows that c" =0. 

^^d s=ut + ^at^. 

Another useful equation may be obtained by writing 

v^ = {at + w)2 
= a^t^ + 2itat + 

= a {at^ + 2ut) + 

^a(2s) -h 
-f- 2as. 


= 0, and 
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The three most useful equations collected together are 


s = .. 

s=tU + 

V® = m 2 + 2a^. 


( 1 ) 

( 2 ) 

(3) 



E o/ F 

Fio. 6 .—Velocity-t[mb Graph* 


Graphical illustrations.—If the velocity of a body at a sufficient 
number of points in time is known, a curve may be plotted, connect¬ 
ing velocity and time. Tak¬ 
ing a curve ABCD (Fig. 6 ) of 
a general type, and dividing 
the diagram into vertical 
strips, it will be seen that if 
the width of one strip is 8^, 
the area of the strip is vht, 
where 8^ is taken to be so 
small that v does not vary 
appreciably during this inter¬ 
val. But V 8^ is the distance 
travelled in the time 8^, and 
is therefore represented by the area of the strip. Thus the distance 
travelled by the body in the time EF is, to scale, represented by the 
area BGCFEB, the sum of all the strips between BE and CF. 

The acceleration is the slope of the curve at any point, which is 

zero at B and again at some point G. 

When the acceleration is constant, the curve becomes a straight 
line, as in Fig. 7. The distance travelled in the time OC is then 
given by the area ABCO. It will 
be seen that OA is the velocity at 
the start, «, and BD is the gain in 
velocity, a/, in time O0 = t. 

Then area = ^ (OA + CB) x OC 

= ^(u + u + at) X t 
= ut + 

which is equation (2). Also the 
rectangle ADCO represents the dis¬ 
tance travelled if the acceleration 
is zero, and the triangle ABD is 
the distance travelled if the original 

velocity is zero. The actual distance travelled is the sum of 
these two. 



C / 

FIO. 7. — GRAPB INDICATIHO CONSTANT 
Acceleration. 
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Example. —If you are given the velocity-time curve of a moving body, 
how can you determine the distance traversed by the body between two 
assigned instants ? 

The speedometer of a motor-car showed the following speeds in m.p.h. 
at the ends of successive intervals of 3 sec. : 38-9, 62-8, 64-4, 73*6, 80*9, 
86T, 90-0, 92-5. Plot the velocity.time curve in the most convenient units, 
and find the distance in feet covered while the speed increases from 80 to 
90 M.P.H. Find also the acceleration in foot-second units when the speed 
is 70 M.P.H. C.H.S.C. 

Plotting 6 mm. for a second and 1 mm. for 1 m.p.h., the curve of Fig. 8 
is obtained, but is reduced to a convenient size for reproduction. As near 

m.p.h. 

1001 - 1 - 1 - 1 - 1 - 1 - 1 - 1 - \ 


60 


SO 


40 



24 

sec. 


FlQ. 8.—PROBLEM. 


as can be read, the speed of 80 m.p.h. occurs at time 14-6 sec. and 90 m.p.h. 
occurs at time 21 sec. To calculate the distance travelled, the area between 
the ordinates at 14-6 and 21 sec. and the curve is found. The mean 
ordinate is greater than 85 and less than 86, so that as nearly as can be 
read it is 85-6. 


jpeed = 85*5 m.p.h. 

85-5 X 1760 x3 
“ 60 x60 


ft. per sec. 


85*5 X 88 
60 


X 6-4 ft. 


= 802-6 ft. 


Distance travelled 
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In order to obtain the acceleration when the speed is 70 m.p.h. it is 

dv 

necessary to evaluate ^ at this point, which is done by drawing a tangent 

to the curve. This tangent cuts the 8 ]>eed axis at 38 and the time 18 sec. 
ordinate at 94. Thus 


dv 94-38 56 

^ — “18 P®*" ®®®* 

= .-3 X 1760 X 3 ft. per hr. per sec. 

lo 

56x1760x3 , 

=T 5 —^—STT sec.-*. 

18 X 60 X 60 

= 4-56 ft./sec.=. 

Note that accelerations may be expressed as feet (or cm.) per second per 
second, ft./sec.* or as ft. sec."*. 


Acceleration of gravity.—The most obvious instance of accelera¬ 
tion occurs in the case of a falling body. The acceleration of all bodies 
falling freely at any one place on the earth’s surface is the same and is 
also constant. The first of these statements is the great discovery 
of Galileo, as up to his time it had been thought that heavier bodies 
fail more rapidly than lighter ones. The effect of the air in resisting 
the fall, on account of friction and buoyancy, will certainly diminish 
appreciably the rate of fall of very light bodies, although for heavy 
bodies this effect is very small. In a vacuum the acceleration of all 
bodies is the same. The second statement is true so long as the 
distances fallen are small compared with radius of the earth. 

The acceleration of a falling body, however, varies slightly from 
place to place. At the equator it is least and at the poles greatest, 
Init the reasons for this variation and the methods of determination 
will be deferred to Chapter V. At the pole the value is 983-216 
cm. per sec. per sec., and at the equator 978*030 cm. per sec. per sec. 
At London the value is 981-19 cm. per sec. per sec., and in this 
country the value 981 cm. sec.-* may be taken as sufficiently near 
for ordinary purposes. In British measure this is 32-2 ft. sec.-*. 
The number 32 is often taken for purposes of rough calculation. 

Equations (2) and (3) on p. 8 are now written with g replacing a, 


and are 

s = ut + yt^ .(4) 

v^ = u^ + 2gs .(5) 
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Example 1.—A body falls from rest. What is the time taken to fall 
40 metres, and what velocity is acqiiired in the fall ? (^ = 981 cm. sec.-*.) 
Since the body falls from rest, 


Then from (4), 


From (5), 


4000 = J X 981/S 
/* = 815, 

/ = 2*86 sec. 
v^ = 2 x981 x4000 
= 7848000. 
v = 2802 cm. sec.”* 


Example 2. A body is projected vertically upwards with a velocity of 
80 ft. see. *. How far will it rise and after what time will it be 40 ft. above 
the starting point ? (^ = 32-2 ft. sec.-*.) 

At its greatest height its veloeity will, for an instant, be zero, since it 
ceases to rise. Therefore in (5) v = 0 ; 

0=u* + 2y«. 

_ 80* 

^ 2x322 

= -99-38 ft. 

Here ff is considered to be positive and the downward direction positive. 
Directions measured upwards are therefore negative. The negative sign 
thus indicates that« is to be measured in the opposite direction to ff. 

-40= -80/+ 16-1/*, 

« . 40 ^ 

I 6 l ''^16 1 “^' 

/=2 48fi±l-921 

= 4-40 6 or 0-564 sec. 

The 0-5^ sec. is the time of passing the given point as the body is 

ising, and 4-406 sec. is the time taken to rise and then fall to the given 
poim* ® 


Proj^tUes. If the velocity of a falling body is not vertical at any 
point It may be resolved into two components, one horizontal and 
the other vertical. The term “ vertical ” means the direction in 
which gravity acts, and it is therefore the vertical component of the 
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velocity that is subject to acceleration. The horizontal is at right 
angles to the vertical, and there is no acceleration of the body 
horizontally due to gravity. If the body is projected upwards at O 
(Fig. 9) with velocity OC = m, at angle 6 to the horizontal, the vertical 
component of velocity is OB = u sin 6, and the horizontal component 
OA = u cos 6. Since the latter is not accelerated, the equation 

x = u cos B . t 

gives the x-ordinate, OD, after t sec. The y-coordinate after t sec. is 
DE and is the ordinate DF, or u sin B^ that would have been attained 


F 

A 



if there were no acceleration due to gravity, diminished by the 
amount = by which the body has fallen in the same time, or 
by equation (4) (p. 10), 

y = u sin B .t — \g^y 

remembering that the magnitudes only of the quantities are indi¬ 
cated by « and g. If the body is moving upwards, u will naturally 
be taken as positive in the positive direction of y. Gravity acts 
downwards, and, so long as the body is moving upwards, is really a 
retardation and is to be taken as negative ; hence the negative sign 
iti the above equation. 

The horizontal component of velocity of the body at E is still 
u cos 0, or 
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The quantity ^ is frequently written i:, in the original notation 
of Sir Isaac Newton, thus 

x — u cos 0, 


and 


dy . - 

^ = B-gt. 


It will be seen that, so long as u sin B>giy ^ is positive and is 
directed upwards, but when gt>-u sin B, y is negative and is therefore 
directed downwards. 

To find the magnitude of the resultant velocity v at any moment, 
note that 

v2 = (:r)2 + (^)2. 

Also, the angle ^ which the resultant velocity makes with the 
horizontal is given by 

tan <i>~%. 

X 


Example.— Prove that the path of a projectile moving under gravity in 
a non-resisting medium is a parabola. 

Show that a particle starting with a velocity of 100 ft./sec. at an angle 
tan'i i to the horizontal will just clear a wall 36 ft. high at a horizontal 
distance 80 yds. from the point of projection. Find also the direction of 
motion of the particle when it is passing over the wall. L.H.S.C. 

For first part, see p. 15. 

If tan 0 = 1, sin 0 = f and cos B = t- 

Horizontal velocity sc at the start = 100 cos B 

— 100 X ^ = 80 ft. sec.“^. 

Time to travel to the wall sec. 

Vertical velocity = 100 sin 0=100x^ = 60 ft sec.->. 

Now y=60 X r - i X 32f2 

= (60x3)-(16x9) 

= 180-144 
= 36 ft. 

That is, the height of the particle above the ground is the height of the 
wall. 

Now, x = 80ft. sec.-i. 

Also, after three seconds from the start, 

1/^60-32x3 
= — 36 ft. sec.“*. 
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Since if is negative the particle is falling, and the angle ^ between its 
path and the horizontal is given by 

i.e. «^ = 24i* approx. 

Greatest height and horizontal range.—The height and range may 
be found by calculating the time taken for the body to rise to its 
highest point, starting with vertical velocity u sin B. The time of 

rise is thus ^ and twice this, or -- is therefore the whole 

9 9 

time of flight. Since the horizontal component of velocity is u cos B, 
the horizontal distance travelled in time ^ jg 

9 


u cos 6 X 


2u sin B 2u®sin Bcos B 

9 “ 9 

u* sin 2B 


This is known as the horizontal range of the projectile. 

The greatest height to which the body rises may be obtained from 
(5), p. 10, since the vertical velocity is then zero, 

0 = 1/2 sin^d — 2gs^ 

1/2 sin®^ 

or s = —jr-. 

For a given initial velocity u the range depends upon the angle of 

elevation 6, and in order to find the value of B for greatest range, it 

^ , , . t sin 2B 

ivS necessary to find the maximum of- 


= x. 


dx 


The usual method is to find jj. and equate its value to zero. 

du 


dx 2m2 

^ =-cos 20 = 0 ; 

acr 


COS 20 
20 


0 , 

90 *’, 

45 ^. 


Thus 
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That this is a maximum and not a minimum is fairly obvious, but it 

d^x 

may be checked rigorously by obtaining 


Thus 


when, for 0 = 45®, 


d^x 

d^x 

d^ 


4ug 

9 

4u2 


sin 20, 


This is essentially negative since is positive whatever the sign 
of u, and g is the numerical value of the acceleration of gravity. 
Thus 0 = 45° corresponds to maximum horizontal range. 

EQuation of path of projectile.—The path of a projectile is called 
its trajectory, and in order to obtain its equation it is necessary to 
eliminate t from the equations on p. 12 : 

x = u cos 0 . t, 

y = u sin 6 .t — \gt^. 

On substituting < = - ^ in the second equation, 

sin 0 , x^ 

^ ^ ^~s~e “ cos20 ’ 

This, being an equation of the second degree in x and the first 
degree in y, is a parabola with its axis vertical. In order to obtain it 



Fio. 10 .—Trajectory or a Projectile. 

in a simpler form, the origin may be transferred to the apex O' 
(Fig. 10) of the parabola. This is equivalent to deducting OA, half 





16 


MECHANICAL PROPERTIES OF MATTER 


CHAP. 


the horizontal range, from every abscissa, and AO', the greatest 
height, from every ordinate. That is, 

_ sin 6 . cos d , 14 ^ 

x = X^ -, .(P-1^) 


y=Y + 


9 

sin^d 


(p. 14) 


^ sin 9 cos 0^ sin 6 


X + 


sin 0COS 0\2 




Then, 

w^sin^^ / M®sin 0COS 0\sin 0 g w^sin0cos0\2 

=(x+ - )z^6~2u^ cos^ex^'^ g / * 

w^sin®0 sin 0 u^sin^B gX^ sin 0 sin^0 ^ 

^ 2g ^ cos 0 ^ g 2u® co3^0 cos 0 2g 

• v_ 3 ^^ 

cos®0' 

This is the equation of a parabola with vertex at O' and axis O'A 
(Fig. 10). 

It may be noticed that if a body is projected horizontally with 
velocity u, then 0 = 0 and cos 0 = 1. 

. .. 


Y= - 


• Y= — 

• • * 


2u2* 


and in time t = —. the body falls distance ^gl^. 

u 

y Range on inclined plane.—From the 

equation on p. 15, it is seen that for 
a projectile 

The range on the inclined plane OA 
/ I ' (Fig. 11) is found from the coordinates 

/ I of the point A, where the trajectory 

6-*-^ ? _ ! cuts the inclined plane, the vertical 

O B ^ plane containing the path cutting the 

Fio. 11 .—Range on Inclined inclined plane in its line of greatest 
**^*”^' slope. 

The equation of OA is g = x tan a, and with the above equation, 

a: tau a = X tan e - is . 


x = 


2(tan 6 — tan a)u^ cos^d 
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From this it is seen that there is no positive value of x unless 
tan ^>tan a or that is, unless the angle of elevation of the 

initial velocity is greater than that of the plane. 

Again, y = xtana 

2 (tan 0 — tan a) u® cos®0 
--tan a. 


But OA® = x® + ?/2 = 


2/^=1 


2 (tan Q — tan a) cos^^l 2 


(1 +tan2a); 


but 


1 + tan^a = sec^a — 


cos®a 


OA« 


2 (tan 6 — tan a) cos^d 
g cos a 


Example. —A particle is projected with velocity u from the foot of a 
plane of inclination /3, the direction of projection lying in the vertical 
plane through the line of greatest slope and making an angle « with 
the horizontal. Show that the range on the inclined plane is ■ 

2ti* cos a sin (a — /5) 
g cos*^ 

If the particle strikes the plane at right angles, prove that 

1 + 2 tan“j3 = tan « tan O. & C.H.S.C. 

Using the letters in the question, the expression for the range on the 
plane becomes 

2 (tan a — tan yS) oo8*a 

g cos yS * _ 

That is, 


/sin a siny3\ , 

I- I w® C 08 *a 

V cos a cos yS / 

g cos yS 

_ 2<<^(8in Qc cos y3 - cos « sin y3)cos*a 

g cos a cos^yS 
_ 2u*Bin(a - ^)cos a 


sin yS 


® co8*a 


V 

.A 


g cos 


Fio. 12 .—Problem. 


In Fig. 12, 


X u cos a . t 

tan B — tan ot~ — ^ — , 

2u cos a 


or. 


ucos a 


= 2 tan a - 2 tan /8. 
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Again, 


— tan = ? = 

^ X 


u sin oL—gi 


u cos <z 


= tan a. — 


gt 


u cos oc 


or. 




= tan a. + tan ^; 


V cos a 

2 tan « - 2 tan)S = tan a + tan 
But for the velocity to be at right angles to the plane, 

^ — jS, or tan <f} — cot jS. 

tan a-2 tan i3 = cot 6 = —J-a ; 

' tan p 

tan a tan - 2 tan*y5 = 1 ; 

1+2 tan^jS = tan « tan 


Relative velocity.—In a strict sense all velocity is relative, that is, 
in order to define a velocity it is necessary to specify the position of 

a body at different times with respect 
to some reference body which is con¬ 
sidered to be at rest. For ordinary 
mechanical problems the earth is con 
sidered to be at rest, and all velocities 
are measured with respect to it. 
Thus velocity, as ordinarily given, 
means velocity with respect to the 
earth. If, then, two bodies have 
velocities with respect to the earth, given by the vectors v^ and V 2 
(Fig. 13), then the difference in their velocities is given by the vector 
V;j. for by the principle of summation of vectors (p. 3) 

V2 = Vj + Vj, 

or V 3 = V 2 -Vi. 

V 3 is then the relative velocity of the one body with respect to the 
other. The matter may be put in a different way as follows : if equal 
velocities be added to the two bodies, this will notchange their relative 
velocity. On then adding a velocity - Vj to both bodies, the first 
is reduced to re.st since Vj — Vj = 0 , but the second body will now have 
velocity compounded of Vg and - v, which, in Fig. 14, will be seen to 



Fio. 13. —Difference of 
Velocity. 
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be the same as the V 3 in Fig. 13. The relative velocity of the first 
body with respect to the second is by a similar process seen to be 
— V 3 . Thus the relative velocity of one body with respect to another 



Fig. 14.—Relative Velocitt. 


is represented by a vector which is the difference of the vectors 
representing the velocities of the two bodies, and may be found by 
superimposing on the two bodies velocities equal and opposite to the 
velocity of one of them, thus reducing this one to rest. 

Example 1.— What do you understand by relative velocity ? 

To a man running at 7 m.p.h. due West the wind appears to blow from 
the North-west, but when he walks at 3 m.p.h. due West the wind appears 
to blow from the North. 

What is its actual direction A 
and its velocity ? 

O.H.S.C. 

Let thevectorOA (Fig. 15) 
represent the man’s velocity 
when running due West at 
7 M.P.H., and let OB be the 
actual velocity of the wind. 

Superimpose on both the velocity OC=-OA. The man is now at rest, 
and the velocity of the wind relatively to him is OD. 

Now repeat with OE=3 m.p.h. The resultant of OF= -OE and OB 
is OG. 

Now in the problem DOG =45° and DG = FC = 4. 

OG=4 and BG = 3, 

OB2=OG2 + BG= ; 

OB =5 m.p.h. 



Its direction makes angle GOB with the North, where 

tan GOB = I = 0-75, 

GOB = 37° approx. 
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Example 2 .—Define the velocity of one moving body relative to 
another. 

Two ships A and B are 30 nautical miles apart with A due N.N.E. of B. 
A is steaming due E. at 12 nautical miles per hour and B due N. at 12(1 + n/ 2) 
nautical miles per hour. 

Find when they will be nearest each other and their distance apart then. 

L.H.S.C. 



Superimpose on both ships a velocity — AE (Fig. 16) or 12 nautical 
M.p.H. due W. A is brought to rest and B has now a velocity BD, the 
resultant of BC and BF. BO is the velocity of B relative to A. Also 

DC 12 1 

tan DBC = -- 7 ^ —-■ 

BC 12(1+V2) 1+>/2 

1 

Thus DBC=22.r, since tan 224® =- 7 =. Therefore angle ABD=45°. 

^ I+V2 

The ships are nearest to each other when B is at the foot of the per¬ 
pendicular dropped from A on to BD, that is, at G. 

AG = AB sin ABG = AB sin 45® 

_ 30 
~ s/2 


= 21*2 miles. 
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Alao the velocity BD = VbF® + BC* 

= N/l2*+12=*(l+s/2)a 

= 12n/i + 1+2V2 + 2 

= 12n/4 + 2V2, 

and BG = AB cos 45^ 

30 

“n/2’ 

30 I 

/. time taken for nearest distance = -p. . - _ 

^ 12s/4 + 2s/2 

30 1 

^^s/2V4 + 2>/2 
_ 30 

~ 12^13^56 
= 0-676 hr. 


Exercises on Chapter I 

Accelerated Motion 

1. Prove that for uniformly accelerated motion in a straight line 

3 = Ut + ^fl\ 

A train 90 yards long starts from rest at a station with an acceleration 
of 6 ft. per sec. per sec. There is a signal post 100 yards from the point at 
which the front of the train started. Find the velocities with which the 
front and the back of the train respectively pass this post and the time 
taken by the train in passing it. J.M.B.H.S.C. 

2. What is a “ velocity-time curve ” ? Explain its use. 

A train runs from rest at one station to rest at another 5 miles distant 
in 10 minutes. If it gets up full speed uniformly in the first ^ mile and 
slows down uniformly to rest in the last J mile, what is the maximum speed 
in miles per hour ? O. & C.H.S.C, 

3. Show how to find the distance travelled by a body when its velocity¬ 
time graph is given. 

A man alights from a train when it is going at 5 ft./sec. and drawing up 
at the platform under uniform retardation. He walks forward in the 
direction of the train’s motion at a uniform velocity of 5 ft./sec. He has 
walked 10 ft. when the train stops, 65 ft. when it starts again (\vith uniform 
acceleration), and 70 ft. when it begins to overtake him. Find how far he 
will have walked when the carriage he left passes him, assuming that the 
train is still being accelerated uniformly. L.H.S.C. 
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4. Explain the use of a velocity-time graph in measuring (a) accelera¬ 
tion, (6) distance covered. 

A load is being drawn with uniform velocity up a vertical shaft 112 feet 
long ; the rope snaps, and the load just reaches the level of the surface. 
If the total time taken from the bottom to the top of the shaft is 4 seconds, 
find the original velocity of ascent. C.H.S.C. 

5. Prove the formula for uniformly accelerated motion. 


Two stations A and B are 5 miles apart on a straight track, and a train 
starts from A and comes to rest at B. For three-quarters of the distance 
the train is uniformly accelerated, and for the remainder uniformly 
retarded. If it takes 10 min. over the whole journey, find its acceleration, 
its retardation, and the maximum speed it attains. J.M.B.H.S.C. 

6. A point P moves in a straight line AB with a uniform acceleration of 
5 feet per sec.* in the direction AB, and its velocity at A is 10 feet per sec. 
in the same direction. Three seconds after P has left A, another point Q 
starts from A with a velocity of 38 feet per sec. in the direction AB and 
with an acceleration of 4 feet per sec.* in the same direction. 

At what distance from A will Q overtake P ? Show that, after passing 
p, Q, will never be ahead of P by more than 32 feet. L.H.S.C. 

7. Prove the formula y* = w*-«-2/j for uniformly accelerated motion in 
a straight line. 

Particles P and Q are moving in the same direction along neighbouring 
parallel lines with constant accelerations of 3 and 2 ft./sec.* respectively. 
P starts from rest at the instant when Q, is 39 ft. behind and moving with 
a velocity of 9-5 feet per second. Prove that P and Q, will twice be abreast, 
and find their speeds when this happens. C.W.B.H.S.C. 

8. The velocity, v ft./sec., of a car decreases with the time, t secs., 
according to the formula 

v = 40-t\ 


Draw a velocity-time graph from t —0 to I —7. Find by graphical 
methods the distance travelled from ^ = 3 to <=6 and the mean retardation 


in the same interval of time. 


C.W.B.H.S.C. 


9. During each third of the interval of time taken by a car to travel a 
journey from rest to rest, the car’s acceleration is constant. By means of 
a speed-time graph, prove that the average speed for the journey is two- 
thirds of the car’s speed at the middle of the interval. Prove also that, if 
one-nth of the journey is travelled in the first half of the interval, the 
accelerations during the 1st, 2nd, and 3rd thirds of the interval are in the 

(8-n) : 8{n -2) : (8-7n). O.H.S.C. 
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Projecttiles 

10. Show that the path of a ball thrown in a horizontal direction is a 
parabola. 

A man standing at the edge of a vertical cliflF 108 feet high projects a 
ball with a velocity of 96 feet per second at an elevation of 30® so that it 
travels in a plane at right angles to that of the clifiF. How far from the 
foot of the cliff does the ball strike the water ? O.H.S.C. 

11. If the only force acting on a particle is constant in magnitude and 
direction, prove that the path of the particle is a parabola. 

A particle is projected upwards at an angle of 60® to the horizontal with 
a velocity of 400 ft./sec. VVhat time will elapse before it is moving upwards 
at an angle of 45® to the horizontal ? Find also, to the nearest foot, the 
horizontal and vertical distances from the starting point. C.H.S.C. 

12. Particles are simultaneously projected in all directions with speed 

u feet per second from a stationary balloon. Prove that t seconds later all 
the particles, whose motion has not been interrupted, will be situated on 
a sphere. Find the centre and radius of the sphere. O.H.S.C. 

13. A particle is projected at an angle of elevation a with a velocity u. 
Find its vertical and horizontal velocities after a time t. Find also the 
greatest height attained and the horizontal range. 

If the horizontal range is equal in length to the latus rectum of the 
parabolic path, find the angle of projection with the horizontal. 

J.M.B.H.S.C. 

14. A shell is projected with velocity V at an angle of elevation a. 
VV^rite down equations giving its horizontal and vertical displacements from 
the point of projection at time and from them obtain and interpret an 
equation by eliminating «. 

A particle is projected with given velocity so as to pass through a point 
at a distance r from the point of projection. Prove that, if and are 
the times taken to reach this point in the two possible ways in which the 
particle can be projected with a given velocity, then 

M 2 = ^rlg. C. W.B.H.S.C. 

15. A stone is projected with velocity V at an angle of elevation «. 
Obtain the equations giving its horizontal and vertical displacements from 
the point of projection at time t. 

Prove that a boy, who can throw a stone to a maximum distance of 
64 yards on the level, can also throw it so as to clear a wall 24 yards high 
at a distance of 32 yards. C.W.B.H.S.C. 

16. If u and a are the speed and angle of projection respectively of a 

projectile, find the greatest height attained and the range on a horizontal 
plane. 

A rifle bullet is fired at and hits a target 100 yards distant. If the bullet 
nscs to a maximum height of J in. above the horizontal hne between the 
muzzle of the rifle and the point of impact on the target, find the muzzle 
velocity. I.Hftn 
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17. A particle projected from a point O with a speed u ft. per sec., at 
an elevation 6^ to the horizontal, passes through a point P, the straight 
line OP being inclined at an angle a to the horizontal. Prove that it will 
also pass through P if projected from O with the same speed at an elevation 
^ 2 , where + = 

Prove also that if and are the corresponding times for the flight 
from O to P, 20P 

^1^ = -^* O.H.S.C. 


Relative Velocity 

18. A steamboat is travelling with a constant speed of 15 miles per hour. 

When the boat is moving eastwards, the wind appears to an observer on 
the boat to be coming from the North. When the boat is moving south¬ 
wards, the wind appears to be coming from the North-west. Find either 
graphically or by calculation the magnitude and direction of the wind 
velocity. C.H.S.C. 

19. The directions of the smoke-trail of a ferry-boat whose speed is 

7 knots differ by 90° on its outward and return journeys. Assuming no 
change in the wind’s velocity, what is its speed ? [You may assume that 
the direction of the smoke-trail is that of the wind’s velocity relative to 
the boat.] O.H.S.C. 

20. Show how to obtain the relative velocity of two points whose 
motion is given. 

A ship A is moving with uniform velocity. To a passenger on another 
ship B going due East at 14 knots she app^ears to move due North, but when 
the speed of B is reduced to 8 knots she ^pears to be moving 30° East of 

North. Show that the speed of A is 4>/l9 knots. C.W.B.H.S.C. 


21. Explain the term relative velocity. 

An aeroplane flies at the rate of u miles per hour in still air, or at the 
same speed relative to the air in a wind. If there is a wind of v miles per 
hour, show that the time in hours required by the aeroplane to fly a 
distance d miles and back in a direction inclined at d to that of the wind is 

% i { u ^ - V * sin^^)* 


C.W.B.H.S.C. 


CHAPTER II 


FORCE, MOMENTUM. WORK 

Newton’s laws of motion.—Sir Isaac Newton expressed his ideas 
of motion in three laws, which are still looked upon as the foundation 
of mechanics. They are : 

I. Every body perseveres in its state of rest, or of uniform motion in a straight 
line, except in so far as it is compelled to change that state by forces impressed 
on it. 

Since there is always friction, however small, in the case of any 
motion of which we have direct experience, it can only be inferred, 
from the fact that when there is less friction the motion persists 
longer, that if there were no friction, the state of motion of a body 
would continue without change. The nearest approach to such a 
state is that of the motion of the earth and planets in space which 
we believe to be nearly devoid of matter. In most cases in which 
we can observe the motion of a body, friction supplies the force 
which is impressed on the body to change its state of motion and 
bring it to rest. 

II. Change of motion is proportional to the moving force impressed, and takes 
place in the straight line in which that force is impressed. 

By change of motion is meant change of momentum, where 
momentum is defined as mass x velocity ; but as mass is not yet 
defined, the second law has no meaning, unless taken in conjunction 
with the third law, which is : 

III. An action is always opposed by an equal reaction ; or, the mutual 
actions of two bodies are always equal and act in opposite directions. 

This means that whenever two bodies act on each other mechani¬ 
cally, both experience the action, and that the actions on the two 
are equal and opposite. This can be put to the test of experiment. 
But there are not many direct experiments by which to test the fact. 
The experiments which assume this law are numerou.s, and their 
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cumulative effect is to strengthen our belief in the law. For example, 
when two bodies collide, the actions on the two bodies are equal and 
opposite (see ballistic pendulum, p. 31), or when two bodies are 
pushed apart, as in the case of a bullet fired from a gun, the action 
on one body, resulting from their mutual reaction, is equal and 
opposite to the action on the other body. 


If a body A reacts with another body B, it is the result of experience 
that the acceleration of A bears a constant ratio to the acceleration 
of B, whatever the actual accelerations may be. Let us express this 
as follows : 


acceleration of A 
acceleration of B 


= constant = 



Now consider a third body C. In a similar manner when B and C 
act upon each other, 

acceleration of B _ 
acceleration of C ^ 


Now let A and C react upon each other, then 


acceleration of A 
acceleration of C 



Now it is the result of experience that 


K^=K^xK^. 


(i) 


There is thus some property of every body that remains with it 
whatever body it reacts with. This quantity is usually called its 
mass. Then, if 

A mass of B 
K = 


and in the same way. 


and 


B mass of A * 


B mass of C 

c mass of B * 

A mass of C 

C of A 


it follows that equation (i) becomes 

mass of C mass of B mass of C 
mass of A mass of A mass of B * 



It 
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which is consistent if the mass is a permanent property of each 
body. For any particular reaction between A and B, 

(mass X acceleration)^ = (mass x acceleration)/^. 

The quantity, mass, of any body is something that belongs to it, 
and the greater the mass the less will be the acceleration when the 
body reacts with a second one. It is the property of a body which 
determines its inertia or reluctance to change its velocity. Mass is 
defined as above, but the method described does not lend itself to 
accurate comparisons. A more convenient method of comparing 
masses is described on p. 52. 

The unit of mass is quite arbitrary. It is the mass of a piece of 
platinum preserved in the International Bureau of Weights and 
Mea.sures at Sevres, and is called the kilogram. One thousandth 
of this is used for scientific purposes and is called the gram. On 
the British system the unit is the mass of a piece of jdatinum kept 
in the Standards Oliice, and is called the pound. 

1 pound =-153-59 grains. 

Force.— In the statement of Newton’s third law of motion on 
p. 25, the “action” and “reaction” are the quantities (mass x 
acceleration) for the two bodies, and since the accelerations are in 
opposite directions for the two bodies we see that the action and 
reaction are equal and opposite. This quantity (mass x acceleration) 
is known as the force acting on any body, and thus the force on one 
body is equal and opposite to the force on the other when the bodies react on 
each other. 


Newton’s second law (p. 25) does not involve any new idea, 
because the fact that there is an “ impressed force ” implies that 
there is some second body, but its nature and position may be 
unknown. The fact that a body has acceleration is the only evidence 
we have that there is a force acting upon it, and this force we define 
as the mass of the body multiplied by its acceleration. Also the 
direction of the acceleration indicates the direction of the force. 

Mass is a scalar quantity, since it does not involve direction ; 
force, however, is a vector quantity whose direction is that of the 
acceleration produced. Thus the eejuation for the force acting upon 
a body is - 

^ f = wxa.(i) 


Units of force.—On any system, a unit force is said to be acting 
when a unit mass has unit acceleration. On the C.G.S. system the 
unit of force is called the dyne, and is the force which produces an 
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acceleration of 1 cm./sec,® when acting on 1 gram. On the British 
system the unit of force is called the poundal, and is the force which 
when acting on a mass of 1 pound produces an acceleration of 
1 foot/sec.®. 

It follows at once that the weight of a body is known in terms of 
its mass and the acceleration of gravity at the place where the body 
is situated, since the weight is the force pulling the body vertically 
downwards due to the proximity of the earth. The weight is there¬ 
fore mg dynes or poundals, according to the system of units employed. 


Momentum.—Equation (i) (p. 27) may be written in a slightly 

y 

different manner. Since ^ — - (p- 6), then 




mv 

T 


(ii) 


On p. 25 it was seen that rnv is the momentum of the body, and 
equation (ii) then states that when a constant force f acts on a body, 
it is measured by the rate of change of momentum it produces. Even 
if the force is not constant we can still use equation (ii) in the form. 



d(mv) 


or, fdt = d{mv), 

and integrating, it becomes 


J fd^ = mv, 


where mv is the change in momentum that has occurred in the 
interval of time change in momentum is always equal 

to the quantity J* fd/, however the force may vary with the time, 

and whatever the time taken for the operation. 


Impulse.—There is a class of operation in which the time is 

extremely short and the force correspondingly large, so that I fdt 

Jt, 

is finite. In this case the name impulse is used, and although neither 
t nor f is known, the effect of the impulse is measured by the change 
in momentum produced. 
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Example. —A smooth iron ball of mass 3 kg. is struck a blow hori¬ 
zontally by a smooth hammer. If the ball has a horizontal velocity of 
40 cm./sec.‘ immediately after the blow, what is the value of the impulse ? 
If the actual contact is supposed to last for sec., what is the average 
force between hammer and ball ? 

Change of momentum of ball =3000 x 40= 120000 c.Q.S. units, which is 
therefore the value of the impulse. 

If force is assumed to be constant, change of momentum =f x t ; 

f = 120000/10-^= 1-2 X IQo dynes. 

Ck>llision,—One of the commonest examples of the reaction between 
two bodies is that in which two bodies meet or collide. Since the 
force on one body is equal and opposite to the force on the other, 
at every instant, and the time of contact must be the same for the 

two bodies, it follows that 1 fdt must be the same for both, but 

Jt, 

opposite in directions, therefore 

»qv, = -?«2V2 

where Vj and V 2 are the changes in velocity of the two bodies respec¬ 
tively. That is, one body gains in momentum exactly the amount 
that the other body loses. Hence the total momentum of the two 
bodies remains constant. This may be stated as a general principle, 
that, when two bodies act on each other there is no change in their total 
momentum. This is known as the principle of the conservation of 
momentum. On fixing one direction as positive, this principle may 
be expressed by the equation, 

+m2XL2 = nij\ii +7n2\i2y .( 1 ) 

where Uj and U 2 are the velocities of and 7^2 before collision and 
Ui' and U 2 ' their velocities afterwards. 

Example 1.—Two bodies of masses 200 and 300 gm. respectively are 
moving in opposite directions with velocities 80 cm. sec."* and 40 cm. sec."*. 
If they stick together on collision, what is their velocity ? 

Here, a,' = U 2 '; 

(200 X 80)-(300x40) =(200 +300) u', 

16000 - 12000 = 500u'; 

= = 8 cm. sec.“*. 

That is, the bodies have a velocity of 8 cm. sec.”* in the direction of 
motion of the first body. 
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Example 2.—A gun has mass 7 kg. and the bullet mass 150 gm. After 
firing, the velocity of the bullet is 350 m. sec."*^. What is the velocity of 
recoil of the gun ? 

In this case, u, =U2=0 ; 

0 = m,Ui' + m2U2% 

0 = 7000u/+ 150 X 35000. 

Ui'= -750 cm. sec.“'. 


Coefficient of restitution.—In the two examples just given, the 
bodies have a common velocity before or after their action upon 
each other. If, however, this is not the case, equation (1) on p. 29 
is not sufficient to find their velocities after collision. The further 
information necessary is supplied by the fact that their velocity of 
separation bears a definite ratio to their velocity of approach. This 
ratio is called the coefficient of restitution for the two bodies. 

Thus their relative velocity of separation is U 2 ' —Uj', and their 
relative velocity of approach is — U 2 , and 


U1-U2 


= coefficient of restitution 


= «.( 2 ) 

The coefficient of restitution is approximately constant for bodies 
consisting of two definite materials, and varies from zero, for two 
soft bodies which stick together on impact, to nearly unity for very 
hard bodies. 

The coefficient of restitution of certain common bodies .* 


I.ead- 

—lead - 

- 0-20 

Lead- 

—soft brass - 

- 016 

Gla.ss- 

—glass - 

- 0-94 

(’ork— 

-cork - 

- 0-65 

Cast iron—cast iron 

- 0-66 


Ivory—ivory - 

- 0-81 

Lead—glass - 

- 0-25 

Lead—ivory - 

- 0-44 

Cast iron—glass 

- 0-91 

Brass—ivory - 

- 0-78 


Example 1.—A body of mass 600 gm. which has velocity of 450 cm./sec. 
overtakes a body of mass 200 gm. moving in the same direction with velocity 
300 cm./.sec. If the coefficient of restitution is 0-8, what are the velocities 
of the bodies after collision ? 

Using equation (I) on p. 29, 

(600 X 450) + (200 X 300) = 600a2' + 2 OOU 2 ', 

and from equation (2), =o-8 

450 - 300 ’ 
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3ux' + u/=1650. 
n,'-u/= - 120. 
4ui'=1530, 
u/ —382»5 cm./sec. 

3ux'-3a/= -360, 

4u/ = 2010. 

Uj' —502-5 cm./sec. 


Example 2.—A ball is dropped on to a horizontal plane from a height 
h ft. above it. Find the time that elapses before the ball comes to rest in 
terms of h and c, the coeflScient of restitution. O.H.S.C. 


The first fall takes time 
velocity s/2gk. 

Velocity of rebound 

Height of rebound 


■yj^ th® hall strikes the ground with 


= e^2gh. 
c*. 2gh 


= e^h. 


Time for up and down travel = 2 ^ ^ ^ = 2e< /—. 

y 9 y g 


Time for 2nd 


Time for 3rd 


ff 


99 


99 


99 


-Vf- 



Since e is less than unity the series 2e + 2c* + 2e* + ... is convergent and 


the sum of an infinite number of terms is 


2e 


1 -e 


As the time of flight after 


a rebound becomes less and less, it will eventually be vanishingly small, 
and the ball is at rest. 


. . 1 - /2A/, 2e \ 




1 +e 
g I - e 


Ballistic pendulum.—The simplest method of investigating the 
result of collision is due to Newton, and employs the apparatus known 
as the ballistic pendulum. 

Two blocks A and B are suspended by four strings each, as shown 
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in Fig. 17. Only two strings for each block are shown, ab and cd for 
the block A. As either block is drawn aside it moves without rota- 



.a Cc J 

[> 


/ 
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B 

J D 


Fio. 17 .—Ballistic Pend^itm. 


tion, remaining always horizontal, since the rectangle abdc becomes 
the parallelogram ab'd'c. If, then, the block A is raised to a height x 
above its lowest position and allowed to fall, it acquires a velocity 
of magnitude v^—j2gx in falling through the height x (p. 8). This 
velocity is, of course, horizontal, and the velocities of A and B after 
impact will be determined by equations (1) (p. 29) and (2) (p. 30). 
The velocities after collision determine the heights to which each body 
will rise. Thus if A has velocity v-^' it will rise to a height x’ where 
= and if B has velocity V height y where 

=j2gy'. 

On var 3 dng the masses and materials of A and B the truth of 
equation (1) (p. 29) may be established, and from equation (2) (p. 30) 
the coefficient of restitution for the two materials may be found. 

The chief experimental difficulty is that of observing the height 
to which each body rises, since the heights are small and the 
bodies are only situated in their highest positions for an instant 
of time. This difficulty is lessened by observing the horizontal 
travel of each body by means of the scale CD placed parallel to the 
plane of motion. If I is the horizontal distance of travel as measured 
on CD for the maximum distance from their rest position before or 
after impact, then from the property of the circle, 

l^ = x{2r-x), 

where r is the length of the string ab, or, if the motion is small, 

= 2rx, 

so that V = V 2gx 



becomes 
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Example 1.—The block A (Fig. 17) is drawn aside through a horizontal 
distance 10 cm. and released, and it is found that, after collision. B moves 
to the right through distance 4 cm. and A to the left through distance 
3 cm. If A has mass and B mass m,. find the ratio rriilmi and the 
coefficient of restitution of the bodies. 


Taking the positive direction from left to right. 
Velocity, before collision: 

A. = B, V.=0.: 

after collision: 

A. v.'=-7f3; B. v.' = /€4. 
Now wiiVi + m.Va = m,Vj' + niiVg't 

10 + (mj x0)= -mi ^^3 +mj '^^4, 
lOwti = — 3m| + 4ma. 


Again, 



Example 2. —Explain the principle of the conservation of momentum. 
How far is this principle capable of experimental verification ? 

A block of wood weighing 5 lb. is suspended from fixed pegs by vertical 
strings 10 ft. long. A bullet weighing J oz. and moving horizontally with 
a velocity of 1500 ft. per sec., enters and remains in the block. Find the 
angle through which the block swings. C.H.S.C. 

Let the block be A (Fig. 17), then 

m|=5lb.. m* = l/32 1b., 

V|=0, v*= 1500 ft./sec. 

Also Vi' = v*', 


B 2 


mjVj -f mjV, = (m| +m,)Vi', 

<6 x0) + (^ X 1500) = 03*2 X v/, 
Vi'=:W^ ft./sec. 


S.l’.M. 
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In Fig. 17, 


cos hab' — 


r — x 


where x is the height through which the block rises ; and 

/1500\2 /1500\2 1 


,10-1-356 8-644 

cos 0<30 =-=----- 

r 10 10 10 

d<j^' = 30®ir. 


Work and ener^.—Those quantities used in Physics which are 
given definite names have been evolved by experience. Their use¬ 
fulness has led to their adoption. When two bodies react, as in col¬ 
lision, the quantity that remains constant is the momentum, but in 
many other changes it is some other quantity that remains constant. 
This is best understood by developing our ideas regarding force. It 
has already been seen that, force x time = change of momentum. 
Now consider the quantity force x distance. That is, the product 
of the force and the distance the body moves while the force acts 
upon it, the distance being measured in the direction of the force. 
Then the product force x distance is defined as the work done upon the 
body by the force. ^ ^ ^ ^ 

The unit of work on the e.G.s. system is the work done when a 
body, upon which a force of one dyne acts, moves through a distance 
of one centimetre ; it is called the erg. On the British system the 
unit is the foot-poundal, although engineers use the weight of one 
pound as the unit of force, which gives the foot-pound as the corre- 
Bponding unit of work. 

In the case of a body rising or falling, the force of gravity acts 
upon it and the work done is thus wg x h ergs, where wg dynes is its 
weight and h cm. the vertical distance through which it rises or falls. 
If only one force acts upon the body, it has acceleration a given by 

f = m X a, 

and if the force, and therefore acceleration, are constant and both 
sides of the equation are multiplied by s, the distance travelled from 

re.st, • 

’ fs = 7nas; 

but the velocity acquired in moving from rest through distance s is 

v‘= = 2as; 
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The work done upon the body is thus ergs, and is called the 

kinetic energy of the body. It is energy or power of doing work pos¬ 
sessed by the body on account of its motion. If the force f were 
then reversed in direction, the body would be brought to rest in 
distance s. 

Even when the force and acceleration are not constant, the same 
consideration holds, for, at any instant, 


and for an infinitesimal displacement ds. 


dv 


work done = fds = m -j- ds 

at 

j ds 

= mv dv. 

Work done in moving from a distance from the origin to a 


distance S 2 is 




* 

wiv dv 


= itnvz^-imvi^, 

where Vj is the velocity of the body at position S| and V 2 that at Sg- 
The equation expresses the fact that the change in kinetic energy of 
a body is the work done upon it. 


Example. —Two elastic spheres of masses m^ and moving with 

velocities and respectively, come into direct collision. Assuming 
that the coefficient of restitution is e, find an expression for the whole 
change of kinetic energy on impact. 

A mass of 10 lb. drops vertically on a fixed plane with a velocity of 
20 ft. per sec. If the coefficient of restitution is 0-6, and the duration of 
impact is 0-1 sec., find the average force exerted on the plane. 

C.W.B.H.S.C. 

The total kinetic energy before impact is + imiMg®. If I’l and 

are the velocities after collision, the two equations for determining them 


are 

4 -.(p. 29) 

and e(i/J - = 1*1 - t’a.(p. 30) 
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Multiply the second equation by and add to the first 


+ wijWg + m^e{u2 - Uj) = {mi + m,) Vj ; 

mje 


ntiU, + 7n«u~ 
Vj—_i_i-*_? + 


m 


m 


TTt^ ^ Wt 2 


(W3-«i). 


Similarly by multiplying the second equation by ttij and subtracting it 
from the first, 


^2 = 




(ttj-tt.). 


7^1+mi + m2 

These may be wiitten, v, — a + and = « — jjwi, ; 

JmiVi* + jUg* = J (wii + Wg) ct* + J7nim2(mi + 

1 


{(^1^1 + 7712 ^ 2 )* + e*77t,77la(U8 - til)*)}. 


2(7/71 + 7712) 

Squaring out {m^Ui-^m^Ui)* and adding and subtracting 

77li77l8(M2 - Wi)2, 

1 


i7BiV,*+ jTTlaVg® — 


2(7711 + 7772 ) 


2(771i + 7772 ) 


{777i*a,* + + 2777 i7772U|.742 

+ 77I,7772 «2* — 277li77l2Mi77 2 + 77li77t2Wi* 

- 777 i 77 t 2 (« 2 - Ml)*+ 6*777,7772(772 - «i)*} 
{777,(777, + 7712) + 7772(777, + 7772)77 2* 


that is, 

j777,tJi*+ J777 2V8*= j777,?7,* + i777 2 7/2* -^(1-6®) 


-(1 -€*)777,7772(77 8-Wi)®} ; 
777,7772 


TTt’^ 


(Ws-Wi)*- 


Thus the kinetic energy is diminished on collision by the amount 
J(1 - e*) (iii-iii)*. This expression is always positive because c is 

77Z j ^ 

always less than unity and (t^, —*7,)® must be positive, whatever the signs 
of 77, and Mg* 

In the problem, velocity of approach of mass and plane is 20 ft./sec. and 

velocity of separation ^ ^ 
velocity of approach 

velocity of rebound s=20x0-6 

= 12 ft./sec. 

total change of momentum of 10 lb, mass = 10(20 — ( - 12)) =320, 
and / X t = change of momentum, 

/x0l=320, 

/‘=3200 poundals. 
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Composition and resolution of forces.—The fact that a force is a 
directed or vector quantity implies that forces may be added or 
compounded in the same manner as 
other vector quantities. This may be 
realised more particularly by referring to 
the vector diagram (Fig. 18). It was seen 
on p. 4 that if a body has two simul¬ 
taneous velocities represented by the 
vectors OA and AB its actual or resultant 
velocity is represented by the vector OB. 

If now OA and OB represent velocities is .—vector addition 

j . .V I OF Forces. 

gained m unit time they are accelera¬ 
tions, and the resultant acceleration is OB. Again, let the body 
have mass then m x OA is a force acting upon it and mxAB a 
second force acting upon it. The resultant force acting is then 
7)1 X OB. By using an appropriate scale, OA, AB and OB may repre¬ 
sent the forces themselves. 

The above construction is sometimes represented in another 
manner. Thus in Fig. 19, if OA and OB are two forces acting at the 


A 


Fio. 19 .—Parallelogram of Forces. Fig. 20.—Triangle op Forces. 

point O, their resultant is represented by the diagonal OC of the 
parallelogram of which OA and OB are two sides. This is known as 
the paraUelogram of forces. 

There is still another way of stating the same fact, which is, that 
if three forces acting at a point can be represented in magnitude 
and direction by the three sides of a triangle taken in order, 
then the resultant of the three forces at the point is zero. In 
Fig. 20, OA, AB and BO represent the three forces, and since they 
form an exact triangle their resultant is zero. It follows that any 
one of the forces, say BO, is equal and opposite to the resultant of 
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the other two, which is really the same statement as that corre¬ 
sponding to Figs. 18 and 19. The triangle in diagram (Fig. 20) is 

known as the triangle of forces. It may 
be extended to apply to any number of 
forces acting at a point, in which case it 
B is known as the polygon of forces. Thus 
if the vectors OA, AB, BC and CD act at a 
point, their resultant is OD (Fig. 21). 
OD reversed would then be equal and 
opposite to the resultant of the other 
forces, and added to them would give 
resultant zero, so that if OA, AB, BC, CD 
and DO form a closed figure their resul¬ 
tant is zero. 

Fio. 21.— POLVOON or FORCES. Example.—E xplain how three or more 

vector quantities can be compounded. 

The ends of a string ABODE are attached to fixed points A and E, and a 
weight of 10 Ib. is hung from C. Weights are hung from B and D of such 
amounts that AB, BC, 



CD, and DE are inclined 
respectively at 60®, 45®, 
30®, and 60® to the hori¬ 
zontal, C being the lowest 
point. Find, by calcu¬ 
lation or graphical con¬ 
struction, the magni¬ 
tudes of these weights. 

C.H.S.C. 

First find the forces 
p and q which the cords 
BC and CD exert at C 
(Fig 22 (a)). Since C 
is at rest, the forces p, 
q and 10 lb. weight 
have resultant zero. 

Draw the triangle 
FGH (6) with sides FG 
vertical, GH parallel to 
CD and FH parallel to 
BC. Then FGH is the 
triangle of forces for the 



point C, and if FG corre- 


FiQ. 22 .—Problem. 
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spends to a force 10 lb. wt., 

-p _3in 60® 
10“8in^5°’ 

__8in 60® 
j> = 10 


, q sin 45‘ 
and T-=—- 


10 sin 75®’ 

lU i. si*' IL 

lb. wt., 5 = 10 — lb. wt. 


sin 76®.’ ’ ”810 75® 

Another triangle KLM (Fig. 22 (c)) for the forces at B may be <lrawn, for 
the force p is the tension in the string BC, and since the string is at rest 
the force it exerts at B is equal to the force it exerts at C. 

In triangle KLM, 

X _sin 15® 

" p sin 30® ’ 

sin 16® - - sin 60® sin 15® 


sin 30® 

= 4-640 lb. wt. 


sin 75® sin 30‘ 


In a similar manner, by drawing the triangle of forces for the point D, 

sin 30® sin 45® 

^"30®“^^ sin 75® 

= 7-321 lb. w't. 


Work for any path. —When the motion of the body in not in the 

direction of the force acting upon it, the work done during the 

motion, on account of this force, is 

found by resolving the force into two 

components, one along the path and 

the other perpendicular to it. The 

quantity (force component along path 

X element of path) for the whole travel 

is then integrated. If f is the force 

(Fig. 23) whose value is f and ds an 

element of path whose length is d$, 

/cos 6 is the value of the component 

of the force acting along the path and 

f cos 6. ds is the work done for this 

element of path. The whole work done by the force as the body 

rii 

moves from A to B is then I J^cca 6 . ds. The component f sin 6 at 

any point of the path is at right angles to the motion, and therefore 
does not involve any work done. It may be noticed that cos 6 . ds is 
the element of path resolved in the direction of the force, and the pro¬ 
duct/ cos 6 .ds \s again the work done for the element of path. It is 
therefore immaterial whether the force is resolved in the direction 



Fio. 23 .—Work donk in Curved 

Path. 
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of the path or the path resolved in the direction of the force. Both 
f and ds are vector quantities, but work i^ a scalar quantity. For 
this reason the scalar product of the two vectors is defined as the 
quantity /cos B . ds. When the two vectors are at right angles their 
scalar product is zero. There is another possible product of two 
vectors. This, however, doea not concern us here. 


Potential energy.—In all the cases considered here, the work done 
when a body moves from one point to another is independent of the 

^ path taken. In the particular case of 
gravity, if the body moves along a smooth 
surface ACB (Fig. 24), the work done for an 
element of path ds at C is 

mg cos 9 .ds = mg dh. 

CB rs 

.*. J y‘cos0.ds = J mg dh 





dh 


That is, the 
though the 
through the 


Gravity. 


= tng . AD. 

work done is the same as 
body had moved vertically 
distance AD. If the surface 
ACB is perfectly smooth it does not exert 
any force in its own direction on a body, 
and therefore any force it exerts is at right angles to itself. The 
work done on account of the force exerted by the surface is therefore 
zero, and it follows that the kinetic energy of the body on arriving 
at B is the same as it w'ould have been if the body had fallen freely 
from A to D. That is, at B, 


itnv^ = 7ng . AD, 
or v^ = 2g.AD. 

The velocity acquired is thus the same as would be acquired in 
falling freely through the same height, provided always that the 
surface is perfectly smooth, that is, it does not exert any force on 
the body in its direction of motion. 


If the body is raised through the height AD the work done upon it 
jn opposition to gravity is mg . AD. On account of this work done 






If 
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upon it, it can again acquire kinetic energy mg . AD = if allowed 
to fall through the vertical distance AD. It thus possesses energy 
when at the position A, which is called potential energy or energy of 
position. Potential energy and kinetic energy are mutually convertible. 
If a body is projected vertically upwards, it possesses kinetic energy 
but as it rises this kinetic energy decreases, and the potential 
energy increases. When the kinetic energy is reduced to zero, the 
potential energy is exactly sufficient to give the body its original 
velocity and kinetic energy on regaining its starting point. 

Conservation of energy.—The mutual convertibility of potential 
energy and kinetic energy, suggests a more general principle. It is 
not possible here to study other forms of energy, such as heat, 
electrical energy, light, etc. But there are ample grounds for believing 
that whenever energy in one form is converted into energy of another 
form, there is an exact equivalence between the amounts of energy 
in the two forms. That is, if the energy of the first form can be con¬ 
verted entirely into energy of the second form and then converted 
entirely back again, the original amount of energy in the first form 
will be obtained. It is not often that such a complete conversion 
can be performed. For example, if a body falls, some of its potential 
energy is converted into heat by friction with the air. It is true, 
however, that the heat energy together with the kinetic energy will 
be together equal to the original potential energy. Thus if we could 
obtain a closed system, cut off entirely from outside, then energy 
changes in this closed system may occur, but they will not alter the 
total amount of energy in the system. Energy is merely converted 

from one form to another. This is known as the principle of the 
conservation of energy. 

Example.—A smooth sphere is moving with a velocity tt in a direction 
making an angle a with the normal to a fixed smooth plane. Find the 
velociy and direction of motion of the sphere after impact with the plane 
assuming the coefficient of restitution is e. 

A glass marble of mass 10 gm. falls from a height of 3 m. on to a hori¬ 
zontal glass plate. If the coefficient of restitution is 0-9, find (a) the height 
to which the marble will rise after impact, and (6) the loss of kinetic energy. 

J.M.B.H.S.C. 

Component of velocity normal to plane = u cos «. 

Normal velocity of rebound =eu cos a. 

Component of velocity parallel to plane = u sin a. 
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This component is unchanged on impact. 


Resultant velocity = Vm* sin*a + cos*a 


= uV8m*tt + e^ cos^cc. 


If ^ is the angle between velocity and normal 

u sin a tan <x 


tan 0 = 


eu cos <z 


(a) Velocity of marble on striking glass plate = n/2^A 


s= ■«/2 X 981 X 300. 

Velocity of rebound = cV 


Height of rise 


=0-9V2x981 x300. 

_ _ (0-9)“ X (2 X 981 X 300) 

~2g~ 2x981 


= 300x0-81 


= 243_c^ 

(6) Kinetic energy before impact = 

= mgh= 10 x 981 x 300. 
Kinetic energy after impact ~^me^{2gh) 

— me^gh 

= 10x981 X 300 X -81. 

Loss of kinetic energy = 10 x 981 x 300(1 -0 81) 

= 5 59 X 10* ergs. 



Rate of working.—When work is being performed, the rate at 
which energy is converted from one form to another may be as 
important as, or more important than, the total amount of work done. 
In the case of a steam engine or electric motor it is the rate at which 
mechanical energy, can be produced that fixes the usefulness of the 
machine. Rate of working is also called power, and the natural 
unit of power is one erg per second on the e.G.S. system or one foot¬ 
pound per second on the engineers’ British system. These units are 
small for practical use, so multiples of them are taken. On the British 
system 3.3,000 foot-pounds per minute is taken as unit, and is called 
the horse-power. On the scientific system the larger units have been 
developed from electrical usage, but they are nevertheless mechanical 
units. For example, 10’ ergs are taken as a unit of energy and called 
the joule. 

A rate of working of one joule per second is called one watt. The 
watt is thus a rate of working of 10’ ergs per second. Even this unit 
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is small when measuring the power produced by large machinery, so 
that 1000 watts are taken as one kilowatt (kw.). To correspond to 
the power of the kilowatt, the kilowatt-hour is employed in measuring 
energy for commercial purposes ; it is the amount of work done in 
one hour when the rate of working is one kilowatt. 

It is useful to convert horse-power into watts or kilowatts. If 
pounds" weight are converted into dynes, feet to centimetres, etc., 
it is found that 1 horse-power = 746 watts = 0*746 kw. 


Dimensions.—There is a very convenient method of expressing 
physical quantities which illustrates their nature as apart from their 
magnitude. It is possible to derive all quantities from three suitably 
chosen, and the three selected have already been seen to be mass, 
length and time. A length must be expressed as a number of units 
of length. But if the magnitude of the quantity be excluded, its 
nature may still be indicated by writing it in some special form. 
For example [L] represents the quality of length, and an area is 
[L X L] or [L2]. and a volume [L x L x L] or [L^]. Thus an area is of 
two dimensions in length and a volume of three dimensions. 


Following the same principle, a velocity is always a length divided 

by a time, or or [LT"^]. Continuing in the same manner, an 

acceleration is a velocity divided by a time, that is, or 

[LT-2]. The following table gives the dimensions of the quantities 
so far considered. 


Length - - - 

Area - - _ 

Volume - - - 

Velocity- 
Acceleration - 
Force - . . 

Momentum or impulse 
Energy or work 
Power - - _ 


[L] 

[L2] 

L3 

LT-1] 

LT-2] 

MLT-2] (p. 27) 

[MLT-ij (p. 25) 

tML2T-2] (p. 40) 

[ML2T-aj (p. 42) 


It will be .seen that kinetic energy, which is ^ mass x (velocity)^, has 
the dimensions [ML®T“2J and potential energy mg . AD (p. 40) is 
[M • l-T-2, L] or [ML^Ty®], since the acceleration g has the dimcn.sions 
[LT and AD is a height or length. Thus energy, whether kinetic 
or potential, has the same dimcn.sions. This would be expected from 
the fact that the two are mutually convertible. 
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The method of dimensions serves the useful purpose-of expressing 
a physical quantity in a recognisable form, but it also serves as a 
check on the accuracy of certain calculations. For all the terras of 
any equation must be of the same dimensions, as quantities of dif¬ 
ferent kinds cannot be added together. As an example, consider 
the equation 



+m2U2 

Wlj 4- 7^2 


nioe , 


(p. 36) 


which may be written 


7n, 7n«e , 

y = -i- W- H-S- Wo H- - -(Wo — Ui). 

mi + m2 mj^ + m2 

Notice that -f- is a mass and has dimension [M], and {u 2 ~ Uj) is 
a velocity [LT“^], while e is a ratio of one velocity to another and has 
therefore zero dimensions. The equation written dimensionally is 
thus 

or [LT-i] = [LT->] + [LT-i] + [LT-i]. 

Every term has the same dimensions. 

If on putting in the dimensions of the various terms of an equation 
it is found that they arc of different dimensions, some error has 
crept in, which must be sought. 


Exercises on Chapter II 

1. State Newton’s three laws of motion. 

A particle hangs by a string from the roof of a railway carriage. Find 
the inclination of the string to the vertical when it is at relative rest in the 
carriage and the train is accelerating at the rate of 3 feet per second per 
second. J.M.B.H.S.C. 

2. State Newton’s laws of motion, and give an example of the applica¬ 
tion of each. 

Two masses of 5 lb. and 3 lb. at rest at a distance of 16 ft. apart are 
connected by a string in which a constant tension equal to the weight of 
4 OK. is maintained. 

When will the masses meet, and how far will each have moved ? 

C.W.B.H.S.C. 

3. Rain is falling at the rate of V ft./sec. in a direction inclined at an 

angle a to the vertical ; it is falling at such a rate that 1 inch of rain falls 
in 3 hours. If it hits a vertical wall without rebounding, find in poundals 
the average force exerted on the wall per sq. ft. C.H.S.C. 
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4. Explain what is meant by the conservation of momentum and the 
conservation of energy. 

A rifle bullet is fired horizontally into a massive block of wood forming 
the bob of a pendulum. Describe the measurements which you would make 
in order to find the velocity of the bullet, and explain how the result is 
deduced from them. . C.W.B.H.S.C. 

5. State and explain the principle of conservation of momentum. 

A wind whose velocity is 60 miles per hour blows normally against a 
wall. Assuming the air moves parallel to the wall after striking it, find the 
pressure on the wall. (1 cubic foot of air weighs oz.) 

O. & C.H.S.C. 

6. State the laws which determine the change of motion of two particles 
produced by their direct collision. 

Two spheres of masses 6 oz. and 8 oz. are moving towards each other in 
the same Hne with velocities 10 ft./sec. and 6 ft./sec. respectively and they 
collide directly. Find their velocities after impact if the coefficient of 
restitution is 0-75, and determine the loss of energy resulting from the 
impact. J.M.B.H.S.C. 


7. Two spheres of masses m, m' moving with relative velocity V collide 
directly ; prove that the loss of kinetic energy is 


1 

2 


mm 

m-¥m 


>(l-e*)V2, 


where e is the coefficient of restitution. 

Two spheres of equal mass moving in the same straight line with 
velocities u' collide and reboimd, the coefficient of restitution being 
Prove that exactly half the energy is lost in collision if 


(1 - ^^2)u = (1 + *.^2) u'. C.W.B.H.S.C. 


8. A 3 oz. ball moving with velocity of 7 ft./sec. overtakes and collides 

directly with a 7 oz. ball moving with a velocity of 1 ft./sec. in the same 
straight line. Find the value of the coefficient of restitution if the smaller 
ball is reduced to rest b 3 ' the collision and prove that, in this case, the loss 
of kinetic energy is f-J ft.-pdls. C.W.B.H.S.C. 

9. A small body of mass M hangs in equilibrium at one end of a light 
string of length /, the upper end of winch is fixed. A small body of mass m 

moving horizontally w’ith velocity- 2s^gl strikes the former body and adhere.s 
to it. 

Find the velocity with which the combined bodies begin to move, and 
the angle through which the string turns before coming to rest for an 
instant. 

How much kinetic energy is lost in the impact ? L.H.S.C. 

Prove that the work done by an impulse I acting on a particle is 
+*^ 2 ). where v, and are the component velocities of the particle in 
tbe direction of I, just before and ju.st after the impact respectively. 
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A sphere of mass m, moving with velocity impinges on an equal 
sphere at rest, and the impulse between them is R. Show that the kinetic 
energy lost by the first sphere is 

iRw(3-e) 

where e is the coefficient of restitution between the spheres. 

C.W.B.H.S.C. 

11. Define momentum and kinetic energy. 

A mass of 10 lb. forming the bob of a simple pendulum of length 13 ft. 
is drawn aside to a distance of 6 ft. from the vertical line through the point 
of suspension and then released. Find the momentum and the kinetic 
energy of this mass when it reaches its lowest point. 

If at this point it strikes and adheres to a mass of 15 lb. at rest which 
forms the bob of another pendulum, find the velocity with which the two 
move away together. C.W.B.H.S.C. 

12. A smooth sphere of mass 1 lb. moving with a speed of 3 feet per 

second impinges directly on another smooth sphere of mass 2 lb. moving 
in the opposite direction with a speed of 2 feet per second. As a result of 
the impact the total kinetic energy of the spheres is reduced by one-half. 
Find the velocity of each sphere after impact, and the coefficient of 
restitution. C.H.S.C. 

13. State Newton’s third law of motion. 

Prove that when two small masses directly approach each other and 
collide, the sum of their momenta is unchanged by the impact. 

A long wooden beam of mass 50 lb. is suspended from the ceiling by 
two vertical cords, each 2 ft. long, one at each end of the beam. A pistol 
is fired at the beam, and the bullet, of mass 0-8 oz., travels in line with 
the long a.xis and remains embedded in the beam, producing a longitudinal 
deflection of 2 in. from the equilibrium position. Find an approximate 
value for the initial velocity of the bullet. C.W.B.H.S.C. 

14. Find the dimensions of Velocity and Acceleration. 

Assuming that when a body falls from rest under gravity the velocity 
V is given by v = kgPh^, where A is the distance fallen through, g the accelera¬ 
tion of gravity, and k, p and q are constants, show, by a consideration of 

the dimensions involved, that v = k^gh. L.H.S.C. 



CHAPTER III 

MOMENTS, ROTATION AND EQUILIBRIUM 

Rigid body. —In the first two chapters, the size of the bodies con¬ 
cerned has been left out of the question, and for each body considered 
it was assumed that the mass was concentrated at the point at 
which the force acts. When dealing with actual bodies it becomes 
evident at once that the mass is not concentrated at one point, for 
each body has size. It is possible that the body may move without 
rotation, in which case the results already obtained are valid, but 
now the question of rotation must be taken into account. Those 
bodies only will be considered which retain constant shape. They 
are called rigid bodies, and may be more exactly defined by saying 
that any pair of points in the body chosen at random remain at 
constant distance apart. 

Angular velocity. —The simplest case of rotation is that of a body 
rotating about a fixed axis with 
constant angular velocity. If the 
body rotates about the axis O 
(Fig. 25) and a line OA in the body 
is drawn perpendicularly to the 
axis, then OA turns through equal 
angles in equal times. If the angle 
ACA' = 6 is described in time t, then 
the angular velocity is 

e 

If the angular velocity is not con¬ 
stant, it may be expressed at any instant in the form 

d$ 
dt 

Every point in the body describes a circle about the axis, 
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and in the case of a point such as A whose distance from the axis 
is r, 

. rt j AA' ^ 
arc AA = r. 0, and —— = r . —, 


t 


or 


V = T . OJ. 


The linear velocity v of the point A remains constant in magnitude, 
but is continually changing its direction. The vector v which repre¬ 
sents the velocity is therefore continually changing, but the speed of 
A is constant. 

Angular acceleration.—Following the analogy of linear velocity 
and acceleration (p. 6), it will be seen that the rate of change of 
angular velocity is the angular acceleration, or 


, , doj d^d 

angular acceleration = = oj, 


and since v = rojy 


linear acceleration perpendicular to r=r 


doj 

dt 


= rco. 


There is, in addition, a linear acceleration along r (see p. 76). 

lUoment of force about a point.—Rotation, like linear motion, may 
be attributed to one or more forces acting upon the body. If the 

body can rotate about a fixed axis O 
(Fig. 26), a force such as / will cause it 
to rotate about O. The turning effect 
of / depends, in the first place, on its 
own magnitude, and, in the second place, 
upon the length of the perpendicular let 
fall from O upon the line in which the 
force acts. The quantity f x (OA) is 
called the moment of the force about the 
point O. 

-When several forces act simultaneously 
upon the body, it may be proved, as follows, that the moment about O 
of the resultant of the forces is equal to the algebraic sum of the moments of 
the forces. 



Fio. 20 .—Moment of Force. 


Resultant of moments. 


In the first place it will be seen that the moment of a force about 
a point is numerically equal to twice the area of the triangle made by 
joining the axis of rotation to the ends of the vector representing 
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the force. In Fig. 27 the moment of the force represented by the 
vector AB is AB x OP, and is numerically equal to twice the area of 
the triangle OA6. Also the moment of the force is independent of the 
position of its point of application, provided that this point remains in the line 
BP. This follows from the fact that the area of a triangle is 

^(base X perpendicular height). 

Now consider two forces whose lines of action are AB and AC 
(Fig. 28) intersecting at A, O being the axis of rotation. Through O 



Fio. 27. —Representation op 
THE Moment of a Force. 



draw the straight line OBD parallel to AC. Taking AB to represent 
to scale the first force, make AC, on the same scale, to represent the 
second force. On completing the parallelogram ACDB, AD represents, 
on the same scale, the resultant of AB and AC. 

Now A OAC = A ADC = A ABD, 

and AABD + AOAB = ACAD ; 

.*. 2AOAC+2A0AB = 2A0AD, 

and it follows that the moment of force AD about O is the sum of 
the moments of AB and AC. If the point O lies within the angle 
BAG, the moments of AB and AC are in opposite directions, that is, 
the forces tend to rotate the body in opposite directions, and a 
proof similar to the above shows that the moment of their resultant 
is the difference of their separate moments. 

Also, if there is a third force, its moment may be compounded in a 
similar manner with the resultant moment of the first two. Thus 
the resultant moment of any number of forces about a point is the 
algebraic sum of the moments of the separate forces. 
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Example. —Show that for a system of forces represented by the sides 
taken in order of a closed polygon Lying in one plane, the algebraical sum 
of their moments about any point in the plane is constant. 

Assuming that quantities which have magnitude and direction are 
termed vectors, state (giving your reasons in each case) which of the 
following are vectors :—force, momentum, kinetic energy, work, heat. 

C.W.B.H.S.C. 

Let AB, BC, CD, DE and EA (Fig. 29 (a)) form a closed polygon. First 
consider the point P to be inside the polygon. The numerical values of the 



moments of the forces about P are 2APAB, 2APBC, etc., and since the 
forces are represented by the sides taken in order the moments are all in 
the same direction. 

Total moment has numerical value 2A PAB + 2A PBC + ..., etc., 
which sum is twice the area of the polygon and is therefore constant. 

If P is outside the polygon as in Fig. 29 (6), the moments of AB, BC, CO 
and DE are in one direction and of AE in the opposite direction. 

.'. Numerical value of moment =2A PAB + 2A PBC + 2A PCD 

+ 2A PDE-2A PAE 

= 2 (area of polygon), 

which is independent of the position of P. 

The student may extend the reasoning of the last part to the case of a 
polygon with re»entrant angles. 

Force is a vector (see p. 27). 

Momentum is a vector (see p. 28). 

Kinetic energy (p. 40) is not a vector, because it is the product of a 
mass (scalar) and the square of a velocity. It is therefore independent 
of the sign or direction of the velocity. 
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Work (p. 34) is not a vector, as it is equivalent to kinetic energy, the 
two being mutually convertible. 

Heat is kinetic energy of molecules (Chap. X), and again is not a vector. 

Parallel forces.—The proof on p. 49 is quite general and may be 
applied to several limiting cases. For example, if two forces are 
equal and opposite and in the same straight line, their resultant is 
zero and the resulting moment about any axis is zero. Or if two 
forces are acting in parallel lines, the triangles of Fig. 28 become 
infinite. But if the angle between AB and AC is gradually diminished 
the proof still holds, and there is no reason to suppose that it would 
cease to hold if the angle is diminished to zero so that the two forces 
are parallel. 

The resultant of two parallel forces is equal to their algebraic sum. 
The line in which this acts must be found. If and/a are the forces 
(Fig. 30), take any axis O and use the fact that the moment of the 



Fio. 30 .—Resultant ok Parallel Forces. 


resultant force (fi+fz) about O is the sum of the moments of the 
separate forces /j and Drop a perpendicular OAB from O upon 
the direction ofand/g. Then 


OC = 


(fi +/2) X OC = (/i X OA) + (/2 X OB) ; 

</i xOA)+(/gxOB) 

/i +/2 

This determines the line in which the resultant acts. 

If then the axis be transferred from O to C, the resultant moment 

.*. /i X AC =/, X BC. 
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This result may be verified experimentally in a simple manner. 
By suspending a metre scale from its mid-point (Fig. 31), and then 

suspending weights from 
points such that the scale 
remains horizontally in 
equilibrium, it will be found 
that 

m^g X 

or m^di = m 2 <i 2 . 

Since the scale is at rest, 
Fia. 31 .—Experiment on Moments. I'fi® force required to sup¬ 

port it is equal and opposite 
to the downward forces acting upon it, which are its own weight 
and that of nij and w-g. If the scale is suspended at its mid¬ 
point, the force does not tend to rotate it. The resultant of 
m^g and m^g therefore passes through the point O, such that 

m^gd^^m^d^.y or w,di = m 2 d 2 , as found by experiment. 

If the scale is supported by a spring balance, the resultant force 
(wii -i-mg +m^)g can be found. 

The balance.—This principle is employed for the comparison of 
masses, for it will be seen from the above that if d^ — d^, for equili¬ 




brium, then my = m 2 - The suspended scale is a very rough instru¬ 
ment, and by means of it an accurate comparison of and is 
impossible. A diagrammatic representation of a delicate balance is 
shown in Fig. 32. The beam AB is supported on a steel or agate 
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knife-edge resting on an agate plane at C carried by a pillar which is 
not shown. A pan D is suspended by means of an agate plane rest¬ 
ing on a knife-edge attached to the beam at A. Similarly the pan E 
is suspended at B. If then the pans and their attachments are of 
equal mass and the length of beam AC is equal to the length CB, the 
balance will be in equilibrium when there are no weights in the pans. 
Also when equal masses are placed in D and E the balance remains in 
equilibrium, as is indicated by the pointer CS remaining at the middle 
of the scale S. 

Since g may be considered to be constant over the small space 
occupied by the balance, the force due to a body placed in the 
pan D is equal to the force due to standard masses placed in the 
pan E when equilibrium is attained, so that whatever the value of 
g, 7ny = m^. 


Errors and sensitiveness of balance.—The most likely source of 
error in a balance arises from the fact that the arms AC and CB may 
not be of equal length. By interchanging the body to be weighed 
and the standard weights and reweighing, the ratio of the length of 
the arms and also the correct weight may be found. For if dj and 
are the lengths of the arms AC and CB, then for equilibrium with 
body of mass m, in pan D and standard weights in E, taking 
moments about C 


On interchanging and finding 
the mass that is required 
in pan A to balance in 


pan B, 


mgdi = m^d^y 


d_. 


m 

m 


m 

m. 


V 


m 

m. 


and 


m^ = mz7n^y 







If the centre of gravity 
<p. 55) of the beam and its attachments is situated at C (Fig. 33), a 
distance I below the point of suspension O, a difference in the 
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weights and mg will produce a displacement of the beam from 
the horizontal. The beam will come to rest when the moment of 
its weight, iH, about the point of support O is equal and opposite 
to the resultant moment of m^g and about O, that is. 


Mgl sin 6 = (m| — m^gd cos 0, 

d 

I • 




M 

For great sensitiveness 6 must be large for a very small value of 
TWj — will be seen that a large value of d and small values of 

M and I tend to this result. M is determined by the necessity for 
rigidity of the beam. If d is too large and I too small, the beam 
swings very slowly and is tedious to use. Taking h as the length of 
the pointer CS (Fig. 32) the actual deflection s on the scale S is hdy 
and when the deflection is small enough to take 0 = tan 

, m. — d 

S ^ A ~ " ^ 

M I 

For a sensitive balance s is of the order of one scale division for a 
value of — m 2 of I milligram. 

If the pan knife-edges are on the same level as the central knife 
edge, one pan rises as much as the other falls and the sensitiveness 
is not affected by the load. But if this is not so, a displacement 
causes a rise or fall of the centre of gravity of the pans and load, and 
the value of the load will then affect the sensitiveness. 

Centroid or centre of gravity.—Every particle of a body is subject 
to gravitation, and the weight of the body is therefore a system of 

parallel forces. Materials 


are 


I 


I 


m 


■ 


of such fine structure that they 
may be looked upon as con¬ 
tinuous, but in the first place, 
a system of point masses will 
be considered. Take four points 
in a vertical plane (Fig. 34) 
whose masses are ntj, Wg, Wj, 
— m^, and take the axis Oy vertical 
and Ox horizontal. Let the * 
four points maintain their con¬ 
figuration. so that collectively they may be looked upon as a rigid 
body. The weights of the masses will be m^g, m^g, and and 
the resultant is Mg where Af = +7n2 + ^ 3 + ^4* 


VI 


\ 


o 


FIG. 34.—Centroid. 
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Taking moments about O, 

MgX = m^gx^ + m^gx^ + rn^x^ + m^x^, 

^ + TngXg + ynjXj + 

* 

X is the abscissa of the point C through which the resultant weight 
acts. 

If the system and the axes be rotated through a right angle so that 
Ox is vertical and Oy horizontal, it is found as before, by taking 
moments about O, that 

_ + mgyg -t- mgya + 

M 

The point C whose coordinates are X and Y is called the centre of 
gravity of the system. It is 
the point through which the ^ 
resultant weight of the system 
always acts. This point has 
many important properties, 
apart from gravity, and it is 
therefore also called the cen¬ 
troid or centre of mass. O 

The case of two masses or r, 

wjj and m 2 is important. On 

taking the x-axis through them (Fig. 35) the centroid C ie on this 
axis and has ordinate X, where x = ^ 


m 


m 


-w-- 


-- 


X 


m 


m 


Now 

and 


or 


:r2 = X + ?2 ; 

m^X +m2^ = m^X — +>W2X +m^2 I 

Zo }}l. 


That is, the centroid is situated at a point between the masses whose 
distance from each mass is inversely proportional to that mass. 

Centroid of uniform rod.—The last result may be used to find the 
centroid of many regular bodies. For example, a uniform rod may 
be looked upon as a collection of pairs of equal small masses, the 
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two of each pair being at equal distances from the middle of the rod. 
The centroid of every pair is therefore at the middle of the rod. 
Therefore the centroid of the rod is its middle point. 

Centroid of uniform trian^ar p}ate.—Imagine the plate divided 
into a great number of very small strips parallel to the side BC 
(Fig. 36). The centroid of every strip is at its middle point, so that 
the centroid of the whole triangle must be in the median AD, since it 
passes through the centroids of all the strips. A similar reasoning 
shows that the centroid also lies in the median BE and in the median 
CF. It must therefore be at O, the intersection of the medians. A 
well-known theorem in geometry proves that OD = ^AD. 


A 



Pio. 36 .—Centroid op 
TRIANOULA.R PLATE. 



Fio. 87 .—Centroid of Semi- 
ciaouLAR Plate. 


General method.—It is obvious that bodies which are symmetrical 
about a point have their centroid at the point of symmetry. Thus 
the centroid of a circular ring or plate or of a sphere will be at the 
centre. For a body of irregular form, the method of p. 54 may be 
employed, by dividing the body into infinitesimal strips or layers 

and performing the integration J mx dx for the body, where mdx is 

the mass of a strip or layer of infinitesimal width or thickness dx. 


Then 



The process may then be repeated for the t^-axis if necessary, and in 
the case of a solid body, for the z-axis also. 






Ill 


MOMENTS, ROTATION AND EQUILIBRIUM 


57 


Centroid of semicircular plate.—If ADB (Fig. 37) is a semicircular 
segment of a uniform plate whose radius is r and mass per square 
centimetre is p, take the x-axis through the centre of the circle and 
at right angles to AB. Then, from symmetry, the centroid must lie 
in the axis of x. Divide the figure into strips of width dx. The length 
of each strip is 2^ and its area 2^ dx, so that its mass is 2py dx. 


X = •— 


c 


I 2xpy dx f 2xy dx 
^__Jo_ 

f 2py dx f 2y dx 

Jo Jo 




.*. X = 2j* 2xy dx j-rrr^. 


Now the equation of a circle is x* +y* = r® ; 

I 2xydx= [ 2x\/r® —x^dx. 

•'0 Jo 

Let x^ — riy then 2xdx=d^^ ; 

^2x^r^-x^dx = ^‘Jr^-n dn= -|(r2-7i)^ ; 


|^2xydx = j^-|(r2-a:2)-J^ =|r3. 


and 


Trr* Stt' 


Centroid of cone.—If the density p of the solid cone (Fig. 38) is 
uniform, take the axis of the cone as the x-axis, the apex being at O. 
A circular section perpendicular to 
the axis Ox has volume Try^dx and >' 
mass pTry® dx. The volume of the 


whole cone is I ny^ dx and its mass 

h 

p\ Try^dx where h is the axial 
Jo 

height. 

rh 

I xpTty"^ dx 
. xy. Jo 

' • rh 

dx 



no. 3S. —Centroid or Conk. 
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Also, 


and since 0 is constant, 


y = x tan 6 ; 


X = 


j 


ta,n^$ dx 




x® tan®0 dx 


A k* 

7^ dx -r- 
4 


1 


A A® 
x^dx — 


3A 

4 


It follows that the centroid is in the axis at a quarter of the height 
of the cone from the base. 


Equilibrium.—A body suspended by a support situated in a 
vertical line passing through the centre of gravity is in equilibrium, 
since the resultant weight has no moment about the point of support. 
There are, however, three possibilities. If as in Fig. 39 (o) the 





Fio. 30 .—The Three Cases of Equiubrium. 


point of support O is above the centre of gravity C, then any rotation 
of the body about O produces a moment tending to restore the body 
to its original position. The equilibrium is then said to be stable. 
In Fig. 39 (h) the point of support is below the centre of gravity. 
Any displacement then gives rise to a moment which tends to increase 
the displacement. The equilibrium is then unstable. If the point 
of support coincides with the centre of gravity a displacement of 
the body does not give rise to any moment, and the body will remain 
in aniy position. The equilibrium is then neutral If, then, the dis- 
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placement raises the centre of gravity, the equilibrium is stable, if it 
lowers the centre of gravity the equilibrium is unstable, and if the 
displacement neither raises nor lowers the centre of gravity, the 
equilibrium is neutral. 

As an example consider a circular cone resting on a horizontal 
plane. If it stands on its base the equilibrium is stable ; if balanced 
on its apex the equilibrium is unstable. But if the cone rolls on its 
side it is in neutral equilibrium. 


Example. —Prove that the position of the centre of gravity of a uniform 
lamina in the shape of a semicircle of radius a is at a distance 4a/37r from 
the base. 

A rectangular strip of tin-plate ABCD measures 4 cm. by 8 cm. A semi¬ 
circular portion is stamped out of it by a circular punch, of radius 1 cm., 
the centre of the circle being at the middle point of the long side AB. Show 
that the distance of the centre of gravity of the remainder from CD is 
1*92 cm. approximately. C.H.S.C. 

See p. 57. 

Take area as proportional to mass. 


TT 


Area of semicircle = Area of whole 

rectangle = 8x4 = 32. 


7T 


Area of remainder = 32 — rz . 



Let its centre of gravity be at G 
(Fig. 40). 

The complete rectangle has centre of gravity at its mid-point E, and 
that of the semicircle is at H, where 




or 


Taking moments about DC, 

32 X EK = (^32 - 


Stt- 1 


7T 


)■ 


GK-l- 


(Ixhk). 


32x2 = (32-5)gK + |.4(?|^). 
128 =(64 - 7r)GK -f-11-233, 


GK = 


128- 11-23 


= 1-92 approx. 


60-86 
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FlO. 41 . —COOPLB. 


Couples.—When a force produces rotation of a body, without 
motion of translation, there must be a second force acting upon the 

body, equal and opposite to the first, 
so that the resultant force is zero. 
This second force may be due to the 
axle or whatever constraint causes 
the body to rotate on its axis. When 
two equal and opposite forces act on 
a body they are said to constitute a 
couple, and the turning moment of the 
couple is the product of either force into 
the perpendicular distance between thebi. 

The moment of the couple is independent of the position of the 
actual axis of rotation of the body. 

liff (Fig. 41) is the couple and A is a point in the line of one of the 
forces, the moment of this force about A is zero, and the moment of 
the other is/xAB, which is the moment of the couple. Or, taking 
moments about O, a point not on the line of either force, the resultant 

(/xOB)-(/xOA)=/xAB. 

Hence the moment is the same wherever the axis of rotation is 
situated. 

The moment of a couple is sometimes called the torque acting 
upon the body. 

If any number of couples in one plane act upon a body simul¬ 
taneously, their resultant is a couple whose moment is the algebraic 
sum of the moments of the separate 
couples. 

This follows from the fact that 
the moment of any couple is the 
same for all axes of rotation. For 
if fifi and f 2 f 2 ^.re two couples 
(Fig. 42) the intersection. A, of the 
direction.s of and /g may be 
chosen as axis of rotation. Then 
the resultant moment of/j' and/g^ 
about A is the algebraic sum of their 

separate moments (p. 49), while the moments of /j and about 
A are both zero. That is, the resultant moment is the algebraic 
sum of the moments of the separate couples. Having found the 





Fio. 42 .—Resultant ok Couple:s. 
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resultant of any two couples, this resultant may be combined with 
further couples in the same plane. 

Resultant of a number of forces in one plane.—If two forces such 
as/, and (Fig. 43) act on a body,/i acting at A and/^ at C, they 
are equivalent to a single force 

acting at an arbitrary point O in K 

the body together with a single 
couple. At O introduce two 
forces equal to/, and in opposite 
directions such as OB and OD. 

Since the resultant of these two 
is zero, their introduction will 
not alter the condition of the 
body. Now AE and OD form a 
couple of moment/,P j, and there 
remains the single force OB. 

Now perform the same operation 
for /g, and obtain the single 
force OG and the couple f 2 P 2 - may now be compounded 

into the single force OH, and there remain the couples /,Pi and 
/ 2 P 2 . which may be added algebraically to form a single couple. If 
there are more forces in the same plane they may be treated in a 
similar manner, giving a single force applied at O, and single couple 
whose moment is the algebraic sum of the moments about O of the 
separate forces. 



c F 

Fio. 43.—Resultant of several 

Forces. 


Thus when any nxiznber of forces in a plane act upon a body, they may be 
reduced to a single force acting at an arbitrary point and a single couple. 
From Fig. 43 it will be seen that the single force does not depend 
upon the position of the point chosen, but the couple will depend 
upon it. 


Conditions of equilibrium of a body.—When a body is at rest, the 
resultant couple acting on it must be zero, otherwise there would be 
rotation. Likewise the resultant force must be zero, otherwise there 
would be motion of translation. If the forces are reduced to a single 
force and couple, the former must be zero and the latter zero for 
any choice of point. It is a useful fact to remember that when a 
body is in equilibrium under three coplanar forces, these three must 
act through one point. For if not, the resultant of two would not 
act in the same line as the third force and there would be a couple, 
due to this resultant and the third force, causing rotation. 
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Example. —A uniform beam 10 ft. long and weighing 33 lb. is pivoted 
at one end by a frictionless hinge so that it can move in a vertical plane. 
A rope is attached to the other end of the beam, and is led over a small 
smooth pulley 11 ft. vertically above the hinge. Find by a force diagram 
the tension in the rope when the beam is 36** above the horizontal. 

Show that for various positions of the beam the tension is proportional 
to the length of the rope between the pulley and the point of attachment 
to the beam. Find the limiting value of the tension of the rope as the beam 
approaches the vertical position. C.H.S.C. 

In Fig. 44 the beam is represented by OD, and its centre of gravity is at 
E. The tension T in the rope is in the line DG which intersects a vertical 




Fio. 44.—PRoerEU. 

through E in the point F. As there are only three forces acting on the 
beam and two of them pass through F, the third force OF, which is the 
reaction of the hinge, must also pass through F. Then if AB is drawn 
vertically and to scale equal to 33, BC parallel to DG, AC parallel to 
FO will complete the triangle of forces ABC for the point F. BC is then to 
scale equal to the tension T. 

Now OD is bisected at E, and since EF is parallel to OG, GD is bisected 


at F, 


Again, 

But in triangle OGF, 


GF = i GD = 112, where GD = 1. 
T _BC siny 
33 ~ AB ”sm q * 

sinp GF I I 
ii^~0G"2.0G“^* 

r _ I 

■' 33“22’ 

T =1?, numerically. 
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In triangle OGD, 

= 11® + IQS - 2.11.10 . cos 55® 

= 221-220 cos 65®; 

T = ^s^221 -220 COB 55° = 14 6 lb. wt. 

The second part of the question is answered by the relation T = 
which shows that as the beam approaches the vertical position the tension 
in the rope approaches 1-5 lb. wt. At the vertical position the tension is 
indeterminate since sin p=0 and sin 9 = 0 . 


Work performed by couple.—When a couple causes rotation, work 
is performed. In order to calculate 
this work let one of the forces of 
the couple act through the axis of 
rotation O (Fig. 45). 

If OP is the perpendicular from O 
to the other force/, then as the body 
rotates through angle dB the point P 
moves through distance OP. dd, and 
the work done by the force / is 
OP.f.dd. The point O does not 
move, so that no work is done on 
account of the force through it. Hence work done by couple 
= OP./. d9. 

And for rotation 0, 



Fio. 45 .—Couple and Work. 


work 




dd 


=op.f. e 

= couple X 6 = cd. 

For a complete rotation, ^ = 27r, and for n complete rotations, 


work = 27 r/ic. 


Example. —In a motor the couple applied to the armature is equivalent 
to a force of 100 kg. wt. at a distance of 20 cm. from the axis of rotation. 
If the armature makes 1500 revolutions per minute, what is the rate of 
working in kilowatts and in horse-power ? 

Work per second = 27r . • 100000.981 x 20 ergs 

= 277-.25.981.2.10« 

= ?r - 981 . 10® ergs per sec. 

= TT . 9810 watts 
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= 9*8l7r kilowatts 
= 30*8 kilowatts. 


1 H.p. =746 watts 
rate of working 


soft DO 
7 4 e 


= 41»3 H.p. 

Moment of inertia.—When the resultant couple acting on a body 
is not zero, angular acceleration occurs. It is now our object to find 
the relation between the couple and the angular acceleration it 
produces. 

Consider an element of the body situated at P (Fig. 45) whose mass 
is dm. Let O be the axis of rotation and the distance OP = r. The 
whole couple c acting on the body may be resolved into elements. 
Let the element dc cause rotation of dm about O. This may be 

dc 

looked upon as a force — acting througn P together with an equal and 

^ dc 

opposite force through O. Then the acceleration of dm will be-i— 

(p. 27). 

But the linear acceleration at right angles to r is u>r (p. 48); 

dc 

.*. —j— = a»r, 

r. dm 

dc = (jj . dm , 
dm. 


= |a,. 


dm. 


because ct> is the same for all parts of a rigid body ; also the integra¬ 
tion extends over the whole body. 

The quantity Jr® dm is called the moment of inertia of the body 
about the axis O, and if we take ^7^dm = I, 

then c = /cu. 

This is an equation concerning rotation which is analogous to 
/= ma for linear motion. The moment of inertia I is the counter¬ 
part of the mass. 
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When the body consists of a number of small separate masses, the 
quantity mr^ is obtained for each separate mass and the sum is 
found. But where the body is of continuous structure, the integral 

^r^dm must be found. 

Examplb. —Three masses each of 5 kg. are placed on a horizontal plate 
whose weight can be neglected. The plate can rotate about a vertical axis 
and the masses are all at distance 15 cm. from the axis. What is the 
moment of inertia of the system ? 

Moment of inertia of each mass =5000 x 15“ 

= 1125000. 

„ all together =3x1125000 

= 3 375 X 10* c.c.s. units. 

Radius of gyration.—The moment of inertia of a body involves its 
mass and the distribution of the mass. These two ideas may be 
separated by finding the moment of inertia first, and then expressing 
it as the product of the mass and the square of a length. Thus 
I — where m is the mass of the body and I its moment of inertia 
about a particular axis. The quantity k is called the radius of gyration 
of the body about that axis. 

Moment of inertia of rod.—Consider a uniform rod of length I and 
mass p per unit length. Let the rod rotate about its centre of 
gravity O (Fig. 46). 

P 0*^-“ f *“'> 


Fro. 46 .—Moment ok lNERTt.t ok Rod. 


IS r. 


An element of length dr ha.s mass p . dr and its distance from O 
r. 

4 

/. Moment of inertia of element = r^ . p . dr. 


rod 


^ •> 

-mi 


o 2 


P 
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If the mass of the rod is m. 

Moment of inertia about O = 


m = pl. 

nd^ 

\2 ‘ 

In a similar manner, the moment of inertia about P is found on 

ri 73 

transferring the origin to P. It is I dr=p - 

Jo 3 

Z * 

Moment of inertia of circular 
plate.—First notice that the moment 
of a circle of thin wire about an 
axis passing through its centre and 
at right angles to its plane is mr® 
because every point of the circle is 
at the same distance, r, from the 
axis. 

Now proceed to the disc, of radius 
a and mass p per unit area. For 
ring of radius r (Fig. 47) and radial thickness dr : 



Mass of ring 
Moment of inertia of ring 


p . 27rr . dr. 
p . 2777*®. dr. 


Moment of inertia of disc = J p . 277r® d) 


= 2^p\. 

But mass of disc —TraV ; 


7 = 


tna- 


Angular momentum.—The momentum of any element dm of a 
rotating body is v. dni^ where v i.s the value of the linear velocity 
of the element. On multiplying this by r, the distance of dm from 
the axis of rotation, the quantity rv . dm obtained is called the 
moment of momemiim about O of the mass dm. 

Now ■i; = r.a> (p. 48) ; 

moment of momentum = a>. dm. 
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The sum of all the moments of momentum of the elements of the 
body is called its angular momentum; 


angular momentum = J'r^a>. dm 




= a> I dm 


smce 


— Iw, 

1 = dm. 


Further, from equation Ioj=c (p. 64), 

Idoj — C dty 


and 


loj 


= f c dt, 

Jo 


Thus the angular momentum acquired by a body is the quantity 

r 

I cdi. This is true however c may vary with time. If the couple o 

is constant, J* c di becomes ct which is then the angular momentum 

acquired in time t. But if the time is extremely short and the 

couple great, \cdt is an angular impulse. It is thus seen, on com- 

J 0 

paring with linear impulse on p. 28, that when considering rotation, 
moment of inertia takes the place of mass, and couple takes the 
place of force. 

Kinetic energy of rotating body.—When the element d^n (Fig. 45). 
has velocity v, its kinetic energy is dm (p. 35). Now v = rco ; 

kinetic energy of dm dm, 

kinetic energy of whole hody = dm 

Again the analogy with linear motion may be noted, for in that 
case the kinetic energy is 
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Example. —Find an expression for the moment of inertia of a thin 
uniform rod about an axis perpendicular to it and intersecting it at one 
quarter of its length from one end. 

If the diameter of a penny is 3 cm. and its mass is 9 gm., calculate its 
total energy when it rolls along a table with a velocity of 6 cm. per second. 

J.M.B.H.S.C. 

As on p. 65, 7 = ^^^ r^dr = + 

_pfl^ 27^3 \ _ 2Spl^ _Iml^ 

“3V64''’ 61/ 3ir^" 


For the penny. 


I- 


48 


9 X 1-5* 


9 X 1*5^ 

K.B, due to rotation = . —5 x4^ 

= 81 ergs. 

K.E. due to translation = = i .9.6® 

= 162 ergs; 
total kinetic energy = 243 ergs. 

Moments of inertia about parallel 
axes.—Consider a body rotating about 
O, when the centre of mass of the 
body is at C (Fig. 48). The mass dm 
at P contributes an amount OP* dm 
to the moment of inertia about O. 
Calling the total moment of inertia 
about O, /q, 

/o = JoP*dm. 

Drop perpendicular PQ upon OC, then OP* = OQ* + PQ,*, 



and 


= I (OQ* + PQ*) drQ. 

= J{ (OC + CQ)* + PQ*| dm 
= j'{OC* -f- 20C . ca + CQ* + PQ*} dm 
= JoC*cf7n + 20cJcQdm+ fcP* . dm. 


' 



4 

< 
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If it is remembered that OC is constant, then calling it r. 


/g = + 20cJcQ . dm + 

where 1^ is the moment of inertia about C as axis, that is fcp^ . dm 
If C is the centre of mass of the body, jcQ . dm = 0 ; 


/a = /c + mr'^. 


In this way the moment of inertia about any axis parallel to that 
chosen may be found. It will be seen that the moment of inertia 
about any axis consists of two parts, the moment of inertia about a 
parallel axis through the centre of mass, together with the moment 
of inertia about the given axis of the mass of the whole body sup¬ 
posed concentrated at the centre of mass. Incidentally it appears 
that the moment of inertia of a body about an axis through the 
centre of mass is less than that about any other parallel axis. 

Moment of inertia of rectangular plate.—Taking the axis of rota¬ 
tion through the centre O of the plate (Fig. 49) and perpendicular to- 


a 


> 


A 


A 

- r> 

t 

' 

] 


• 

• 

1 

i 

1 
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4 

t 
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1 1 

1 • 

• 1 ^ 

<- a —, -> 

y 

1 1 

» 1 1 
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Fio. 49.—RECT.\N0ri.AR Plate. 


the plate, divide the plate into strips AB of width dx parallel to one 
pair of sides of the rectangle. 


Area of .strip = 
Mass of strip = 

Moment of inertia about mi idle of strip = 


h d.c. 
pb . dx. 
ph^ dx 


12 


(p. 6&) 


Moment of inertia of strij* about O 

pb^dx ^ I , 

= ^-+ x-pb . dx. 


12 
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Moment of inertia of plate 




dx 


pah^ pba^ 

”T^ 12 


The mass m of the plate is pah : 

I = tn 


12 


Lamina and perpendicular 
axes.—There is a useful rela¬ 
tion for the moments of inertia 
about axes at right angles in 
the case of a lamina. If Oa; 
and Oy (Fig. 50) are two axes 
at right angles to each other 
and in the plane of the lamina^ 
while Oz is an axis through O 
at right angles to the plane of 
the lamina, then the moment 
•of inertia of the element dm at P about Ox is y^.dm, and if is 
the moment of inertia about Ox, 



Fio. 50 .—Perpendicular Axes. 


Similarly 




= dm. 

— J*x2. dm ; 

= Jx^ dm + Jy2 dm 
= J(x® -f- y^) dm 

= Jop 2 . dm 


= /=- 

Thus the moment of inertia about an axis perpendicular to the 
plane of the lamina is the sum of the moments of inertia about two 
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perpendicular axes in the plane of the lamina and passing through 
the point where the perpendicular axis cuts the lamina. 

Moment of inertia of disc about a diameter.—Choose the axes Ox 
and Oy (Fig. 50) as diameters of the disc. Then= If the 
02 -axis is perpendicular to the disc, 


But 


j 


• 7 = 

• • * 


inr 


Moment of inertia of cylinder.—If the axis of rotation coincides 
with the axis of the cylinder, 
the moment of inertia is 

as for a circular plate, 

for the thickness of the plate 
docs not enter into the 
result, except in determin¬ 
ing the mass. If the axis 
of rotation is perpendicular 
to the axis of the cylinder, 
divide the cylinder into thin 
discs as at P (Fig. 51). Moment of inertia about a diameter of 
the disc is 

mr^ pirr^ dx . r* TTpr* dx 



Fio. 51 .—Solid Cylinder. 


the mass of the disc being p . irr^. dx. 

Moment of inertia of disc about axis O is 

TTpr^dx , , - 

--»- p . TTY^. dx . X^. 






(*■^2 TTpr^ 


TT 


pY* 


Hi 


+ TTpY' 


mi 


7TpY*l TTpY^P 


4 
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The mass of the cylinder is tttH . p = yn\ 


T 


Example.— Explain what is meant by “ moment of inertia ** and 

angular momentum.” 

A thin hollow cylinder, open at both ends and weighing 96 lb., (a) slides 
with a speed of 10 ft. per sec., without rotating, (6) rolls with the same 
speed, without slipping. Compare the kinetic energies of the cylinder in 
the two cases. J.M.B.H.S.C. 

(а) When the cylinder slides without rotating its kinetic energy is 
= J ;; 96 X 10® foot^poundals. 

(б) When the cylinder rolls without slipping, its angular velocity is — 

■where r is its radius. ^ 

Since the mass is all at the same distance r from the axis, the moment of 
inertia is mr® = 96r® ; 

.*. kinetic energy of rotation = 

10 * 

= i X 96r* X ^ 

2 r* 

= J X 96 X 100 ; 

/. total kinetic energy (b) = .Jmw* + J/a>* 

= J X 96 X 10* -f J X 96 X 100 
= mi;* ; 

kinetic energy (6)_ J x 96 x 200 _ wir* 
kinetic energy (a) ~ J x 96 x 100~|mv* 

= 2 ; 

Direct determination of moment of inertia. —By applying a known 
■couple to a body and measuring the angular acceleration produced, 
the moment of inertia may be deduced. When the body is of the 
nature of a flywheel, a cord may be wound upon a cylinder A (Fig. 
52) coaxial with and attached to the flywheel. If a mass m gr. is 
attached to the cord, the couple applied to the wheel is fr, where r 
is the radius of A and / is the tension in the cord. Then I6>=fr. 
But roj — a, where a is the vertical acceleration of the weight. Now 
mff is the force due to the weight when it has no acceleration ; but 
when it has acceleration a the force f is given by 

nia = mg -/, 


or 


/=m(^-a). 
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and I6j = m{g — a)r^ 

I^ = mig~a)r, 

I = ,„r- . 

a 

If the instant at which the weight begins to fall is noted on a stop- 
clock, and again when the weight has fallen a measured distance, s, 
the time t for falling distance s from the start is known. 

Then s = 

2s 


or 


a = 




and substituting this value for a in the above equation, I will be 
found to be equal to 2s) 

The equation for I may also be found by equating the work done 
by the weight in falling, to the kinetic energy produced in the wheel 
and weight. 

= mgs, 

/<*>* = 2mgs — mv^, 

^ _ m{2gs^'i^) 

a>2 

m {2gs — 

~ ^ ’ 
and since v^ — 2as, 

j — - 2s)r^ 


a 


2s 


There should be a small correc¬ 
tion made for the friction at the 
bearings. This may be made by 
finding the small mass w' that will 
just keep the wheel turning without 
acceleration, and using (m — m') 
instead of m in the above equa¬ 
tion. Another way is to detach the 
weight m when it has descended the distance s, and count the sub¬ 
sequent turns made by the wheel before coming to rest. If the friction 
at the bearings gives rise to a couple c, the work done by this cou})Ie 
in n turns of the wheel is 2Trnc. The wheel comes to rest when its 
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kinetic energy is expended in overcoming this friction. Then 

\Iw>^ — 2Trnc or = weight falls through distance s, the 

the wheel makes — turns and the work done against friction is 

Zttt 

27t$c sc Iw^s 

2 -nr r inrir * 

The energy equation then becomes 

1X0 1 • Ico^s 

^1 co^ + ^mtr + = mgs^ 




1 + 


^ +^mv^ = 7ngSy 


and 


27mr 

^ m(g-a)r^ _ I 


a 


1 + 


2'7rwr 

m {gt^ — 2s) 7^ 1 


2$ 


( 


1 + 


2-7Twr 


) 


Example 1. —A cord is wound round the horizontal axle (whose radius is 
1-2 cm.) of a flysvheel, and a weight of 2 kilograms is attached to the free 
end of the cord. Starting from rest, the weight is released from the axle 
after falling through 100 cm. After the weight is released the flywheel is 
observed to make 14 turns in 5*8 sec. Neglecting friction calculate (a) the 
kinetic energy of the weight at the moment of release, (6) the moment of 
inertia of the flywheel. C.H.S.C. 

(a) Velocity of weight at moment of release = —^^^ ^ 


5-8 


cm. sec. 


—1 


Kinetic energy of weight 


(6) Work done in falling 


= 3-311 X 10* ergs. 

= 2000x981 X 100 
= 1-962 X 10® ergs. 


Now neglecting friction, 

+ Imv^ =7ngs ; 

57u>*= 1-962 X 10®-3-311 X 10* 
= 1'959 X 10* ergs. 
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277 . 14 


CO = 


1= 


6-8 ’ 

2 X 1-959 X 10» X V 

V27r. 14^ 

= 1 703 X 10® gm. cm.® 


Example 2.—Explain what is meant by the moment of inertia of a body, 
and describe how you conid compare experimentally the moments of 
inertia of two rods about an axis through the c.o, and perpendicular to 
the length. 

A kilogram weight is attached to the end of a string which is wrapped 
round the axle of a flywheel of moment of inertia 10 ^ c.o.s. units, and 1 :^ 
allowed to fall. How many revolutions per sec. will the wheel be making 
when the weight has fallen through 1 metre ? The kinetic energy of the 
weight may be neglected. C.H.S C 

For experiment, see p. 109. 

When the weight has fallen 1 m. work done = 7 ^ 9,5 

= 1000 x 981 X 100 
= 9-81 X 10’ ergs. 

Neglecting friction and the kinetic energy of the weighty 

^/aj® = 9-81 X 10 ’ ergs. 

I0*a>® = 9-81 X 10’. 

' = 19-62 X 10®. 

<tj =44-3 radians per sec. 

Ifn is the number of revolutions per second*, 27 rn~ti> ; 

44-3 


h 


n — 


TT 


= 7 05 revolutions per sec. 


Motion of a point in a circle.—On p. 48 the angular velocity of a 
rigid body was considered, and it was seen that a point distant r 
from the axis has a linear velocity of magnitude u, when the angular 
velocity of r 13 w. r is really a vector defining the position of the 
point with respect to the axes, and v is likewise a vector. Any 
change in the vector r, taking place in time dt, is the real velocity v, 

and the acceleration of the point is This is itself a vector, and 

ms-y therefore be resolved into two components, one along the radius 
and the other at right angles to it. When the point moves in a circle 

r IS constant; the magnitude of the latter acceleration is and 


76 


IVIECHANICAL PROPERTIES OF MATTER 


CHAP. 


has been dealt with on pp. 48 and 64. The magnitude of the former 
must now be found. 

In Fig. 53, the velocity in the circle is supposed to have a constant 

value V, and is shown at two near 

points P and Q. The line AB is 

drawn parallel to OP. Then at P the 

component of velocity parallel to 

OP is zero, and at Q it is v sin 

If the time for the point to travel 

from P to Q is St, the acceleration 

„ - , . vsinS0 

parallel to OP is ——. 



If and 8^ 


Fio. 53.—ACCELKRATION IN 
A CIHCLE. 


are infinitesimal sin 80 = 8^, and the 
acceleration parallel to OP is v . 

dO 

and since the angular velocity ^ = 


radial acceleration =i=va» 

-if 

r 

= oj^r. 

When the angular velocity is not constant there will be a tan¬ 
gential acceleration which will be calculated later, but for the 
pre.'ient the relation between radial and tangential acceleration will 

be deferred. . . . 

Thus when v remains constant the only change in velocity is a 
change in direction, the acceleration being at right angles to v and 

directed along the radius of the circle. 

The hodograph.—Another method of arriving at the same result 
is to draw an auxiliary diagram of velocities as in Fig. 54. If PQ, RS, 
etc., are vectors representing the velocity of the point at P and R, ^ 
take a separate point A and draw vectors AB, AC, etc., equivalent to 
PQ, RS, etc. Then if many points are taken and the points B, C, etc., 
are joined, a continuous curve called a hodograph is obtained. In 
this case the hodograph is a circle of radius u = PQ. In a small in¬ 
terval of time, P moves to P' and B to B', and the change in velocity 
is thus BB', which from the figure is seen to be parallel to OP ; that 
is, it is directed towards the centre, O. of the circle. The total change 
in velocity in one revolution is the circumference 27r . AB = 2fn’, and 
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this takes place while the point P travels round the circle with 


velocity v, that is, in time 


27rr 


V 


The acceleration of P is therefore 


27rv 

V 



Fia. 54 .—hodooraph op Point Hovmo in a Cirole. 




Centrifugal force.—The case of a body moving in a circle is fre* 
quently met with ; for example, a weight whirled round at the end 
of a string ; a railway train or motor-car roimding a curve ; the 
planets moving round the sun and the moon round the earth. It is 
true that these orbits are not exactly circles, but the radial accelera¬ 
tion is still v^lr where v is the orbital velocity and r the radius of 
curvature of the path at the point considered. It was seen on p. 25 
that a body continues to move in a straight line unless acted upon 
by some force. When therefore a body moves along a circular path 
it must be acted upon by a force, since its path is continually being 
deflected from a straight line, and this force is in the direction of the 
acceleration produced, that is, towards the centre of the circle. It 
is called a centripetal force, and may be the pull in the string, a push 
due to the rails on the wheels of the train, or in the case of the planets, 
the pull of gravitational attraction. The force which is equal and 
opposite to this is called the centrifugal force. Centrifugal force and 
centripetal force are, of course, action and reaction in the sense of 
Newton^s third law of motion (p. 25). For either, the value is 



78 


MECHANICAL PROPERTIES OF MATTER 


CHAF« 


mv^ 1. • 1 

where m is the mass of the moving body, and v is the mag- 

nitude of its linear velocity. It is also wtoV, where co is the angular 
velocity of the radius vector from the centre to the body, since v = cor. 

Newton’s method.—There is a third method of establishing the value 
of the acceleration in circular motion which is of historic interest, 

because it enabled Newton to establish the 
fact that the moon is subject to the same 
law of gravitation as bodies at the earth’s 
surface. If the body at P is moving in a 
circle (Fig. 55), it travels from P to B in 

the time —^-. If there had been no 

V 

force on it acting towards O it would 
have arrived at A in the same time. In 
the interval considered it may therefore 
be considered to have travelled to A and 
then, as in the case of the moon, to have 
fallen a distance AB, towards the earth 
at O. 

If the interval of time is small, AB approaches the limit given by 

AB . 2r = Ap2. 

But in the limit, AP and the arc BP become equal in length, 

Bp2 



Fio. G5 .—Obuital Motion. 


and since 


s = iat^, 
AB = |a/2, 


(p. 8) 


that is. 


BP2 


= 


BP2 


v 


or 


cr*=—. 
r 


This value of the acceleration is in agreement with those found on 
pp. 76 and 77. 

If the period of rotation of the moon about the earth is taken as 
27-3 days and the earth’s radius as 4000 miles, the acceleration of 

the moon towards the earth is —, or 

r 

27t . 60.4000.1760.3\2 1 


(- 


27-3 X 24 X 3600 


) 


60x4000.1760.3 
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in feet per sec per sec., the moon’s distance being 60 times the 
earth s radius. This is equal to 0-00899 ft./sec.^. 

If the acceleration of gravity at the surface of the earth is 32-2 

ft./sec.®, at the moon’s distance it should be ^ = 0-00894 if the 
. 60 ® 
force on unit mass varies inversely as the square of the distance from 
the earth s centre (see p, 109). The fair agreement shows that the 

for^ on the moon due to the earth obeys the same law as the force 
on bodies at the earth’s surface. 


Example l.—Show that when a body is moving with uniform velocity in 
a circular path it has an acceleration, and find the value of this accelera¬ 
tion in terms of the radius of the path and the number of revolutions per 
minute. ^ 

A body of weight 300 gm, is tied to the end of a string 2 metres long 
and revolves with uniform speed in a horizontal circle at 90 revolutions 
per minute. Find the tension in the string. O.H.S.C. 



Two forces are acting on the body, ma>V horizontally and verticaUy. 

The body will be m steady motion when the resultant of these two forces 
acts along the string. 

From Fig. 66, 


tan 


moj^r 

mg ~ g ' 


But 


and 


277.90 ^ 

CO — ITT = 3 77, 


r = 


tan 6 = 


60 

200 sin 6 ; 
977*. 200 sin 6 


or 


cos 6 = 


180077*' 
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Now from the diagram, cos 0 = 


Tng 

T ’ 


A T = 


300. g 
cos 0 


= 300 . ISOOtt* 

— 5-33 X 10* dynes. 

A 

Example 2.—A body of mass m gm. is attached to a fixed point A on a 
smooth horizontal table by a string of length I cm., and describes a circle 
round A as centre with uniform speed v cm. per sec. Find the tension in 
the string. 

A small sphere is attached to a fixed point by a string of length 30 cm., 
and whirls round in a vertical circle under the action of gravity at such 
speed that the tension in the string when the sphere is at its lowest point 
is three times the tension when the sphere is at its highest point. Find 
the speed of the sphere at its highest point. C.H.S.C. 

For the first part, see p. 78. 

Let V be the velocity of the sphere as it passes the highest point of the 
circle. Its kinetic energy is then Jmv*. 

As it passes from the highest point to the lowest an amount of work 
equal to 60 mg is done upon it, so that its kinetic energy will now be 
+60mg = where V| is the velocity with which it passes the 

lowest point. 

Vj* = r* + 120g. 

mv^ 

Centrifugal force at highest point “‘ 3 ^’ 


,, lowest point 


mVx‘ 

'SO 


r r ^ V 

tension in string for highest point = - mg 


lowest point = 


mvt* 


ma. 


30 


>,* „ /mv* \ 

- + m^=3 

Vj^~3v^ - 120g = v* + 120g ; 


2v»=240g, 
v* = 120x981, 


v = 343-1 cm. sec. 
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Exercises on chapter ni 


Moments aud Couples 


1. Prove that the moment of a couple about any point in its plane is 
constant. Prove also that the resultant of a number of couples acting in a 
plane is equal to a couple of which the moment is the sum of the moments 
of the given couples. 

A uniform rectangular gate ABCD of weight 300 lb. in which AB = 10 ft., 
BC=4 ft., is hinged at A and D, where A is vertically above D. If the 
reaction at A is horizontal, find its magnitude, J.M.B.H.S.C. 

2. Prove that the sum of the momenta of two forces acting in inter- 
secting lines in a plane about any point in that plane is equal to the moment 
of their resultant about that point. 

A uniform rod AB, of length 2a and weight W, is suspended freely from 
the end A, and a couple of moment G(<aW) in a vertical plane is applied 
to the rod. Find the angle the rod makes with the vertical and the action 
it exerts on the hinge. C.W.B.H.S.C. 


3. Find the magnitude, direction, and line of action of the resultant of 
two given unlike parallel forces. 

Like parallel forces P, 2P, 3P act at the vertices A, B, C of a triangle, 
their lines of action being always in the plane ABC. Prove that whatever 
the common direction of the forces in this plane their resultant passes 
through a fixed point, and find the point. J.M.B.H.S.C. 

4. Define a couple, and prove that it has the same moment about all 
points in its plane. 

A light equilateral triangle ABC is free to rotate in a vertical plane about 
an axis through its centre. At the corners A, B, C are attached masses of 
3, 5, 2 lb. respectively, while along AB a force P is applied to maintain 
equilibrium. Find the magnitude of P when AB is inclined at an angle 6 
to the downward vertical through A, and verify that the triangle is in 
equilibrium without the force P when tan ^ = 2/^3. L.H.S.C. 


*?’. non-parallel coplanar forces act on a body and keep it in 

equilibrium. Prove that their lines of action are concurrent. 

A uniform rod AB, of mass 10 lb., is freely hinged about the end A, 
which is fixed, and is supported in an inclined position by a light string 
joining the end B to a fixed point C vertically above A. If AB = AC =2Bc” 
find completely the action of the hinge on the rod and the tension in the 


string. 


L.H.S.C. 


6. Define the moment of a force and prove that the algebraic sum of 
the moments of any two parallel forces about a point is equal to the 
moment of their resultant about that point. 

The arms of a balance are unequal in length but, without the scale pans, 
the beam and scale-pan holders are correctly balanced. The scale pans A 
and B are of weight 2w^, 2Wi respectively. A body placed in pan A has an 
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apparent weight W,, and placed in pan B has an apparent weight Wj. 
Show that the true weight of the body is 

^{WiWa + 2(u;iWi + - (uh + w^). 

L.H.S.C. 

7. What are the most important qualities of a good balance, and how 
are they secured in practice ? 

Show that the sensitiveness of a balance is independent of the load 
carried by the scale pans when the terminal knife edges are in the same 
plane as the central knife edge. How does the behaviour of the balance 
depend upon the position of the centre of gravity of the beam ? 

C.W.B.H.S.C. 

8. State briefly on what factors the sensitivity of a balance depends. 

The arms of a balance are similar and of equal length, a. The scale 

pans are similar and of equal weight, P. When the beam of the balance is 
horizontal, the central knife edge is a distance, x, vertically above the 
middle of the line joining the knife edges of the scale pans, and the c.o. 
of the balance is a distance, y, vertically below the same point. Assuming 
that the weight of the moving system of the balance is W, derive an expres* 
sion for the angle of deflection of the beam when weights Wi and Wg arc 
placed on the scale pans, [w^ >u»8.] J.M.B.H.S.C. 

Centre of Mass 

9. Find the centre of gravity of a solid right circular cone. 

A hollow right circular cone, without base, of mass M, and made of a 
thin metallic sheet, is placed with its axis vertical and vertex downwards. 
Water is poured in to a depth of one* half of the vertical height. Prove 
that, if the centre of gravity of the cone and its contents is at the surface 
of the water, the mass of water is JM. C.H.S.C. 

10. Find the centre of gravity of a triangular lamina ; and show that it 
is the same as that of three equal particles at the mid-points of its sides. 

A lamina in the shape of a trapezium has parallel sides AB, DC ; and 
EF is the straight line parallel to them which bisects AD and BC. Show 
that the centre of gravity of the trapezium coincides with that of masses 
proportional to AB, DC, 4EF at the mid-points of AB, DC, EF respectively. 

J.M.B.H.S.C. 

* 

11. Find the position of the centre of mass of a uniform plane triangular 
lamina. 

A triangle ABC is made of three uniform heavy rods. Show that its 
centre of mass is at the centre of the inscribed circle of the triangle formed 
by joining the mid-points of the sides of the triangle ABC. J.M.B.H.S.C. 

12. Prove that the centre of gravity of a uniform triangular lamina 
coincides with the centre of gravity of three equal weights at its vertices. 

A regular pyramid whose base is a regular hexagon is made of uniform 
thin sheet metal. If a is the radius of the circumcirclc of its base and 2a 
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is the length of the slant edges, find the position of the centre of gravity of 
the total surface of the pyramid, and state its distance from the base. 

L.H.S.C. 

4 

Moment of Inertia 

13. Show that the moment of inertia of a uniform circular lamina about 
a tangent is ^Ma*, where M is the mass of the lamina and a its radius. 

C.H.S.C. 

14. A flywheel of mass 100 kg. and radius of gyration 20 cm. is mounted 
on a light horizontal axle of radius 2 cm. and is free to rotate in bearings 
whose friction may be neglected. A light string wound on the axle carries 
at its free end a mass of 5 kg. The system is released from rest with the 
5 kg. mass hanging freely. Prove that the acceleration of this mass is 

9/2001 cm./sec,2. 

If the string slips off the axle after the weight has descended 2 metres, 
prove that the couple of moment 31-8 kg. wt.-cm. (approximately) must 
be applied in order to bring the flywheel to rest in 6 revolutions. 

C.H.S.C. 

15. Prove that the moment of inertia of a uniform circular disc about an 
axis through its centre and perpendiAilar to its plane is .jMa®, where M and 
a are respectively the mass and radius of the disc. 

Hence find the moment of inertia of 

(i) a uniform solid sphere of radius r and mass M about a diameter ; 

(ii) a uniform solid right circular cone of mass M about its axis, the 
radius of the base being a. C H S C 

16. Find by integration the moment of inertia of a uniform lamina 
(m^ M) in the form of an equilateral triangle (side a), about one aide. 

A uniform plate is in the form of an equilateral triangle CAB and a 
^micirde ABD described on opposite sides of a straight line AB, 12 inches 
long. Find its radius of gyration about AB. C.H S C 


Flywheel 

/■ %^heel of weight 200 lb. which may be regarded as a uniform 
disc of radius 1 ft., is set rotating about its axis with an angular velocity 
ot 5 revolutions per second. At the end of 40 sec. this velocity, owing to 
the action of a constant frictional couple, has dropped to 4 revolutions 

constant couple must now be applied so that in a 
turther 20 sec. the angular velocity will be 8 revolutions per second ? 

Find the total angle turned through during the minute. C.H.S.C. 

18. A Awheel of mass 65-4 kg. is made in the form of a circular disc 
OJ radius 18 cm. ; it is driven by a belt whose tensions at the points where 
It runs on and off the rim of the flywheel are 2 kg. and 5 k<T. weifdit 
respectively. If the wheel is rotating at a certain instant at 00 revolutions 
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per minute, find how long it will be before the speed has reached 210 
revolutions per minute. 

While the flywheel is rotating at this latter speed the belt is slipped off 
and a brake applied. Find the constant braking couple required to stop 
the wheel in 7 revolutions, [g may be taken as 981 cm. per sec. per sec.] 

C.H.S.C. 

19. (a) Explain what you understand by the term moTTient of inertia and 
show that the kinetic energy of a body revolving about a fixed axis is 
where I is its moment of inertia about that axis and is its angular 
velocity. 

(6) A rope hanging over a pulley of radius 2 ft. has attached to it at one 
end a mass of 24 lb. and at the other end a mass of 20 lb. Initially motion 
is prevented by holding one of the masses. If the moment of inertia of 
the pulley about its axis of rotation is 336 lb. ft.*, find the velocity of the 
masses when they have moved a distance of 4 ft. from rest. There is no 
slip between the rope and the pulley and the friction at the axle of the 
pulley may be neglected. J.M.B.H.S.C. 


Motion in Circle 

20. Prove that when a particle describes a circle of radius r with velocity 
V, it has an acceleration of v*/r towaAls the centre. 

A particle of mass m is attached to a fixed point A by means of a string 
of length I and hangs freely. It is then projected horizontally with velocity 
^Qgl. Show that it completely describes a vertical circle. L.H.S.C. 

21. Prove that when a particle describes a circle of radius a with con¬ 
stant angular velocity oj, the acceleration is directed towards the centre 
and has a magnitude aa>*. 

Four masses, each of 10 lb., are fastened together with four strings each 
3 feet long so as to form a square. This square rotates in a horizontal 
plane on a smooth table at a speed of one revolution per second ; find in 
pounds weight the tensions in the strings. C.H.S.C. 

22. Find the tangential and normal components of the acceleration of a 
particle describing a circle with speed v, not necessarily uniform. 

A half-pound weight is being whirled in a horizontal circle at the end of 
a string 2 feet long, the other end of the string being fixed. If the breaking 
tension of the string is 112 lb. wt., find the greatest speed which can be 
given to the weight. C.W.B.H.S.C. 

23. A body moves in a circle with uniform speed. Find the magnitude 
and direction of the acceleration of the body at any instant. 

A Schneider Cup seaplane flies in a horizontal circle of radius 2 miles at 
a speed of 330 miles per hour. What is the direction of the resultant force 
on the seaplane ? O. & C.H.S.C. 

24. A seaplane of total mass 1000 lb. (including the pilot) rounds a pylon 
in a circular arc of radius half a mile at a speed of 300 m.p.h. Draw a 
diagram showing the forces acting on the seaplane, and calculate the 
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resultant force at right angles to its direction of motion exerted upon it 
by the air. Assuming that the pilot weighs 12 stone, calculate the force 
with which he is pressed against his seat during the “ turn.” C.H.S.C. 

25. Show that a particle moving with constant speed in a circle is acted 
on by a force directed towards the centre of the circle, and deduce an 
expression for this force in terms of the radius of the circle and the velocity 
of the particle at any instant. 

Assuming that the moon revolves uniformly in a circle round the earth's 
centre, calculate the acceleration of gravity at the earth’s surface from the 
following data: radius of earth, 6*4x10® cm., radius of moon’s orbit, 
3 84 X 10*® cm., period of rotation of moon, 27-3 days. 

(The force of gravity on a particle is inversely proportional to the square 
of its distance from the earth’s centre.) O. & C.H.S.C. 


CHAPTER IV 


SIMPLE HARMONIC MOTION 

Definition of simple harmonic motion.—There are many examples 
of a body moving in a symmetrical manner about a point. If the 
body moves in a straight line and the force acting on the body is 
directed towards a point in the line, and further, if the force is pro¬ 
portional to the distance of the body from the point, the motion of 
the body is simple harmonic. Among the examples to be studied are 
the vertical motion of a mass suspended by a spring or clastic cord, 
a point on the prong of a tuning fork, a pendulum whose oscillations 
are .small. 

Equation of simple harmonic motion.—Suppose the body of mass 
m to be situated at P (Fig. 57), and the force acting upon the body 



Fco. 57. —Simple Harmonic Motion. 


to be directed towards O and of value proportional to the distance, 
Xy of P from O. Then the velocity of P is — and its acceleration 
and the force acting on it is 


-^^ 2 , 

But this is proportional to x. 


Let it be yjx. Since this force is directed towards O it is always 
opposite in direction to x, and the negative sign is therefore taken 
for ux. 

d^x 

Then ni = - fjLX, 


or 


^ /-V 
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An equation of this type may always be solved by assuming that 

X = A€'’*, 

where c is the base of Naperian logarithms and A is any constant we 
like to choose. 

Then ^ = 


di^ ^ * 

and substituting in the equation we have, 


Aa^c®* +A €®^=0 

m 

or 

m 

oc= ±s/ -l-v/^ • 

V m 

Thus a: = 2Ac+'^-i'^Wm( solution and x = 2B6“'^^is 

another ; remembering that A and B may be any constants whatever 
Adding them together, 

Since A and B may have any values we like, let us assume that the 
body passes through O at time t^O, so that x = 0 when t = 0. 

Then 0=A+B. 

Again, suppose that the body is moving from left to right through 
O with velocity v when t = 0 ® 

Then « = = 

^ m y m 

V^/mt — J . 

^ m y m 


arid, when f = 0, 
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Remembering that 0 = A+B, 

we have v = 2 aV'^ a/^ , 

▼ Wl 


or 


A = 


V m 

— 

fX 


and 


V m 
— 

iA 


I 

H' 


2J—1 

From de Moivre’s theorem, the last part is seen to be sin 

_ > w ’ 

, [m . IfjL ^ 

. . x^V'd — am 'yj— t. 
y fM Y m 

The body therefore moves backwards and forwards between two 
points, for which sin 'yj—t has the values +1 and —1. For these 

—, and this is called the amplitude of the simple 
harmonic motion, and writing — 

\ LL * 


X 


/ft 

— a sm \\ — t. 
V m 


Again, as t increases, the motion of the body is repeated, for if t 

V f}i 
—9 


X 


= asin^^(t + 2rry/^) 


= “sin (^yl^l + 2n)=a sin yj^t. 


V ffh fwy 

— is called the periodic time T, 

P- 


= 2,7^--. 


The number of complete oscillations made in unit time is and 
this is called the frequency, n ; _ 

1 1 u 

** ” T 27rVw‘ 
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Example 1. —Find an expression for the periodic time of a body moving 
in a straight line with s.h.m. 

A steel spiral spring has an unstretched length of 8 cm., and when a 
weight is hung on it, its length becomes 14 cm. Calculate the periodic 
time of oscillation of the weight if displaced vertically. C.H.S.C. 

The force required to stretch a spiral spring is proportional to the 
amount of stretch, unless the extension is excessive. 

Let m be the mass hung on the string, then mg is the stretching force 
and the upward force due to the spring is mg dynes when the weight is 
(14 — 8 ) or 6 cm. from its mean position ; 

6 


as above, fj. = 


dynes for displacement of 1 cm. 
T = 2n^ 


'm • 6 



= 2 


Example 2. —Define “simple harmonic motion,” and find the period of 
a particle executing such motion. 

A cylindrical air-tight piston, of mass M and cross-sectional area A, slides 
without friction in the vertical neck of a bottle of volume V filled with air 
originally at atmospheric pressure P. Show that if the piston is displaced 
from its position of equilibrium, under isothermal conditions, it will oscillate 
with simple harmonic motion, and find an expression for the period. 

Tf C.H.S.C. 

It X 13 the displacement of the piston, a;A is the change in volume. If p 

is the corresponding change in pressure and the change is isothermal, then 
from Boyle’s law (p. 174), 

P . V=(P-hj3)(V-xA). 

O'” =(P-p)(V+xA). 

P , V = P . V - pxA -t- pV - PxA, 

0 = - pxA + pV - PxA. 

If p and z are small in comparison with the other quantities, pzA is 
negligible; ^ 

pV = PxA. 

^_PA* 

z V 

The ratio of restoring force pA to displacement z is therefore constant 

PA* 

and equal to-= ^ 


n 


S.P.M. 
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dO 


IS 


Therefore the motion of the piston is simple harmonic, and the period 

T==27t^ (p. 86) 


=Ww=tV 


MV 

P 


Qraphical treatment. —Insight into the phenomenon of simple 
harmonic motion may be obtained by considering it as the projec¬ 
tion of a rotating vector upon 
a fixed straight line. If a 
point P (Fig. 58) is travelling 
in a circle whose centre is O 
and radius a with constant 
speed V, the radius vector 
OP rotates with angular vel¬ 
ocity CO where 

u = aco. 

OQ, is the projection of OP 
upon the axis of and as 
P travels round the circle, Q, 
moves backwards and for¬ 
wards between A and B. 

The acceleration of P is - 

a 

FIO. 58.— PBOJECTION OF ROTATING VECTOR. direction PO. The 

component of this acceleration parallel to OX is — sin 6, which is 

therefore the acceleration of the point Q, and the force which would 

give a mass m the same motion as the point Q is — sin or 

sin 0. Since asin0 = x, the force is meu^x. It is thus pro¬ 
portional to X and is directed towards 0,/so that the motion is 
simple harmonic (p. 86). /— 

Writing /xx for the force, /x = so tliat ^ 

The equation of the motion is 

x = (x sin B 

= a sin cot 



s. 
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as found on p. 88. Moreover, the periodic tinTe T is — — 277 'a/— 

* \ l~ CO V ^ 

and the frequency n is ^\l—' 

2it V m 

Again, the greatest velocity of Q, is its velocity on passing O, and 
is then equal to the velocity of P, because at that moment P is moving 

parallel to OX. At any instant the velocity is ^ =*coa cos cot, which 

Energy of vibration.—On passing the point O (Fig. 58) the body 
has kinetic energy travel the velocity and 

kinetic energy are zero, the force directed towards O having brought 
the body to rest. The force at any point being /xx, the work done 
for an infinitesimal displacement dx is fxxdx, and the total work 
done in moving from O, through the amplitude a, is 


or 


I fjLX dx = ^ fi.a^ 
Jo 

V m 
— 


which agrees with the result on p. 88. The energy thus alternates 
between the kinetic and potential form, but the total amount is 
constant for every instant. 

For at displacement x the velocity is 


dt 


V 


COS 


m y m 




t = v cos a/— 
m y m 


and the kinetic energy is cos^a/— t. 

V m 




VI 


= Imv® sin^A/ — t: 

y m 

kinetic energy + potential energy = ^wt^^cos2 
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The energy may also be expressed in terms of the frequency and 
amplitude, for n = (p. 88), so that /x = 47r^*m. 

ZtT ’ 771 

= 27r^mn^a^. 

From which it is seen that the energy of a vibrating body is pro¬ 
portional to the sqtiare of the frequency and to the square of the 

amplitude. 

Example 1.—A particle is moving with simple harmonic motion in a 
straight line. When the distance of the particle from the equilibrium 
position has the values r, and the corresponding values of the velocity 
are Uj and Show that the period is 

2 TT {( 2 : 2 *--«»*»“• 

Find also (i) the maximum velocity, (ii) the amplitude. C.H.S.C. 

Let the simple harmonic motion be represented by x~a sin a>t, then 

dx . 

u = —» OKI COS Olf• 

dt 

tl _1 ^ ^ 

* _^C08 ojt and -= 8 in wU 

a 


wCl 


a 




2 


+- 5 = 1 . 

a* 


u 




<0 


+ x *=a*. 


Subtracting we get 




3 _ 


li 


W 


z 

-» 




The period T — — ; 

‘ CO 


T = 2TrVfa:,^ 


'U * 

(ii) From the equation —^-Kar^*=a^ 


am 


- x^«) + - Wa» ) _ / 

\ U,* — Wt* \ 
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(i) Since u = uta cos cat, the maximum value of u occurs when cos cat — 1. 
Maximum velocity = a>a 



Example 2.—What is meant by Simple Harmonic Motion ? 

A test-tube of weight 6 gm. and of external diameter 2 cm. is floated 
vertically in water by placing 10 gm. of mercury at the bottom of the 
tube. The tube is depressed a small amount and then released. Find the 
time of oscillation. O. & C.H.S.C. 

Total mass» m, of tube and mercury = 16 gm. 

To depress the tube 1 cm. from the floating position displaces 

TT X 1*= w c.c. of water. 


and the upward thrust on this account is Trg dynes. (See p. 163.) 
Restoring force for unit displacement =. yi = Trg dynes. 


Period of oscillation 



Phase. —It is not necessary to 
measure time from the instant at 
which the body passes the middle 
of its path. For example, if t is 
reckoned from the instant at 
which P (Fig, 59) is at R, where 
OR makes an angle a with OY, 
then 

OQ = OP sin OPQ, 


or x^a sin {6 + a) 



The angle a is known as the phase 
of the vibration. 



Fio. 59.—Ph.\se op Simple Harmonic 

Motion. 


Simple pendulum.—A body, hanging by a light thread, constitutes 
a simple pendulum when the body is small enough to be considered 
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as a point. If OA (Fig. 60) represents the pendulum when hanging 
at rest, then with the boh of the pendulum drawn aside to B so that 
the thread makes an angle /3 with the vertical, the weight 'mg of the bob 


o 


__V 

A 


% 

\ 

/sV 


mg 

Fio. 60 .—Sim PL* 
PENDUIUM. 



IS no longer in the direction of the thread. 
It will have a component mg sin /S at right 
angles to the thread. B is therefore urged 
along the circle towards A. The free motion 
of B will therefore not be strictly simple 
harmonic, because the force directed to¬ 
wards A is not proportional to the distance 
from A. But if ^ does not exceed a few 
degrees, ^ and sin /? differ by a very small 
amount, and on substituting ^ for sin p 
the force on B perpendicular to OB is mg^. 
Also arc AB is ; 

7ng^^mg 

I 


force for unit displacement = 




Hence it is seen that the time of vibration of the pendulum is 

j" 


TT 


I ml 


(from p. 88); that is, T 


V. 



mg ' * • ' (7 

The simple pendulum affords a method of measuring g, but it is 
not very accurate on account of the fact 
that it is impossible to obtain a jioint mass 
and the thread is not weightless. Also 
the point of suspension is not very de¬ 
finite. 

The student should construct a simple 
pendulum consisting of a fine thread with 
a spherical lead weight attached. If the 
thread is supported by clamping between 
two wooden blocks, as in Fig. 61, the length 
I may be measured from the point where the 
thread leaves the blocks to the centre of the 
bob. On giving the bob a small displace¬ 
ment, 50 or 100 oscillations may be counted 
and timed by a stop-watch, to find T. The 
time of the bob passing the lowest point of 
its path and travelling in the same direction 
should be taken as the beginning of each 
swin^. 

When the results have been tabulated, T should be plotted 
against I, when a parabola will be obtained. On plotting T® 


4 


Fio. 61.—Extebiment with 
Simple Penddlvu. 


V 
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against I a straight line should be obtained, whose slope is 
g can then be calculated. 

Using one length of thread, determinations of T should be made for 
various arcs of swing. It will be found that when the arc is large, T 
is not independent of the arc. 


Compound pendulum.—rigid body suspended by a horizontal 
axis such as a knife edge will vibrate in the same manner as a simple 
pendulum, and it is necessary now to find its time of vibration. If O is 
the axis (Fig. 62) and G the centre of gravity, the rest position is with 



or 



-\-mgl sin /? = 0. 


FlO. 62 .—COBiroUNP 
Pendulvm. 


For small values of p the same approximation may be used as on 
p. 94, that is, ^ is written for sin /3, and thus, 


dt^ 



This equation, with different constants, was solved on p. 87, and 
a comparison shows that 

/3 = asin t, 

and the periodic time T is given by 


mgl- 
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Writing Ig for the moment of inertia about the centre of gravity G, 

1 — Ig+ ml^y (p. 69) 
and Ig = mk^f 

where k is the radius of gyration about G, 


= 27T'yJ 




mlg 


« /A® + 

The period of vibration is thus the same as for a simple pendulum 
of length ^ . Since is always greater than zero, this length of 

equivalent simple pendulum is greater than 1. Take a point Oj in 
Fig. 62 such that OOj = — j —, then is called the centre of oscillation. 
If OiG = fi, 00, = i + Zi, and _ 

T^27TyJ - -. 

^ 0 

On inverting the pendulum and suspending it from 0|, th e time 

V A* + i * 

—j—But 

jwa . n , 

—-— ss {+ or — ^ 1 - Thus the 

time of vibration is 

That is, the time of vibration is 
the same, whether the body is sus¬ 
pended from O or Oi; i.e. the centres 
of suspension and oscillation are in¬ 
terchangeable, and T is the time of 
vibration of a simple pendulum of 
length l + l-i. 

Bar pendulum.—A simple and 
convenient form of compound pen¬ 
dulum consists of a brass bar AB 
(Fig. 63). Holes are drilled in the bar, so that it may rest on the 
knife edge K. These holes are symmetrically arranged about the 
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H 


mid-point G of the bar. The time of vibration, for the bar resting 
with each hole from A to G, upon the knife edge, is found. It is 
not necessary to take the times with the bar inverted and the holes 
from G to B employed, 
because of the symmetry 
of the holes with respect 
to the centre of gravity 
of the bar. When the 
times of vibration have 
been obtained they are 
plotted against the dis¬ 
tance of the knife edge 
from the end A of the 
bar. A curve such as 
ABC (Fig. 64) is obtained. 

The periodic time de¬ 
creases at first and then increases, becoming infinite as the mid¬ 
point G of the bar is reached. 

The branch DEF is then drawn symmetrically about the line GH, 

. which corresponds to the middle of the bar. If then 

I a horizontal line LM is drawn to cut both branches 

pL of the curve, the length LM is the length of simple 

LJa pendulum which would have the time of vibration 

1-N, and may be calculated froni the relation 

Ko 



Fia. 64 .—Periodic Time-Lekoth Graph for 

Bar Pendulum. 


where l + V = LM and T = LN. It is 




B 


well not to use points near B and E, because it is 
difficult to decide exactly the length of LM between 
the intercepts. Also it should be noted that points 
such as L and F may not be used because, owing to 
the symmetry of the bar, L and F are, for the 
purpose of calculation, the same point. 

Hater's pendulum.—The principle of the reversible 
pendulum was employed by Kater in 1817. Two 
knife edges A and B (Fig. 65) are fixed to a bar in 
such a way that the pendulum may be suspended 
from either A or B. The heavy bob C is fixed to the 
bar, but the two weights D and E can slide along 
and may be clamped to it. The larger weight 0 
ensures that the centre of mass of the pendulum lieS 
between A and B. It is moved to various positions, 
until one is found for which the periodic time of the pendulum is 
nearly the same when suspended from either A or B. The fine 

S.P.M. 


FlO. 65 .—Kater^S 

Pendulum. 


D 2 
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adjustment is made by moving the smaller weight E by means of a 
micrometer screw, until the times of swing are as nearly equal as 
is attainable. The distance between the edges of A and B is 
measured and the value of g is calculated, using this distance as 
the length of the equivalent simple pendulum. 

For refined measurement many corrections must be made. For 
example, the buoyancy and viscosity of the air, the want of rigidity 
of the support, and the fact that the knife edges are not perfectly 
sharp but are somewhat rounded, should all be allowed for, but these 
considerations cannot be taken into account here. 

Many different designs of the pendulum have been used since the 
original, and the work of finding the length of the equivalent simple 
pendulum has been very much shortened by a device found in many 
laboratories. The knife edges, as well as a heavy bob, are adjustable 
in position. Then by movement of the bob, a position may be found 
for which the time of oscillation is roughly the same for suspension 
about each knife edge. A further adjustment may be made by mov¬ 
ing one of the knife edges, the appropriate direction being determined 
by noticing whether the period is greater with the bob at the top or 
the bottom. For example, in Fig. 65, a displacement of A towards 
the centre of gravity wul shorten the period when the pendulum is 
suspended from A much more than it will when the pendulum is 
suspended from B. When equality is very nearly attained, a position 
may be found for which a slight displacement of A changes the 
longer period from the upright to the inverted position. Four read¬ 
ings of the time are then made, two before displacing A and two 

after, the distance between the knife 
edges being measured in each case. 
On plotting these periods and lengths 
(Fig. 66) to a very large scale, Aj and 
Ag being the lengths and times for 
oscillation about A, and similarly for 
B, and joining A^Aj and BjBg the in¬ 
tersection of these lines gives the point 
whose coordinates are the length of 
the equivalent simple pendulum and 
its corresponding period of vibration. 
g may be calculated from these values. 

Example. —Describe, with the help of a rough graph, how the time 
period of oscillation of a uniform bar pendulum will vary as the point of 
suspension is moved from one end of the bar to the other. 

Prove that the time period of oscillation of a thin, circular hoop, about 
an axis through the circumference and perpendicular to the plane of the 



O 

Fio. 66.—FiWDiHO or Period 
or Vibration of Kater's 
Pendulom. 
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hoop, is the samo as that of a simple pendulum of length equal to the 
diameter of the hoop. J.M.B.H.S.C. 

For the answer to the first part, see p. 97. 

If m is the mass of the hoop and r its radius, the moment of inertia about 
its centre, the axis being perpendicular to its plane, is mr*. Hence I about 
a point in the circumference is mr* + mr®=2mr*. 


Then 


T 


= 2 -nJ- 

V Ttu. 

= 27r^ 


mgl 

2?nr* 

mgr 


(p. 96) 



That is, the period of oscillation is the same as that of a simple pendulum 
of length 2r. 


Torsional vibration.—A very important example of simple har¬ 
monic motion is that of a body suspended by a wire. If the body 
is given a rotation with the wire as axis, it will vibrate in a 
horizontal plane. When one end of a wire is fixed and the other 
end rotated through an angle 0, the twist in the wire produces a 
restoring couple proportional to $ for quite large angles of twist, 
provided that the wire is fairly thin (see p. 141). Calling this couple 
cd, c is the couple for one radian twist. Then if I is the moment of 

inertia of the suspended body, I is the couple acting on it (p. 64), 

and the equation of motion is found as on p. 95 : 

solving it as before, 

0 = 00 sin 1, 

where Oq is the angular amplitude of vibration, and 

T = 2nJ~-. 

y c 

The great importance of this type of motion lies in the fact that 
moments of inertia may be compared. In making the measurements, 
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a wire AB (Fig. 67) is used, soldered above to a piece of thick wire 
held by a clamp, and soldered below to a lug and screw shown at C. 

One of the bodies is sus¬ 
pended by screwing C 
into it, and a rod D is 
placed near the body. 
The eye, or a telescope, 
is moved about until D 
appears in line with some 
feature of the suspended 
body. A mark may be 
placed on it if necessary. 
The body is now given a 
twist and released. The 
times of the 6rst and last 
passages for, say, 100 os¬ 
cillations are observed, 
as described on p. 94. 
The time Tj of one os¬ 
cillation is thus found. 






A- 


4 ^ 


JJJ 

FlO. 67.—COMPARISON OF MOMENTS OP INERTIA. 


The body is then replaced by the second, and found in the same 
way. If and /g are the respective moments of inertia of the bodies, 


2’i 




and 

I, ^ r.2 

I. 




It should be noticed that the amplitude of oscillation need not be 
small, as in the case of the pendulum, because the restoring couple 
is proportional to 0, up to large values 
of 6. Also that the small moment of 
inertia of the support C (Fig. 67) has 
been neglected; but this is justihed 
when fairly large moments of inertia 
are being compared. 

Absolute Determination of moment 
of inertia.—When the actual value of 
the moment of inertia of a body is re¬ 
quired, it may be possible to calculate it 
from its mass and shape when the body 
is of regular form. But in any case the 
moment of inertia can be found experimentally by adding to the body 
another of known moment of inertia. Consider a bar AB (Fig. 68), 



Fio. OS.—Measorrment op 
Moment of Inertia. 
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* 


4 


5 * 


or body of any shape, upon which two cylinders may be placed 
symmetrically as at C and D. The mass of each cylinder being 
m and its radius a, the moment of inertia of each about its own axis 
is and about the suspension wire as axis is \ma^ + mr^. The 

moment of inertia of the two together is thus 

ma^ + 2?nr2 = m (a^ + 2r^) = /j. 

If / is the moment of inertia of AB and its supporting lug, the total 
moment of inertia when the cylinders are in place is / + /j. 

The times of vibration of the system are found with the cylinders 
in place {Ti) and with the cylinders removed (Tg). 


Then 



. . I ’ 

/i TjS _ 

I~ Tf * 

and ^ — 

If the cylinders are moved and a third body or pair of bodies of 
moment of inertia /g be placed on the bar with its horizontal balance 
preserved, and the time of oscillation is observed, 


T 2 
2 


T2 _ 


and 
so that 




. ^2®_ L- 

I 

T ^ ^ T J ’ 

-^3 -^2 ^2 



T 2 _ T 2 
•^3 ^ Z 

7* 2 
2 



• 



102 


MECHANICAL PROPERTIES OF MATTER 


CHAP. 


Conical pendolmn.—If a body in the form of a simple pendulum 
is given such a motion that the bob describes a horizontal circle of 
^ radius r (Fig. 69) with circumferential 

velocity v, the centrifugal force AB will be 



FlO. 69.—COKICAL 
PEND01.UU. 


mv 


and the weight AC is mg. The resultant 


of these, AD, must act along the string. 


Then 


CD AE r , . 


mv 


= tan 


rmg 
u* = rg tan 9, 

v = ^rg tan $. 


The time T of one travel round the circle is 


277r 

V 



r 

•Jrg tan 6 * 


■■■ ^ - ‘‘-V; 


r 

tan d 



That is, the periodic time is that of a simple pendulum of length I 
equal to the axial height of the cone. If 6 is very small I becomes 
very nearly the length of the string, and the periodic time is nearly 
independent of so that the period is the same whether the path of 
the bob of the pendulum is circular or linear. 


Representation by sine curve.—The projection of a uniformly rotat¬ 
ing vector on any straight line is a simple harmonic motion (p. 90). 
If the axis OY is chosen as the straight line and OA (Fig. 70) the 
rotating vector, then y — fiJP = 0 ^^ sin ojt, where angle AOP is cjjt. On 
plotting angles 0® to 360® along the axis of X, and at each appropriate 
angle erecting the ordinate equal to y = a^ sin a>i, the sine curve CDE 
is obtained. This curve goes through a cycle while OA makes one 
revolution. This method of representation lends itself very well to 
the study of combined simple harmonic motions. 
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Combination of simple harmonic motions. —When two simple 
harmonic motions take place in the same direction about the same 
point, the resultant displacement is the sum of the separate dis¬ 
placements. If, in addition, the periods of the separate motions are 
the same, there may still be a difference in their phases and ampli¬ 
tudes. 

If the two are represented by the projection of the vectors OA 
and OB (Fig. 70) on the axis of Y, then the first has equation 

2 / = ai sin cot, 



Fio. 70.—SwE Curves of Simple Harmonic Motion. 


where aj« = AOP, and the second has equation y = a 2 sm(a>i+ 0). 

where ojt + 6 = BOP. The sine curve for the first oscillation may be 

plotted in the form CDE, and for the second oscillation the curve is 
FGH. 


On adding ordinates, the curve KLM is obtained, and this is the 
same as would have been obtained if the resultant ON of the rotating 
vectors OA and OB had been found and the sine curve for the rotation 
of ON had been plotted. For, NQ is equal to the projection of ON 
upon Oy, and. nq = AP + NR 

= Oi sin cot + sin {cot + d). 


Thus if two simple harmonic motions in the same direction are 
combined, the rotating vectors which define them may be added by 
the ordinary law of vector addition (p. 3). It also follows that a 
simple harmonic motion may be resolved into two, since its rotating 
vector may be resolved into two, as on p. 11, each component 
vector giving rise to a simple harmonic motion. 



104 


MECHANICAL. PROPERTIES OF MATTER 


CHAP. 


Harmonic motions at right angles.—When the motions take place 
at right angles to each other, the body describes a curve in the plane 

containing the two mo¬ 
tions. If one of the oscil¬ 
lations is in the line OX 
(Fig. 71) its equation may 
be written 

X = sin (cut + ^i), 

X 

and if the other is parallel 
to OY its equation may be 
written 

y — a^ sin (cu^ + ^ 2 )» 

Fio. 71. —Combined Simple Harmonic Motions. X and y being equal in 

magnitude to the projec¬ 
tions of two rotating vectors on a single straight line. 

If 9j^ = $2 = 0 the two oscillations are in the same phase, and for 
both oscillations the displacement is zero at the same instant. At 
this instant the body actually passes through O. Then 

x — Oj^ sin iot and y=‘a 2 sinojt ; 




This is the equation of the line AB, which is the path of the body. 
If s= 0 and $2 = ‘TT, the phases of the two vibrations differ by 180® 


and 


x — a, sin cat and y= —<^2 » 


and the path of the body is the line CD. 

Again, if = 0 and ffg = ^ » 

x = OiSinco^ and y = 0 ^ sin 

B a 2 cos iot ; 

/. —z +-^ = sin® tof + cos® cof 

= 1 . 

The path of the body is then the ellipse EFG, and the direction of 
motion of the body round the ellipse is clockwise. This may be seen 
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from the fact that for the right-hand half of the figure x is positive 

and sin mt is positive. But = cos a>t. and sin cut. so 

, ay . . at ^ ' 

that ^ IS negative. This means that the velocity of y is directed 

downwards in the figure. 


Again, if ^^ = 0 and 0^^ - ^ ^ 

y = 02 sin 

= — 02 COS coL 

The figure is still the ellipse, but the travel of the body is anti¬ 
clockwise around it. 

H, in addition, o, = 03 , the equation of the figure is + = 

and the figure is a circle. ^ i 

Thus two simple harmonic motions compound into a straight line motion 
when they have the same phase, and into an ellipse or circle when the phases 

diner by - . 

For any other difference in phase the motion is still an ellipse, but 
Its major and minor axes are inclined to the directions of the com¬ 
ponent vibrations. 

Its equation may be found by resolving the first simple har¬ 
monic motion into two components, one in phase with, and the other 
component 90 in phase from, the second simple harmonic motion. 
By combining the two in phase a linear motion results, and this 
combined with the component whose phase is 90® from it results in 

an elliptical motion. The axes of the ellipse are no longer the same 
as the original axes. 


Exercises on Chapter iv 

Simple Harmonic Motion and Simple Pendulum 

1. Explain what is meant by simple harmonic motion Obtain an 
s^^Tmotrom between the velocity and the displacement for 

2'“r ^ “• “™ •• '-rl-isir' 


106 


MECHANICAL PROPERTIES OF MATTER 


CHAP« 


2. Find an expression for the period of a simple pendulum, and give 
the condition under which the period is independent of the am^itude. 

If a seconds pendulum is increased 1 per cent, in length, how n^ny 
beats will it lose in a day ? C.W.B.H.S.C. 

3. Prove that the time of a small oscillation of a simple pendulum of 

length I is 2rrv'(^/?)* , , ^ . j i 

If the time of oscillation is 20 sec., find the length of the pendulum ; 

and if the velocity of the bob at its lowest position is 2 ft. per sec^d, find 

the amplitude of the swing. C.W.B.H.S.C. 

4 Define simple harmonic motion, and obtain the relation between the 
velocity and the displacement from the mean position in such a motion. 

A particle describing simple harmonic motion executes 100 complete 
vibrations per minute, and its speed at its mean position is 15 feet per 

second. What is the length of its path ? .... 

What is its velocity when it is half-way between its and 

an extremity of its path ? C.W.B.H.b.C. 

5. A mass of 12 lb. is suspended from a fixed point by a light spring. 
In the position of equilibrium the spring is extended 6 inches, “^e 
is then pulled down a further 4 inches, and released from rest, ifind the 
time of a complete oscillation, and find the greatest kinetic en^^ 

mass. 


6. Define the frequency/ and phase of a simple harmonic motion. 

A particle is moving in a straight line with simple harmonic motion, ite 
velocity has the values 5 ft./sec. and 4 ft./sec. when its disUnces from the 
centre point of its motion are 2 ft. and 3 ft. respectively. Find the length 
of the path, the frequency of the oscillation, and the phase of the motion 
when the point is at the distance 2 ft. from the centre. L.H.b.L. 

7 A particle moves in a straight line with simple harmonic motion of 
period 27r/n and amplitude n. Show that the velocity of the particle at a 

distance x from the middle point of the path is ns/(a^ *• c 

A particle, moving in a straight line with simple harmonic motion ot 
period 2-rt!n about a centre O, is observed to have a velocity 6ny3 when at 
a distance 6 from O. If the particle is moving away from O at that instant, 
show that it will travel a further distance b in time 7r/3n before c^ing to 

rest. 


8. The space-time equation for a simple harmonic motion is 

8—a sin {pt + ^). 

Prove that the velocity v and the acceleration / at any instant of the 
motion are connected by the equation 

+p = a’^*. 

Hence or otherwise prove that if at any stage of the motion the kinetic 
energy is suddenly increased by a blow in the ratio 1 4- a : 1, the amphtude 
of the swing is increased in the ratio 




1 + 


av * 


1 . 


C.W.B.H.S.C. 
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9. A particle moves with simple harmonic motion ; if its velocities at 
distances of 4 feet and 5 feet from the centre are 13 feet per second and 
5 feet per second respectively, find the period and amplitude. 

The motion of a particle is compounded of a simple harmonic motion 
along the :c-axis and a simple harmonic motion, with the same centre and 
of the same period, along the y-axis, the amplitude of the latter being 
twice that of the former and its phase one quarter of a period different. 
Show that the path of the particle is an ellipse and that the maximum 
velocity is twice the minimum velocity. C.H.S.C. 

10. Explain how the period of small oscillations of a simple pendulum 
depends on the length of the pendulum and the acceleration due to gravity. 

A simple pendulum has a period of 4 seconds. After shorteniTig the 
pendulum by one metre, its period is found to be 3-46 feeconds. Calculate 
the value of the acceleration due to gravity. Lond. Int. Sc. 


Compound Pendulum 

11. What are the characteristics of simple harmonic motion ? 

Obtain from first principles an expression for the time of oscillation of a 
compound pendulum. How would you use such a pendulum to determine 
the acceleration due to gravity ? C H S C 

What is meant by the moment of inertia of a body about an axis ’ 
Show how the moment of inertia is related to the kinetic energy of a 
rotating rigid body and to its angular acceleration ? 

A disc of radius a cm. oscillates as a pendulum about an axis perpen¬ 
dicular to the plane of the disc through a point ^ from its centre. Calculate 
the periodic time. ^ 


O.H.S.C. 


13. Explain how the length of the simple pendulum which has the same 
penod M a given compound pendulum may be found experimentally. 

A uniform cube is free to turn about one edge which is horizontal Find 
m terms of a seconds’ pendulum, the length of the edge of the cube so that 
It may execute a complete oscillation in 2 sec. C.W.B.H.S.C 

14. Discuss the conditions which determine the sensitivity of a balance. 

iiow IS It that, in practice, the sensitivity of a balance is usually found to 
vary with the load ? 

beam of a balance weighs 150 gm. and its moment of inertia is 
5^ gm.-cm.2 Each arm of the balance is 10 cm. long. When set swinaine 
the beam makes one complete oscillation in 6 seconds. How far is the 
centre of gr»yUy of the beam below its point of support, and through what 
angle would the beam be deflected by a weight of one milligram placed in 
one of the scale pans ? C H S C 

15. A uniform thin rod AB of mass m and length ? can rotate in a vertical 

^ ^ndulum. A particle of mass 2m is also fixed on the 
rod at a distance x from A. Find x so that the periodic time of a smaU 
swing may be a minimum. L H S C 
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16. Find the period of the small oscillations of a rigid body free to turn 
about a fixed horizontal axis, and also find a formula for the length of the 

equivalent simple pendulum. . . u • 

Three particles of the same mass m are fixed to a uniform circular noop 
of mass M and radius a at the corners of an equilateral triangle. The hoop 
id free to move in a vertical plane about the point on the circumference 
opposite to one of the masses m. Prove that the equivalent 
dulum is equal in length to the diameter of the circle. L..fcL.b.O. 

17. A simple pendulum consists of a light rod of length I suspended at 
one end, and carrying a particle of mass m at the other end. Find the 

period of small oscillations. , , ^ ..l i 4 . 

If a second particle of the same mass can be attached to the rod at any 

point, show that for every position of this second particle, except ^ 
^ds. the period of the small oscillations of the resulting pendulum will be 

shorter than that of the original pendulum. 

Find the value of the shortest possible period of small _ 


18. Show that, when a rigid body is allowed to swing about a fixed 
horizontal axis, the motion is the same as that of a simple pendulum ot a 

suitable length. , . . _ 

A uniform square lamina of side 2a is hung up by one corner and swings 

in its own plane, which is vertical. Find the length of the equivalent 
simple pendulum. 

19 A heavy rigid body, of mass M, is swinging freely about a fixed 

horizontal axis which is distant k from G. the centre of ni^s of the body. 
The moment of inertia of the body about an axis through G. parallel to 
the axis of suspension, is Compare the motion of the heavy body 

with that of a simple pendulum, and, if the oscillations are small, find the 

^Fi’nd the moment of inertia of a uniform rectangular lamina of sides 2a, 
2b about an axis through its centre of mass, perpendicular to the lamma. 
Obtain the period of the swing when the oscillations aro small, n the 
lamina swings in its own vertical plane about the mid-pomt of one of its 

shorter sides (6<a). 

20 Give the theory of Kater’s pendulum and find an ex predion for the 
acceleration of gravity in terms of two nearly equal periods of oscillation 

about the two parallel knife edges. ^ . • .. ...r- i»« 

Indicate the sources of error in an experimental determination ot g. 

Liond. B.Sc. 
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CHAPTER V 

GRAVITATION 


Historical.—Up to the time of Galileo, it was thought that heavy 
bodies fall more rapidly than light ones. He showed that bodies all 
fall at the same rate, apart, of course, from air friction. The signi¬ 
ficance of this fact was not seen at the time, but really it proves that 
the weight of a body is proportional to its mass. For if all bodies 
have the same acceleration when falling freely, and acceleration 

£o 

-- , it follows that the force, in this case gravitational force, is 

proportional to the mass. Then followed the observations of the 
motion of the planets by Tycho Brahe, from which observations 
Kepler deduced definite laws, the most important of which is that 
the planets move in ellipses round the sxm, which is situated at one focus of the 
ellipses. The reason for Kepler’s laws was unknown, and it remained 
for Sir Isaac Newton to show that they are consistent with the fact 
that every particle of matter attracts every other particle of matter with a forcv 
which varies directly as the product of the masses of the particles and inversely 
as the square of the distance between them. 

The fact that Newton showed that the moon is attracted by the 
earth with a force which is in accordance with this law has already 
been referred to (p. 79). 

Constant of gravitation.—So long as the bodies may be considered 
as points, the attraction between them is easily calculated. If 
and ma are the masses of two point bodies and d is the distance be¬ 
tween them, then according to Newton’s law the force on each is 

proportional to —This proportionality may be expressed as 
follows : 


force of attraction = G ^ 

a* 
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The quantity G is a constant for any system of units employed, and 
its experimental determination will be described (p. 115). It is known 
as the constant of gravitation. 

Potential.—If the distribution of matter in any system is known, 
it is possible to find the gravitational force on any body due to this 
distribution. If the body has unit mass, the force on it is called the 
strength of graviUtional field at the point. It is possible to calculate 
the gravitational field at every point of the system, but the calcula¬ 
tion may be difficult. The process may be simplified very much by 

considering a new quantity defined by the equation, = where 

F is the gravitational field at a point and F is a quantity called the 
gravitational potential at the point. The equation may be expressed 
in words : the graviUtional field at any point is the rate of change with 
disUnce of the graviUtional potential. 

The difference in potential between two points is the work done on account of 
graviUtional force, when a unit mass moves from one point to another. 

Thus may be written dV ^ F dx, Fdx is the work done for 

dx 

the infinitesimal displacement dx. If then a unit mass moves from 

a point A to a point B, V" Fdx=VB-V a. where Vb is the potential 
at B and Va that at A. ^ 

If there is no other force than the gravitational force acting on the 

unit mass, the work dx is converted into kinetic energy. If the 

velocity of the body when at point A is and that when at B is Vb, 
the change in kinetic energy in passing from A to B is *Vb -^Va - 
If then the potential is a measure of the potential energy of the mass, 
the potential decreases when the kinetic energy increases, and the 
sum of the two must be constant; 

+ Va = -^y B — Const,, 

or ^VA^-h^B^=y b-Va- 

Potential due to a point mass m .—If the mass m is situated at O 
(Fig. 72) and a unit mass is placed at P, the force on the unit mass is 

directed towards O and its value is If the unit mass travels 
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from B to A in the direction of this force, its kinetic energy increases 
and the potential decreases. 

Work done = f dx 

- [?]: 

and this is the difference of potential between A and B. 

At an infinite distance from O, the gravitational force due to m is 
zero, and the work done in moving a mass about at infinity is zero, 
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SO that the potential at all points at infinity is the same. It is usual 
to take this potential as zero, and the potential of A reckoned from 
this zero is found by putting 6 = oo ; 

.*. potential at A = — . 

a 

s 

Thus gravitational potential is an essentially negative quantity 
because it is zero at infinity and decreases in travelling from infinity 
towards an attracting mass. 

Potential due to hollow spherical shell.—Consider the point P near 
a uniform hollow shell whose mass is <r per unit area of surface and 
whose radius is a. Join OP (Fig. 73 (a)) and draw a slice QR so that 
^e element of circumference at Q or R subtends an angle dd at O 
I hen the area of the slice is 2Tra sin 8 . add = 2na^ sin d d0, and its 
ma^ IS 27ra asm d . dO, if the slice is very thin. Also let AP = r. 

Nnce every point of the slice is at distance r from P, the potential 
at P due to the slice is 


27rGo®a sin 6 . d0 
r ’ 

omitting, for a moment, the negative sign. 
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The element AB is drawn on a larger scale in Fig. 73 (6). AD is drawn 
parallel to OP, BC perpendicular to PA. C, D are joined. Remem¬ 



bering that AB is really very small, it may be taken as a straight line 

and AC=dr. Since BCA and BDA are right angles, ABCD is a cyclic 

quadrilateral, and therefore ABb = ACD = d. Also CAD = APO (a), 
so that triangle ADC in (6) is similar to PAO in (a) ; 

OP_AC 

' * AP “ad ‘ 


NowAB = ad0; AD =a sin 0 . and AC = dr; 


dr 


or 


a sin $ . d9 dr 


d ' 


* ' r a sin 9 .dd' 
and the potential at P due to the slice, 

r « 

Since every term is constant except dr, the potential due to the 
whole sphere is . * 

27rG<7a 27rG<7a 


But the mass m of the sphere is 47ra2a ; 


G»n. 


r I 

/. potential due to sphere is 


That is, the potential is the same as though the mass of the sphere were 
concentrated at its centre. 
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The geometrical part of the above proof may be avoided by noting 
that in Fig. 73 

r® = a* + — ^ad cos B ; 

2rdr — 0+0-\-2ad&\r\6dB, 

dr d 
a sin 6 dd r ‘ 

If P is situated at E, the potential is given by 


27TGaa f- 

~~d L 


CZa 

dr = 
Jo 


27rG aa 


. 2a 


and since d = a 


• V = 


47ra^G<r 

d 

Gm 


Again, if P is situated inside the sphere, 




27TGaa r«+rf) 


f(o + rf) 

I dr. 


The lower limit is +(a —</) and not — (a —d), because r increases 
continuously in the travel from E to F ; 

■ T/ SttGctO , 277G<Ta j. 

.. V — —^—(a + d —a+d)=—^— (2d) 

47rG<7a^ G»i 


or, restoring the negative sign (p. Ill), 


I = - 


Gm 


It is therefore the same at all points inside the spherical shell. 

Hence, since F = — and V is constant, ^ = and the field in the 

interior of a spherical shell, due to the shell, is zero. 

Potential due to a solid sphere.—If the sphere consists of a material 
P> its mass m is ^Tra^p. It may be considered as a number 
of infinitely thin concentric shells, and each of these will produce a 
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potential at P (Fig. 74), as though its mass were concentrated at O. 
The potential at P due to the whole sphere is the sum of the potentials 

due to the separate shells, 

and is therefore —^. 

/ \ At an internal point such 

/ / \ \ as Q, the potential due to the 

/ ! V^--i_S sphere of radius OQ = r is 

1 I >■ Gf^ = f«-VG. 

y/ Imagine the remaining part 

of the sphere to be split up 

_ „ „ __ into concentric shells of radius 

Fio. #4*~“SOLiD Sphere# - j.l* i ^ go 

X and thickness ax. The mass 
of one shell is ^nx^pdx, and the potential it produces within itself is 

(p. 113), 

•E 

that is, G.4Trpxdx. The potential at Q, due to all these shells is 
therefore 

ra • /a2 T^\ . /3a2 3r2\ 

jo . 47Tpxdx = G . = G . 47rp^^ - 2 j =G . ^ J- 


FlO. 74.—SOLID SPHERE. 


3a2 - 
2a3 


The total potential is therefore 

/ .. 3a2 3r*\ . , /3a^-r^\ ^ ^ i 

G . irrpf^r^ +-^ --2- 2a^ ) 

/3a‘ - r^\ 

or, remembering the negative sign (p. Ill), 

• 1 ^ ( da* — ^*\ 

potential = - Gw 1 ) * 

Gravitational field due to solid sphere.—Having established that 
the potential outside a sphere is the same as though the mass of the 
sphere were concentrated at its centre, it follows that the same 
assumption may be applied to the gravitational field. This field may, 
however, be obtained by direct differentiation of the potential. 


Since F = 


iY. 

dx ’ 


and F = — 


Gw 


d f Gw\ _Gw 

dx \ X j X® * 
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Inside the sphere, at distance x from the centre, 

Sa^ — x^ 


F 


dx V 


xGm 


Gm 


2a3 




a 




■;c' 


This varies from zero at the centre of the sphere, where x = 0, to — 
at the surface, where x = a. ^ a® 

Determination of G by Cavendish.—When two masses and 
situated a distance d apart exert a force / upon each other, then, if 
Wj, mg, d and f can be measured, 

G is known from the relation 
yrt 

f— G ■ The method was em¬ 

ployed by Cavendish in 1798. He 
used two lead spheres A and B 
(Fig. 75), each 2 inches in diameter, 
suspended from a deal rod about 
6 ft. long, and strengthened by two 
wires running from the ends to a 
vertical rod in the middle. The 
system is supported by a wire EF of 
silvered copper. This suspended 
system could then execute torsional 

oscillations of period T = 27 r\l~ 

» c 

(p. 99). T was about 7 minutes, 

so that it could be measured with considerable accuracy. I being 
known from a separate experiment (p. 100), c, the couple exerted 
by EF for one radian twist of the beam, is Imown. 

Two lead spheres C and D, each 8 inches in diameter, are suspended 
so that their centres are in the .same horizontal plane as those of A 
and B, and the distance d between the centres of A and C, B and D is 
known. There is then an attraction between A and C of value 

mjmg 

G , and a similar force between B and D. These two forces give 
rise to a couple of moment 2G ^ length of the 

beam. If this couple produces an angular deflection of 0, 



Fio. 75 .—Method of Cavendish 

FOR FINDING G. 


2G 


mjmg 

~dr 


l=C$y 
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from which G can be calculated. The deflection is observed by 
means of the scale s, which is divided into twentieths of an inch. 
When one deflection has been observed, the spheres C and D, which 
are carried on a rotatable framework, are moved to the position 
C'D', giving a deflection in the reverse direction to the first. Half 
the difference between the first and last readings was used in finding 
6. No attempt was made to allow the beam to come to rest, but in 
finding the position of rest three consecutive turning points were 
taken and the mean value found. 

As the result of twenty-nine measurements, Cavendish found a 
mean value for G, which on the c.G.s. system is 6*562 x 10^. 

Determination of G by Sir Charles Vernon Bosrs.—Many modifica¬ 
tions of the Cavendish method have been made, but that of 

Boys in 1895, employing the same prin¬ 
ciple as Cavendish, eradicated most of 
the uncertainties of the earlier measure¬ 
ments. The attracting spheres CD (Fig. 
76) are of lead and are 4| inches in 
diameter, and the attracted spheres AB 
are of gold and are 0*2 inch diameter. 
A and B are suspended from the sides of 
a mirror E, which acts as the torsion bar 
and also serves for measuring the deflec¬ 
tion by means of a reflected beam of 
light. The mirror is suspended by a 
torsion fibre of fused quartz. This has 
great strength and almost perfect elastic 
properties. Its strength enables a very 
fine fibre to be used, so that great sen¬ 
sitiveness is obtained, even with a great 

FiQ. 70 .—BOYS' siETHOD OF rcduction in size of the apparatus. This 
FINDING reduction in size produced a large de¬ 

crease in the disturbance due to the movement of the air caused 
bv temperature variation. 

' One of the uncertainties in the Cavendish apparatus is caused by 
the fact that each fixed ball attracts both the moveable ones. This 
effect is very much reduced in the Boys apparatus by arranging the 
pairs to be on different levels. The spheres C and D were always 
placed to exert maximum moment on the suspended system. The 

mean result was G = 6*6576 x 10~®. 

Determination of G by Poynting.—The direct weighing of the 
attraction between two lead spheres by means of a balance has been 
made by several investigators ; the best measurement is probably that 
of Poynting in 1893. The arrangement is shown diagrammatically in 
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D 


yig- 77. The attracting sphere C is of lead and weighs about 350 lb 
It 18 earned on a platform that can rotate about an axis O, so that the 
sphere may be brought in turn 
under either of the lead spheres 
A or B, which weigh about 50 lb, 
each. C is counterpoised on the 
platform by the weight D, so that 
the base of the instrument is not 
disturbed when the platform is 
rotated. The deflection of the 
beam of the balance is so small 
that it is magnified many times 
by an optical arrangement, not 
shown, attached to the pointer 
of the balance. If is the de¬ 
flection produced by moving C 
from the A to the B position and 
I is the length of one arm of the balance, the couple for unit 

deflection is —, where d is the vertical distance between the 

centres of A and C, being the mass of A and m2 that of C. The 

balance is calibrated by moving a centigram rider a distance L along 

an arm of the balance, so producing a deflection $2. The couple for 

OOlgL . ^ , 

— . As these couples are equal. 



FIG. 77 .—PoYNTiNO's Method of 
PINDIKO Q. 


unit deflection is thus 


• 

2Gmim2i OOl^Z, 

^ * 

^ O-Olgl^d^e ^ 

The mean value obtained was 6-6984 x 10-» 

Density of the earth.—When the value of G is known, as well as 
the gravitational acceleration of a body at the earth’s surface, the 
mean density of the earth can be found. For the force acting on a 

mass miBmg dynes. It is also dynes, if M is the mass of the 

earth. The volume of the earth is and M = ^ 7 Tr^p, where o is its 
mean density; 

.4 Trt^pG 
•• 3 


= 9 


P = 


3 ^ 


47rrG ’ 
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This gives 5*448 gm. cm.“® from Cavendish’s value for G, 5*5270 
from Boys’, and 5*4934 from Poynfcing’s. 

Later determinations have not improved much on these results, 
and the most probable values to date are 

G = 6*6607 X 10~® c.G.s. units, 
p = 5*5247 gm. cm.~^. 

Example. —State the Law of Gravitation, and give a brief account of 
the facts which led to its discovery. 

A spherical mass of 20 kgm., situated at the earth’s surface, is attrapted 
by another spherical mass of 150 kgm., with a force equal to the weight of 
0-25 milligramme, when the centres of the masses are 30 cm. apart. Cal¬ 
culate, by the aid of this result, the approximate mass and mean density of 
the earth, assuming the earth's radius to be 6 x 10“ cm. C.W.B.H.S.C. 

For answer to 6rst part of question, see p. 109. 


Force between spherical masses = G 


= G 


d* 

20000X150000 


30^ 


In the question, force =0*25 x 0 001 x g ; 

30 x,10“ 

0-25 x 0 001 Xg:=:G 

0 00025 X (7 X 3 


= G 


10 ’ 

3 * 


G = 


If the earth has mass M : 


10 ’ 

= 7-5^10-“. 
M 


Force on 1 gm. at surface = G . -^ — gi 




T^y-g 

G 

(6 X 10“)*.y 
7 - 5 ^ 10 -“ 


Mean density of the earth = — 


mass 


volume 


(6 X 10“)* 


7-5xl0-”x§fl-(6xl0“)» 
3x103 100 

Grr 


4 X 7-5 X 7T X 6 
5-30 gm. cm.~3 
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Kepler’s laws. —The first o£ Kepler’s laws has been given on p. 109. 
There are in all three, and since they all afford evidence of the in¬ 
verse square law of attraction of masses, they are now given in full. 

(i) Every planet moves in an ellipse, the sun being situated at 
one focus. 


(ii) The radius vector from the sun to the planet describes equal 
areas in equal times ; that is, its areal velocity is constant. 

(iii) The square of the period of revolution of the planet about 
the sun is proportional to the cube of the major axis of the ellipse. 

Example. —Given that the distance of the planet Jupiter from the sun 
is 5-20 times the earth’s distance, find the period of Jupiter’s revolution 
round the sun in earth years. 

rTj\* /5-20\» _ 3 

\Te) ~\ 1 / * —(5‘20)* = ]J^9^earth^^yea^ 

Radial and transverse acceleration.—To extend the result on p. 76 
to the case in which r changes in any way whatever. Let the path 

of the body be PQ, (Fig. 77a) and at P the radial and transverse 
velocities be u, and v,, which change in the inter¬ 
val of time Bt to v^' and at Q. At Q draw the 
dotted lines parallel and perpendicular to OP. 

At Q the velocity parallel to OP is 

v/ cos Bd — v/ sin B6t 

w that the change in velocity paraUel to OP 
in time Bt is 

v/ cos B$ — v/ sin 8$ — 
and the acceleration parallel to OP is 

v/ cos Bd — v/ sin BB — v- 


Bt 



Fia. 77 a. 


If the radial velocity has changed by Bvr in time Bt and the trans¬ 
verse velocity by Bvf: 

v/ = Vf. + Bvr, and v/ = -f- 

and the acceleration parallel to OP is 

{v^ + Sv,.) cos 80 ~ (vt + Bvt) sin SB — v. 

In the limit when Si becomes infinitesimal this quantity is the 
radial acceleration (cosSd = l, 8inS^ = Sd) and becomes 

Vr + dVr - VfdB - dv*. d$ - V- 
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Neglecting dv ^. dQ which is a quantity of the second order of smallness. 

Radial acceleration = ^ * 

di ' dt 

^ rdO , dr dV /dd\^ 

±5ut = — 5 — and v- = ^ ; radial acceleration = - 7 ^ — ^ I 1 * 

at dt dt* \dt / 

In a similar manner, the change in velocity perpendicular to OP is 

Vt cos S 0 + v/ sin 8 d — 

or (vt + 8 vi) cos 80 + (v,. + 8 v,.) sin 80 — v,, 

and the transverse acceleration is 

(vt + SVf) cos 80 + (vy + Sv^) sin 80 — 


8t 


which, in the limit becomes 
dvi dd 


dt dt ^ d^^ dt dt^ dt dt ^ dt^^ dt dt 
This may be written in the more compact form 

_ . .. d0 

transverse acceleration 


ld/.d0\ 

ion= - T ( ^ ~T' ) 
T dt\ dt j 


Kepler’s second law.—The gravitational attraction between two 
bodies acts in the line joining them. Thus the transverse acceleration 
is zero ; 

■■ 

dd 


or 


dt \ dt) • • 


«d0 

r^-r- = constant. 
dt 


To give a meaning to this constant, note that in passing from 
P to Q (Fig. 77b) the radius vector sweeps out the area OPQ. If the 

interval of time taken is sufficiently small, 

area OPQ = Jr d6 . r = Jr^ dd, 

dO 

and the areal velocity is therefore Jr^ — , Calling 

this areal velocity h, it follows that ^ ^ = 2 A,*and 

the area swept out by the radius vector in equal 
times is constant. This is Kepler’s second law. 
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Eauation of orbit.—It was seen on p. 118 b that the radial accelera- 
tion of the planet This is also since the force 

on the planet is —, where M is the mass of the sun and m that of 
the planet; ^ 

. d^r (ddy gm 

** dt^ ""{dtj 

The negative sign is taken for —^ , because the acceleration is 
towards the sun and r is directed from the sun. 


Then 


But 


d'^r ^ fd$\ 

\Tt) 


-tGM. 


dd 


^ = 2h'. 


dt 


- tGM. 


This equation may be put into a more convenient form by substi¬ 


tuting — for r, since 
u 


and 




1 

dd 

odd 

2A, 




dt 

dt 

dr 

1 

du 

1 du 

dd 

dt 


dt 


^ ■ dd 

dt 


d^r 

~2h 

d^u 

dd 



dfi ~ 

dd^ 

'Tt^ ■ 

- 4*2^2 


du 

Id 


d^ 


u 


The equation then becomes, 


de^ 




d^u QM 

+ u = 


dd^' 4A2 

On making the substitution p = the equation becomes 

d^p 


equation on p. 86 and may be 

solved in the same way. 

That is, p = Ae + ''^- 

vnh!^? ^ ^ ^''''^tants of integration they may have any 

value ue please, without altering the shai>e of the p, r curve. ^ 


s.r.M. 
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Let 


Then 


A=B=§. 

p = C - - = C COS a, and since p = u — 


4^2 * 


GAf ^ 1 GAf 

U = -rr=^ + C COS OP, - = -^^9 + C COS 0, 

T 


4A2 


4A» 


4^2 

GM 


_ 4A2C - 

= 1 + —Try COS y. 
r GM 

The polar equation of an ellipse is found in works on Conic 
Sections * to be 

I 

- = I + € COS 
r 

where I is the semi-latus rectum of the ellipse (Fig. 77c) and c is the 

eccentricity of the ellipse, the 
origin of coordinates (r=0), 
being situated at one focus F 
of the ellipse. 

This establishes Kepler’s first 
law, for, with the sun at F, the 
planet P describes an ellipse 

of eccentricity s^nd semi- 

latus rectum 



GAf 


6 * 


Now the semi-latus rectum of an ellipse is — and the area of the 
ellip.se is 7ra6, where a and 6 are the semi-axes. The time of one com¬ 
plete orbital revolution is therefore = T, since h is the areal velocity; 






But 


p2. _ 


7r2a2 AaK^ 

'g.i7“gLi/ 


<! 

■ (I 


47/2 
G »/ ’ 


3 


This is Kepler’s third law, that the square of the periodic time is 
proportional to the cube of the major axis of the ellipse described by 
the planet. 


* C. Smith, Conic Sections. 
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Detem^ation ofg. —The most accurate method of determining the 
acceleration of gravity is that of the compound pendulum (p. 97) 
but there have been several other methods devised which are of in¬ 
terest. We will consider Atwood’s machine, and the falling plate. 

Atwood’s machine.—Two equal masses wi, and mg (Fig. 78) hang 

u cord, which passes over a pulley P. The axle of P 

should rest on wheels in order to reduce the 
frictional resistance to its motion, m^ and Wg /—^ 

will not move until a small weight m is placed on ( 
one of them. The system will then have an y 

acceleration much less than the gravitational -^ 

acceleration. Thi.s can be measured by the use 

of a stop-watch or metronome. The weights of "M=P 

m, and mg balance, but the weight of that is '"a I 

7m/, produces an acceleration a in the system, mg h 

moving down and up. The total mass moved 

is rrii + mg m ; csrr- -cm ' 

. / l.l A 

{f7t^+fn2 + Tn)a — Tng, ^ 

m ! 

a= - g. ; 

^1+7/12 + 771 

There are many devices for measuring a, I 

but the simplest is to provide a ring A through m,!] y 
which mg passes without touching, which ring ^® 

catches the small weight m after it has descended 7 ®—Atwood's 

the distance A,. A movable platform B is placed Machine. 

so that mg strikes it after a measured interval of time, usually one 

Mcond or an exact number of seconds. The clicks of m striking 

A and mg striking B can be arranged to coincide with the beats of a 
seconds pendulum. 

If V IS the velocity of the bodies when m strikes A, v^ = 2ak The 
system now moves with constant velocity v while mg passes from A 

to B. If this time is f, v = ^ • 

i ’ 


Fio. 78 .—Atwood’S 
Machine. 


a = 


Ag2 


On substituting in a = 


mj + mg -h mg 


g, g can be found from 
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Apart from the difficulty of roe^uring the times with accuracy, 
there are several imperfections in the experiment. First there is the 
fact that there must always be some friction at the bearings of the 
pulley. By making fresh observations with different weights this 
friction may be eliminated, but a simpler method is to load with 
a small weight which will just keep the system moving with constant 
velocity when once started. This small weight must then be retained 
during the experiment, but ignored in the calculation. 

Then there is the effect of moment of inertia of the pulley, which 
is of more serious consequence. 

If / is the moment of inertia of the pulley and oj its angular 
velocity as m strikes A, its kinetic energy is The kinetic 

energy of the weights is +m 2 + 'fn)v^, and the work done on the 

system from the start is ; 

where M is written for + 7^2 H-m. 

If r is the radius of the groove of the pulley in which the silk cord 
runs, V = rco ; . 




,r2 

The effect of the moment of inertia of the pulley is therefore 

equivalent to adding a mass ^ to the moving system. This quantity 

may be found by increasing the mass m by an amount m' and 
redetermining h-i and whose new values are and Re¬ 
membering that 


v^ = 


hi 


the levels of A and B being adjusted until t is the same as before, the 
original equation 

2mh^t^g = 

becomes, with m increased by m\ 

2 {m + m')h^'t^g= + Af + 7n'\h2^ ; 



m 

m + m' 





-hm' 


hi 
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All the quantities are known except -5 , which can therefore be 

calculated, and added to Af in the original equation for g. 

Determination of g by dropping plate.—A falling body has too 
great an acceleration to be timed by an ordinary stop-watch, but a 
tuning-fork may be used as a standard of time if its frequency is 
known. If a glass plate which has been covered on one side with 
smoke from a dame is suspended by a thread A (Fig. 79), it may be 



Fio. 7».—Dropping Plate Method Fio. 80.—Trace made by Tcnino- 

FOR DETERUJNI.no {/. FORK ON DROPPING PLATE. 

released by burning the thread at A, and will then fall freely with 
acceleration g. The tuning-fork is provided with a style of aluminium 
the point of which rests upon the smoked surface. If the fork is set 
m vibration and the plate allowed to fall, a trace will be made upon 
the plate of a character seen in Fig. 80. If then two lengths of the 
trace such as BC and CD are measured, which contain equal numbers 
ot waves of the trace, the time t for the interval of the plate passing 
the style from B to C is the same as that from C to D, and if n is the 
Irequency of the fork this number of waves in BC or CD is 7 i( = w,, and 

the time of fall from B to C, or C to D, is 

n 
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If u is the velocity of the plate as B passes the style. 

d^ = ta+^gt^ ; 

^Iso, di+d2 = 2ut + ^g . 4:1^ 

= 2ut + 2gt^. 

Multiplying the first equation by 2, 

2d^ = 2ut 

and subtracting from the second equation, 

da - di =gt\ 



d| and d^ may be measured by a travelling microscope, and is 
counted. 

Variations in ^ on the surface of the earth.—There is little doubt 
that the earth was at one time a liquid mass whose outer layer 
solidified on cooling. Such a liquid mass would, if at rest, assume a 
spherical form on account of the attraction of each particle for every 
other particle. Every particle would be attracted towards the centre, 
and from symmetry the resulting form would be a sphere. But if 
the mass is rotating, every particle not on the axis of rotation 
experiences a centrifugal force yncj^r (p. 78) where is the angular 
velocity of rotation and r the distance of the particle of mass m from 
the axis of rotation. This centrifugal force is therefore greatest at 
the equator, and may be calculated. Taking the earth’s equatorial 
radius as 3963 miles or 6*378 x 10® cm. and remembering that it 
makes a complete rotation of 27r radians in one sidereal day, the 
centrifugal force on 1 gram = 

The mean solar second is the unit of time on the c.o.s. system, 
and the earth makes one rotation with respect to the fixed stars in 
86164 mean solar seconds, because the earth makes one revolution 
round the sun in 3651 solar days or 366| sidereal days. A rotation 
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with respect to the fixed stars takes place in 86400 x = 86164 

mean solar seconds. 366^ 

. . centrifugal force on 1 gnci. = 3‘39 dynes. 

The value of g at the equator is 978-03 cm./sec.^, that is, the cen¬ 
trifugal effect at the equator is = of the whole acceleration. 

At a point A in latitude B (Fig. 81) the centrifugal force for 1 gm. is 

resultant force at A is perpendicular to the 
surface, since the liquid earth would 

not otherwise be in equilibrium. 

Owing to the oblate form assumed 
on account of rotation, the normal 
AC cuts the equatorial plane at C. 

If g is the observed acceleration of 
gravity at A, take a point D on CO, 
such that 

CD aj^rcosd 


CA 


9 



Fia. 81 .—Direction op Uesdltant 
Weight at any point on 
THE Earth. 


Then ADC may be taken as a triangle 
of forces, and AC is the resultant of 
AD and DC, AD therefore represents 
the component of gravity at A due 
to the attraction of the earth. Since 
AC is less than AD, it follows that 
the weight of a body is always 

diminished by the rotation of the earth. Further, the latitude of 

A as measured by the direction of the vertical is ACE. This is 
greater than the geocentric latitude 0. 

another reason why the acceleration of gravity varies 

hiXlatttud ^ ^ ellipticity of the earth, points in 

S^or On th- the centre of the earth than points near the 

fnreaTes Wards' p“olL‘"'^ 

The value of ^ has been determined by the pendulum method at 
a great many places, and the result is th^^t at the sea-level 

<7 = 978 03(1 +0-00531 sin^^) cm./sec.^, 
where 6 is the latitude of the place. 

Gravity balance. —Since the weight of a body is pronortional 

couH “i'" usT t ^ expected that a spring balance 

could be used to measure the variations of gravity at different 
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places. Since the force applied for a given stretch of spring depends 
upon the properties of the spring alone, the reading of the balance 
when supporting a mass is proportional to g. The method only fails 
because of the want of sensitiveness of the ordinary spring balance. 
Thrclfall and Pollock in 1899 devised a balance in which the couple 
required to twist a quartz thread is used instead of the force required 
to extend a spring. 

A fine quartz thread AB (Fig. 82) is stretched between A and B, A 
being fixed while B can turn. A small rod C is attached to the thread, 

and is so designed that the 
centre of gravity of the rod 
is at one side of the thread. 
- C is brought into a hori¬ 
zontal i^osition by twisting 
B. ’About three whole turns 
of B are necessary, and a 
vernier V moving over a 
circular scale fixes the 
position of B. A very small 
movement of V alters the 
position of C as observed in the microscope. As C is unstable in its 
horizontal position, owing to the fact that a slight movement of V 
will cause C to turn right over, a stop is placed to prevent this. 
The point of unstability can be found readily. 

The instrument is calibrated by making readings at two places 
where g has been found by the pendulum method. Its variation 
with temperature must be determined at one station. It is then pos¬ 
sible to make a survey of g by carrying the instrument from place to 
place, the various positions of the pointer V indicating the values of 
g. This is much more expeditious than making observations with 
the pendulum at all the stations. 

Exercises on Chapter V 

1. Outline a method for determining the mass of the earth. 

Assuming that a sphere of mass 40 kilos is attracted by a second sphere 

of mass 80 kilos, when their centres are 30 cm. apart, with a force equal to 
the weight of 1 mg., calculate the constant of gravitation. J.M.B.H.S.C. 

2. Describe the most accurate experiment you know by which the 
earth’s mean density has been determined. 

If the constant of gravitation in the c.o.s. system is 6-7 x 10“®, the mean 
radius of the earth is 6'4 x 10® cm., and the mean density of the earth is 5'5, 
calculate the acceleration due to gravity at the earth’s surface, assuming 
that the eartlj behaves as if its mass were concentrated at its centre. 

C.W.B.H.S.C. 
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3. Give a brief survey of the evidence that led Newton to formulate 
his Law of Gravitation. 

A small satellite revolves round a planet of mean density 10 gm. per c.c., 
the radius of the satellite’s orbit being very little greater than the radius of 
the planet. If the constant of gravitation is 6 66 x lO'* c.o.s. units, 
calculate the time of revolution of the satellite. J.M.B.H.S.C. 

4. Prove that a body falling from the surface of the earth through a 
hole passing through the earth’s centre will travel with simple harmonic 
motion, if frictional effects are inappreciable and the density of the earth 
^ uniform. Find the period of the motion if the value of ^ at the surface 
is 981 cm. sec.~® and r = 6-38 x 10® metres. 

5. Show that the periodic time of the body in question 4 is the same if 
its path is any straight line which need not pass through the centre of 
the earth. The body may be considered to slide without friction through 
a straight tube. 

6. Define the Newtonian constant of gravitation. Assuming the earth 
to be a sphere of uniform density, explain how the intensity of gravity 
varies in passing from the surface of the earth to the centre. 

Describe one laboratory method by which the constant of gravitation 
has been accurately measured. Lond. B.Sc. 

7. Give a statement of Newton’s law of gravitation, and define the 
Newtonian gravitation constant. 

Show that the gravitational intensity due to a uniform spherical shell of 
matter at a point inside the shell is zero, and write down a simple expres¬ 
sion for the intensity at a point outside. Lond. B.Sc. 

8. What is meant by the intensity of gravity and by the gravitational 

constant ? Deduce an approximate relation between the intensity of 

gravity at the earth’s surface, its mass, radius and the gravitational 
constant. 

Assuming that the whole variation of the weight of a bo<ly with its 
position on the earth’s surface is due to the rotation of the earth, find the 
difference in the weight of a gram as measured at the equator and at the 
pole. (Radius of tbe earth =6-4 x 10® cm.) Lond. B.Sc. 


CHAPTER VT 

ELASTICITY 


Strain.—All bodies can be deformed by suitably applied forces. 
There are, however, many ways in which the deformation may take 
place. The simplest form is a compression equally in all directions, 
giving rise to a change in volume of the body without any change in 
its shape. All bodies, solid or fluid, are capable of this bulk or volume 
compression. Another case is that of the stretch of a wire or the 
longitudinal compression of a rod. This is confined to solids, as is 
the bending of a beam or the shearing of a block. 

In all these cases the change per unit amount, or the ratio of the 
total change to the total amount, is called the strain. Thus, for a 
stretched wire of original length L, if the change in length is I, 


strain = y - 

1j 


For a body of volume V which changes in volume by v, the volume 

V 

strain = p,. Shearing strain will be considered later (p. 128). 

Stress.—Strains are produced by suitably applied forces, which 
forces are distributed over definite areas of the strained bodies. 
The amount of force per unit area of its application is called the 
stress acting upon the body. Thus if f is the force acting over an 

area a, stress ='^. In the case of a stretched wire the stress is 

a 

usually applied by a weight suspended by the wire, while in the 
case of a volume strain the stress may be the pressure of a fluid 
applied over the surface of the body. 


Hooke's law.—Provided that the strain is small, it is proportional 
to the stress producing it. This is known as Hooke's law. If the stress 
is removed, under these conditions, the strain disappears, the body 
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returning to original condition. When the stress is continually 
increased, in the case of solid bodies, a point is reached at which the 
strain increases more rapidly than is indicated by Hooke’s law. The 
point at which this begins is called the elastic limit. If the body is a 
wire ^ndcr stretch, it will not regain its original length on Ling 

‘^*astic hmit has been passed. On loading beyond 
the e astic limit, a point at which the extension begins to increase 
rapidly .a reached. This is called the yield pcir.t, and this extension 
is permanent. After a great extension the breaking point is reached. 
Some substances, such as lead, have a long range between the yield 
point and the breaking point; they arc said to be plastic. ^ 

Elasticity. Within the limits to which Hooke’s law is applicable 
the ratio of stress to strain is called the modulus of elasticity. There 
are three moduli in common use. For the stretching of a wire or 
rod, there 13 no stress on the sides, the stress being in the form of 

a longitudinal tension, fja. The ratio of stress to strain in this case 
is called Young's modulus of elasticity (e). Then 

^ stress / . I fL 
strain a ' L al ' 

Since the stresses and strains within the limits for which Hooke’s 
Jaw IS true are always very small quantities, this relation may best 

be expressed as a differential coefficient. Thus, ^ being the stress 
and ^ the strain, 

S/ 81 L 
a La 


¥ 

sr 


which in the limit becomes 


adl * 


The dimensions of e are given by 

[e] = [L . L-2 . MLT-2 . L-i] 

= [ML-»T-2]. 

expression “ Modulus of elasticity of a 
String IS sometimes used. This quantity is the ratio of the whole 
force stretching the string to the strain it produces. It is not Young’s 
modulus of elasticity. Its dimensions are [MLT^^j ^ 
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When an external pressure p compresses a body, the ratio of stress 
to strain is called the bulk modulus of elasticity (A;). 


Thus, 


V V 


Or expressed as a differential coeflBcient, 


k = 8p 


8v* 


and in the limit, 


k=V 


dp 

dv 


Also, the dimensions of k are given by 

[A] = [L3 . ML-it-2 . l-3] 

The third case occurs when the shape of the body is changed. 
This takes place by the movement of the layers, one over the other. 

In Fig. 83, consider the cube ABCD 
with the face DC fixed to a plane, 
and a force f applied in the plane 
of the face AB. The cube is then 
distorted into the position A'B'CD, 
and the angle 6 through which AD 
or BC is turned is the strain. The 
stress is fja, where a is the area of 
the upper face AB over which f is 
applied. In this case the cube is 
said to be sheared, and the strain 
is a shearing strain. The ratio of 
stress to strain is called the modulus of rigidity, or the simple rigidity of 
the body (n). 

stress f ^ 
stram a 



Fia. 83 .—Simple Shear. 


or, more exactly, 


_/. 

'ae* 


\df 

^~ad9* 


[n] = [L-2MLT-* . LL-i] = 


and 
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It will be noticed that when the body undergoes simple shear, its 
volume is unchanged., because the area of ABCD is equal to that of 
A'B'CD, and the thickness of the cube 
from back to front is unchanged. 

Shear is equivalent to compression and 
e^nsion.—In Fig. 83 it is clear that the 
diagonal DB has been increased to length 
DB', and at the same time AC has been 
diminished to A'C. If it is remembered 
that the amount of shear in any practical 
case is always e.xtremely small, this ex¬ 
tension and compression may be expressed 
in terms of 6. In Fig. 84 the angle 6 is 
greatly exaggerated, so that, in reality, 
the triangles AFA' and BEB' are right-angled, 45** triangles. 

BB' 



D O 

Fia. 84 .—Equivalence of 
Shear to Compression 
AND Extension. 


^ 2 ' 

If AB = I, then 

DB = DE = ^n/2; 

,, extension strain along diagonal 

^EB'_^ 1 

'is/2 

BB' 


But 


6 = 


21 ' 

BB' 


I 


Q 

extension strain = -. 

Expressed as differentials, writing angle ADA' as S6 if BB' (Fig. 84) 
is Sx, = and B'E = ^. 

^ n/2 

Extension strain alo? g OB is--- - j lo 

DB V2 ■ 

_hx_h$ 

2l~ 2 ' 


Similarly there is a compression 

AF AA' 


19 


6 


AC ACV2 IJ 2 J 2 2 ’ 
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in the direction of the diagonal AC. Thus a simple shear 6 isequivalent 
to a compression and extension at right angles to each other, each of 

value 0 / 2 . 

The converse statement that simul¬ 
taneous equal compression and extension 
at right angles to each other are equivalent 
to a shear is true. In Fig. 85 imagine the 
cube ABCD to be compressed along the 
diagonal AC, so that the new diagonal be¬ 
comes A'C' and AA' = a. At the same time 
let the extension along DB move B to B' 
and D to D' where BB' = a. Then 



Fio. 85 .—Equivalence op 

COHPRBSSION AND EXTENSION 
TO Simple Shear. 


AB = ly OA = , and OA' = — oc. 

s/2 s/2 

Similarly OB' = ~ + oc; 




VV2 

= + 2a2. 

In an actual case 2a® is extremely small in comparison with Z®, and 
may be neglected. Therefore A'B' = Z = AB. Thus the figure A'B'C'D' 



Fio. 86.—Couples acting on Cude. 


may be rotated through the angle AFA' and at the same time D'C' 
be made to coincide with DC. A'D' would then make angle 2AFA' 
with AD, so that the angle of shear is 


2AFA' = 2 — =2-^~-=4 —=2^^ 

n/2 2 s/2l I 
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s/2 


But the compression strain along AC is ^ That is, the angle 

of shear is twice the compression. This is the same statement as 
that compression — - . 

extension may be considered to be produced 
y a pressure and a tensile stress equivalent to the shearing forces 

force/acts in the plane of tlie face 
B of the cube ABCD (Fig. 86), the cube would move unless there is 
an equal and opposite force. As the cube is supposed to be fixed at 
the plane CD there must be a force/in this pl^L. Hence there Is 
now a couple/f acting on the cube, and it will be tilted off the plane 
unless held by an equal and opposite couple/7. again sup^d by 

htlfABr /f/' Since the 

If ABC of the cube is in equilibrium, there must be a force A/2 

acting over the face AC, and as the area of this face is 1^2, there 
must be a tensile stress in the material 



m the direction DB. This tensile stress is equal to 

/ 2 =^> ^te simple shearing stress which produces 
the shear 0 (p. 128). 

In a similar manner it may be shown that 

there is a pressure ^ parallel to AC, which pro- 

duces the compression in this direction. 

Thus a simple shear is in all ways equivalent to 
two equal strains, a compression and an extension 
at right angles to each other. 

Measurement of Young’s modulus.—The mea¬ 
surement of Young’s modulus of elasticity, in the 
case of a wire, may be carried out by measuring 
directly the extension of the wire produced bv a 
given load The wire AB is soldered at its upper 
end to a brass plate screwed to an overhead 
beam (Fig. 87). As the supporting beam may 
sag with increasing load, a second wire CD is 
soldered alongside of A. CD carries a scale S 

clami>ed to it, and AB the vernier V, so that if the beam gives the 
scale and vernier are both affected to the same extent ’ r 

of the vernier for different loads at B is oWr^^dtld Th^" 



Fio. 87.—YOL’KO'S 
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in length of the wire between A and V for given loads is thus 
found. 

The weights D and B must be sufficiently great to keep the wires 
taut from the beginning. B may then be increased a kilogram at a 
time, the vernier readings for each load being observed. The results 
should be tabulated as follows : 


Increase 
in Load. 

Vernier Reading. 

Mean. 

Elongation 
for 3 Kilos. 

Loading. 

XJnloadJng. 

1 

a* 


a 


2 

*1 


h 


3 

c. 

C 2 

c 


4 

d. 

<^2 

d 

d — a 

5 

Cl 


e 

e — b 

6 

/, 

h 

f 

/-c 


The mean of the numbers in the last column is the elongation for 
an increase of load of 3 kilos. In finding the elongation it is neces¬ 
sary to take the first vernier reading from the fourth (ci —a), the 
second from the fifth, and so on. If the first had been taken from the 
second, giving (6 -a), (c-6 ), (d-c), etc., then on adding up to take 
the average, all the readings would cancel except a and/, and might 
just as well not have been taken. This procedure is followed in mo.st 
measurements of elasticity. Of course, if the wire and supports will 
allow of more loads to be used, the table may be extended. It is 
now necessary to know the length AV, which length should be great, 
to allow for sufficient stretching ; also to measure the cross-section of 
the wire. The diameter may be found by means of a micrometer 
gauge, taking the mean of a number of readings. If r is the radius 
of the wire and I the extension for load W, 

” TrrH * 

The readings on unloading should be very nearly the same as on 
loading. Any difference is probably due to bends in the wire being 
taken out on loading. If the differences are great the series should 
be repeated until concordance is attained. 

There are several modifications of this method. In one of them, 
due to Searle, the extension of the wire is measured by means of a 
spirit level and micrometer. Two frames AB and CD (Fig. 88) are 
pivoted at G and H, one frame being attached to each wire. A spirit 
level L rests on a support at E and on the point of the micrometer 
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screw at F. There is a second bar, corresponding to GH at the far 
side of the apparatus, which cannot be seen in the diagram. When 
the load IS placed on the pan S, the frame CD sinks, owing to the 
extension of the wire This is seen by the travel of the bubble of 
the spirit level towards E. The bubble is restored to its central 

ST="'. .T " S-. 




readings of the micrometer M are then entered in tabular form 

on the previous page, and the extension of the wire C for triWn 
stretching force is calculated. fciven 

4 - bars, Ewing’s extenaometer is used. The rod AB is 

stretched by means of a testing machine. Two arms are attached to 
It at C and D (Fig. 89) by screws with pointed ends, so that they can 
revolve about C and D. A microscope G is focussed on a fine mark 
on F and when the rod is extended, the travel of the image of the 
mark over a fine transparent scale in the eyepiece gives tL travel 

of tne mark at F. This is times the extension of the portion CD 


of the rod. The micrometer screw M serves to set the mark F 
convenient position and to calibrate the scale in the eyepiece. 


in a 
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Example.— What is meant by Young’s modulus ? 

A flexible wire, of length two metres, and area of cross-section 1 sq. mm., 
is stretched tight between two points A and B in the same horizontal plane. 
When a maiss of 10 gm. is hung from the mid-point of the wire, it is found 
that this point is depressed a distance of 1 cm. below the line AB. Calculate 
Young’s modulus for the material of the wire. C.H.S.C. 

Extension of CB (Fig. 90) is n/ 100“-t-1 - 100= 100 0049999 - 100 

= 0*005 cm. 

Note that the diagram is not drawn to scale. 



To find the tension T in BC complete the parallelogram ACBD. 
CBD serves as the triangle of forces for the point C, since BD || AC, 

T BC s/l00“-4-l 100 

■ * 10g“CD“ 2 ~ 2 

T = 500^. 


10000 is so great compared with 1, that the latter is omitted ; 


stress = ^ = == 50000^, 

o *01 


^ . 0*005 

strain = - - ; 


SOOOOg X 100 
0-005 


5 x9*81 X 10»» 
5 


= 9*81 X 10** d 3 me cm.“*. 


Then 


Work done in strain.—If the three principal cases are taken in 
order, there are : 

(i) Stretch of a wire .—For a stretching force /, the work done for an 
increase in length dx \sf . dx, and for the whole stretch from 0 to x. 


work done = 


xa 


(p. 127); 




\ 




But 
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work 


-j: 

ea C 

J. 


dx 


, 1 eaa:^ 1 eax 

X dx = — ■■■ B_ 

0 2 L 2 L 


X 


= I stretching force x stretch. 

The volume of the wire is La, so that the work done per unit 
volume of the material is 

1 eax^ _ 1 eax x 

2L^~2TaL 

t 

= J stress X strain. 

(ii) Volufne s(rain.~For stress p, the force over an area a is pa, 
and the work done for a movement dx in the direction of p, that is* 
normal to the surface, is pa dx. a dx is a volume change, and taking 
this over the whole surface the total is dv ; 

work done for change dv—pdv. 


Total work done 


Now 




_pV 




V 


(p. 128); 




Work 


f*' 


kv 

V * 


dv 


1 kv^ 1 kv 


= ;c -?= X u 


For unit volume, 


2 V 2 V 
= ip.v. 


work doae = ^p. y 


= I stress X strain. 

(iii) Shearing strain.—In Fig. 83 (p. 128) let AA' = 3 :. Then work 
for increase dx is fdx, and work done for total displacement x is 

Jy dx. But n = ^ (p. 1 28). f=nad = nlx -, since a = l\ 


/• work = I nlxdx^\nlx^. 

Jo 
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The volume of the whole cube is P; 
work per unit volume is 


1 nlx^ 1 nx X 


= \ stress X strain. 

It will be seen that the work done per unit volume of the material 
in these three cases, in producing any strain, is of the same form, that 
is, ^ stress x strain ; so long, of course, as Hooke’s law holds good. 


Example. —Define stress, strain. Young's modulus. How would you 
determine Young^s modulus for a steel wire ? 

Calculate the work done in producing an extension of 2 mm. in a steel 
wire of length 3 metres and diameter 1 mm. [Young’s modulus for steels 
2 X 10** dynes per sq. cm.] C.H.S.C. 


Lf 


la 


2 


X 10** = 


/= 


Zx 7r(0 05)** 

2 X 10** x 7r(0-05)* 
300 ^ 


•JT 


10 » 


6 



( 0-2 

Jdl 

0 

(•o-SttIO* 

".lo 6 

1 ttIO® 
“2 ‘ 6 


Idl 

(• 2 ) 


2 


77 X 10« 

3 


= 1-047 X 10® ergs. 


Example.— Explain the meaning of stress and strain. In what circum* 
stances is their ratio known as Young’s modulus ? What meaning can be 
attached to their product ? 

A uniform wire 300 cm. long weighing 21 0 gm. elongates 2-4 mm. when 
stretched by a force of 5 0 kilos wt. The density of the metal is 8-8 gm. 
per c.c. Determine (a) the value of Young’s modulus for the metal, 
(6) the energy stored in the wire. State the units in which each result is 
expressed. J.M.B.H.S.C. 
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On p. 134 it is shown that the energy per unit volume of the wire is J stress 
X strain. Therefore stress x strain is twice the work done in producing the 
strain, for unit volume of the material. 


Volume of wire 


210 


cross-section 


21 

8-8x300* 


(a) Young’s modulus 


300 6000 X 981 x 8-8 x 300 

0 - 24 "' 21 


= 7 71 x I0^> gm. cm.~' sec.~^. 

(6) Energy per c.c. of wire = J stress x strain 

_ 1 6000 x 981 X 8-8 x 300 0-24 

“2 21 

/. total energy = energy per c.c. x volume 

1 5000 X 981 X 8-8 x 0-24 21 

”2 21 ^ 8 ^ 
= 5000x981 x012 
= 5-89 X 10^ ergs. 


Relation between e, k and n .—Consider a cube of unit 
pulls or pressures perpendicular to its faces as in Fig. 91. 


edge with 
This may 



be an elementary cube in the interior of a substance, or it may be a 
separate cube. In either case, if <7 = ^ = 0 the cube is strained, and 

its elongation is — where e is Young’s modulus. At the same time 

c 
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the sides perpendicular to / are shortened by an amount which we 
will write fxf. If the material has the same elastic properties in all 
directions, that is, if it is isotropic, the shortening of all the edges 
perpendicular to/will be the same, i,e. fif. 

Now let^ and h be applied. The effect produced by/is the same 

as before, but now g produces an extension ^ in its own direction and 


contractions gg in both directions perpendicular to itself. In the 
same way h will produce extension - and contractions gJi. Thus 

^ f 

the total extension in the direction of/is - — — gji. If nowf=g = hy 

^ f 

the total extension parallel to any one set of edges is - — and the 
new volume is ® 




Now 2/x/^ is always extremely small, so that its square and cube 
may be neglected in comparison with unity. Thus the new volume 
may be written 1 2 /^^, and the increase in volume is 


(^- w). 


This is also the volume strain imder a stress /. The bulk modulus k 
(p. 128) is therefore ^ 


ff-w) 


That is. 


k 


5-6/. 

e 


or 


1 3 « 


Again, let A=0, while / is a tension and g a pressure. The total 

/ 


extension parallel to y is now - + and the total compression 

parallel to 5 ? is - + gf. If in addition g is numerically equal to /, the 

f ^ ^ . f 

extension is - + (if and the compression is also - + fxf. The strain in 


< 
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this case is a shear, the angle of shear 6 being 2 /x/V as shown on 
p. 129. The rigidity n is f so that 

a 


n = 


f 




or 


n = 


2 „ 

- + 2jx 
G ^ 


— = —f- 6/x. 
n e ^ 


This, combined with the equation, i=?-.6u 

k e ^ 


gives 


3 19 

n k e 


Thus e, i and n are not independent of each other, and any of them 
can be calculated for any solid when the other two are known. 

Poisson’s ratio.—When a tensile stress is applied to a wire the 

ratio of the lateral contraction strain to the elongation strain is cklled 

Poisson s ratio. It will be seen that it may be found from the elastic 

constants of the material. In the above case fif (Fig. 91) is the 

Uteral strain and//e is the longitudinal strain, and the ratio (ct) is 
Poisson 8 ratio ; ' 


fie. 


If this value for ^ be written in the equation i = ? + we have 

-=? 

n e e * 


or 


1 + <T = 


2 n ’ 


Torsion.—It has been seen that if two of the principal moduli of 
elasticity, can be measured, the third can be calculated. The bulk 
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modulus is very difficult to measure directly, but Young’s modulus 
can be measured, in many cases, with fair accuracy. If then the 
raodulusof rigidity can be measured, the bulk modulus becomes known. 
The most convenient method of measuring the modulus of rigidity 
is to determine the couple, when a wire of the material is subjected 
to torsion ; that is, one end is fixed and the other end is twisted 
through an angle about the axis of the wire. 

Consider a section of the wire (Fig- 92). This may be considered 
to be divided into cylindrical layers of radius r and thickness dr. 



Fia. 02.—SECTION OF WIRE. 



Fig. 03.—Strain in a Wire 

DNDEROOINO TORSION. 


When one end of the wire is rotated, each cylindrical layer undergoes 
a shear which gives rise to a couple tending to restore the cylinder to 
its original form. The sum of these couples for the whole cross- 
section is the resultant couple due to the torsion in the wire. 


In order to find the couple for each elementary cylinder, consider 
a strip AB of the cylinder (Fig. 93). If the upper end is fixed and the 
lower end is rotated through angle 9, the end of the strip moves through 

the linear distance rd, and the strip is sheared through the angle -y 

/ is the force applied circumferentially, at B, the shearing stress act- 

in" on the strip is where h is the width of the strip measured 

® ^ b. dr 

alon" the circumference and dr is its radial thickness. Hence 
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nrdh dr 


” bdr ■ I rd^.hdr' ^ - 1 

force about the axis of the cylinder is fr = 


The moment of this 


nr^6h dr 

I 


This, together 


with the force due to a similar strip on the opposite side of the 

cylinder, will constitute a couple ^ -hdr strips 

round half the cylinder, h = ttt ; 


total couple = 


^TTfiOr^dr 

I 


= dc. 


Returning to Fig. 92, it is seen that the resultant couple c for all 

ca 

the elementary cylinders is I dc, 

Jo 


that is 


r* ^irnBr^dr 

""“Jo I 

2,7Tn6 r r* 


77 


I 

nda^ 


T 

jJo 


21 • 

It will be noticed that in Figs. 92 and 93 the diameter of the wire 
has been greatly exaggerated. For a fairly long wire of small dia¬ 
meter the shearing strain is very small, although $ may be large. 
Thus the couple is proportional to the torsional angle 0, even when 
this is considerable. 

Measurement of n by torsional vibration.—The method of measur¬ 
ing moment of inertia described on p. 100 is applicable to the deter¬ 
mination of the torsional rigidity of the wire. If the body of known 
moment of inertia / is suspended by the wire and allowed to vibrate 

torsionally and T determined, the couple c for one radian twist is 
known. 

T = 2nJ- . 


But 


or 


7rna* , . , 

c = -^^—when 6 = 1; 

A.7T^I TTiia* 

SttII 


l and a are measured in the usual way. It should be noted that 
the greatest care must be used in measuring a, because it enters into 


142 


MECHANICAL PROPERTIES OF MATTER 


CHAF. 


the result to the fourth power. Any uncertainty in the value of 
a gives therefore an uncertainty four times as great in the result. 



Fia. 94 .—Apparatus for 
Statical Mrthud op mkasor- 
iNo Modulus ok Uioiditv. 


Statical method of measuring n .—If a 
couple which can be measured is applied to 
the lower end of a wire and the twist pro¬ 
duced is observed, the rigidity may then 
be calculated. The wire AB (Fig. 94) is 
clamped at A, and at B it is attached to 
a vertical rod carrying a pointer that 
moves over a circular scale. It also carries 
a cylinder C to which are attached threads 
passing over pulleys and su pporting weights 
mm. If r is radius of C the couple applied 
to the wire is 2mgr. The twist a degrees 
produced by the couple, is observed by 
means of the pointer and scale. The twist 


0 in radians is then ^;r, and the couple 

loO 


c. From 


for one radian twist is 
the equation ^ may then be cal¬ 


culated (p. 141). 


The precautions described on p. 
and tabulating the resulting scale 
The results for rigidity obtained 
by the statical method are slightly 
lower than those obtained by the 
dynamic method, because with 
most substances the twist pro¬ 
duced by a torsional couple is 
not quite independent of the time 
for which the couple is applied. 
When the load is applied in the 
statical method the twist increases 
with time, giving an increased 
twist. With the dynamical me¬ 
thod the time of vibration is too 
short for this yield to be produced. 


132 for applying the load in steps 
readings should be observed. 



no. 93.—extension of a Spring. 


Extension of the flat spiral spring.—Provided that a spiral spring 
is of small pitch in comparison with the radius, an expression for its 
extension in terms of the stretching force may be found. Let the 
spring be bent inwards at A and B (Fig. 95), so that the force/caus- 
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ing Its elongation may be applied along the axis of the spiral. The 
force/has a moment/r at the wire, and this is balanced by a couple 
due to the twist in the wire produced by the extension of the spring. 
If the section C of the wire is vertical, the couple due to twist muft 
equal yr, and this condition is approximately fulfilled when the wire 
is nearly horizontal, that is, when the spiral is a flat one. Also from 
p. 141 this couple IS related to the twist in unit length of the wire 

by the equation/r = —^-^. This twist $ lowers every part of the 

spring situated below the section considered, by the amount rO. Thus 

B is lowered by the amount tB for every unit of length of wire of the 

spring, so that if the total length of wire in the spring is I, the total 
extension of the spring is lrQ = h\ 


h = lr. 


yr 

7Tna‘ 


TTna^ 

caused by hanging a load m by the spring, 

, 2lr^ 

n — - 3 'tnq. 

Trna^ ^ 

It should be noticed that a is the radius of the wire, and r is the 
radius of the spiral into which the wire is bent. 

r. the extension for various loads by the procedure on 

p. lOii, n may be found. 

whtn ^*^<^rnative, the mass in may be set in vertical vibration, 


_ 7n 

force per unit extension 

= 2.V^. 

V Trna* 


= 27ry 


(p. 88) 


Bending of a beam.—In this discussion a beam is taken to be 

r ^ ^ I subject to forces which 

bend It from the straight. If one end A of the beam AB is fixed 


144 


CHAP. 


MECHANICAL PROPERTIES OF MATTER 


(Fig. 96) and the other end B is loaded, the beam is bent as shown. 
Such a beam is called a cantilever. There is difficulty in fixing such 
a beam at A so that the sides, at the point of entry to the support. 



FlQ. 96.—BEKDINQ OF BEAM (CANTILEVER). 


shall be horizontal, but the reasoning to be applied would be valid 
if the beam were of double the length, supported on a knife edge 
at A, and loaded with the force /at both ends (p. 147). 

Limiting the problem to the case of a beam whose thickness is 
small in comparison with the length, any shearing stresses over a 
section of the beam are extremely small and will be neglected. 

Consider a piece of the beam BC, where C is a right section at 
distance x from B. This is in equilibrium under its own weight, the 
the load / and certain forces which occur at the section C. The 
weight of the beam itself will be neglected, so that the bending due 
to/alone is considered. 

Since BC is in equilibrium there must be a vertical force / at C, 
eventually due to the fixing in the wall. The forces / at B and C 

constitute a couple of moment/x, which 
would cause BC to rotate. As, how¬ 
ever, it is at rest, there must be an 
equal and opposite couple acting over 
the cross-section at C. This cross- 
section may be of any shape, but it is 
convenient to draw it as a rectangle. 
It is represented enlarged by EFGH in 
Fig. 97. Let da be a small area of the 
cross-section. It may be looked upon 
as a section of a longitudinal filament 
of the beam. When the beam is bent, such filaments in the upper 
part of the beam are stretched, and are therefore under tension. 
Those in the lower part are compressed. These forces of tension and 
compression supply the couple that balances fx and maintains the 
part BC (Fig. 96) in equilibrium. There must be some filaments 



M 


FiQ. 07 .—Cross-Section of 
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between the upper and lower parts of the beam that are neither 
stretched nor compressed. These lie in a surface called the neutral 
surface which intersects the diagram in the line LM. In Fig. 98 the 
upper part of the beam is represented by ABDC, CD being the neutral 
surface, and AB a filament in the upper part, the curvature being 
exaggerated in the diagram. The 
lower part of the beam is not 
shown. In the unbent position of 
the beam the piece ah of the fila¬ 
ment is equal in length to cd of the 
neutral surface. In the bent posi¬ 
tion ab = {r + z)6, and cd^rQ \ 

ah~cd = z6^ 
and the strain in ah is 


- --A*- 



r! 




But 


zO 

Ve 

stress 

strain 


_z 

r 

= € 


I * 

I t 
t i 
i $ 


it 


stress in filament = — . 

r 


Fio. PS.—Stresses in Beau. 


Now turning again to Fig. 97, the stress over da is — and the force 

over da is — da. For the whole section EFGH, the force is -fz da, 

and this must be zero, for there is no resultant longitudinal force 
acting on the beam. Thus, looking upon the cross-section EFGH as a 
uniform plate, its centre of gravity must lie in the neutral surface LM. 

for is zero for any axis passing through the centre of gravity 

(p- 56). 

Again, the force over da has a moment — da . z = -z^d<x about LM 

r r ’ 

so that for the whole section, the moment is f- z^da, or-f z^da. The 

r J ^ ^j * 

quantity Jz2da is the moment of inertia about LM, considering the 

section as a uniform plate (p. 64). Thus whatever the shape of the 

cross-section of the beam x mom. of inertia of section^ is the couple 

that balances/c, or fx = This couple is known as the bending moment 

at the section, and may be found by taking the algebraic sum of all 
moments not due to elastic stresses, on one side of the section. 
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In Fig. 98 take axes x and y as shown, measuring from the un¬ 
disturbed position of the end of the beam. Remembering that the 

deflection is much smaller than shown, the length of the section is 
ao = ox\ 

hx==r9. 

But, drawing tangents to the curve at a and 6, the angle between 
them IS e, because each is at right angles to a radius. But the angle 

any tangent makes with the axis of a: is and this increases from 


6 to a by the amount Sx; 


■■■ ■ 

• i.a. 

“ r dn?-' 

Integrating this once, with respect to x. 

If I is the length of the beam, ^ = 0, when x = l, because at this 
point (A) the beam is horizontal; 


Hence 


el - ifp. 


Integrating again with respect to x, 

+ c'. 

Again, y = 0 at A, that is when x = l; 

o=yi^-yi^+c\ 

ely = - \SVh^ 


Hence 

At the end B, a; = 0 


or 


ery=hfi^ 

fp 


\ 
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For a beam of rectangular section, of breadth 6 and depth d the 
moment of inertia of the strip AB (Fig. 99) about LM is z'^bdz, treat¬ 
ing the section as a plate of unit 
mass per unit area, and for the 
whole area 




hz^dz 


^ fz ^-\ +‘#/2 


42 


^~ebd^' 


i 


M 


I 

k 

i 


y 


Fia. 99 .—Beam op Rectangular 
Cross-Section, 


That is. the depression of the loaded end of the beam is propor¬ 
tional to the cube of its length, and inversely proportional to the 
breadtii and to the cube of the depth. 


mr 


In the case of a circular beam or rod, 7 = (p. 71). Butmocw^ 

inereiore for our present purpose ^ 




and 




37rer^ 


Beam method for determining c.—By measuring the depression 
caused by loading a beam of known dimensions it is possible to 

determine Young’s modulus 
for the material of the 
beam. It is convenient to 
use a beam of rectangular 
cross-section supported on 
knife edges at A and B 
(Fig. 100). The load is sup¬ 
plied by adding weights to 
the scale pan P, which is 
supported from a knife edge 

beam. The depres.sion of the middle po^nf is'detemJined^by 

Readings of the scale should be taken with the load increasinir bv 

de^c,^o"n^l^radral:Xfd.“^ >'• 
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Since the middle part of the beam is horizontal, the beam may be 
considered as two beams of the type shown in Fig. 96 and inverted. 
The bending may be considered to be produced by half the- load in 

4/7® 

P acting upwards at A and B. Thus / in equation y = ~^^i3 


where W is the mass put into P. Again, if L is the length of the beam 
between the knife edges A and B, L = 2l and the equation becomes 


^.Wg.L^ 

WgLi^ 

^ehd^ 


The student should make an experiment with each of three dif¬ 
ferent values of L and show that, other things being constant, the 
depression y is proportional to the cube of the length. Then turning 
the beam on edge so that breadth and depth are interchanged, it 
should be shown that, other things being constant, the depression 
varies inversely as bd?. Finally Young’s modulus e for the material 
should be calculated. 

Beam bent by couple at each end.—It was seen on p. 145 that when 

el 

a beam is bent, there is a couple — acting over each cross-section. 
This couple may be applied at A and B (Fig. 101) by holding each 



end in a vice, or by any other means, so that the couple j) is applied 
at each end. Then a portion of the beam such as AC is in equilibrium. 
It follows that there must be a couple acting over the section at C, 


equal and opposite to p. 


el 


But the couple at C is — where r is the radius of curvature of the 
beam at C ; ^ 


el 



p, e, and / arc constant if the beam is uniform. Thus r is constant. 

That is, the beam is bent into a circle of radius — . 

P 
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Searle’s method of comparing n and e.—A very simple method of 
comparing the rigidity and Young’s modulus for a short length of 
wire has been devised by G. F. C. Searle. 

Two similar brass rods A and B (Fig. 102 (a)) are suspended by 
vertical threads. The wire C is rigidly fixed into the rods at A and B, 



so that when C is straight A and B are parallel. On pulling two ends 
together slightly and releasing them the rods will vibrate, owing to 
the couple produced by the bending of the wire. On p. 148 it was 
seen that when a beam is bent by a couple it has constant radius 

of curvature given by p = —, so that when A is deflected through 

angle ^ = _ , where I is half the length of C. 

Therefore the couple for unit B is ^ = c= —. 

U I 


TTa 


The value of I for a circular wire is 
of cross-section of the wire ; ^ 


(p. 147), where a is the radius 


eTTa* 


and if is the moment of inertia of the bar A or B, the time of 
oscillation Ti is given by 


V 


(p. 99), 


r,2 = 47r2/jH-c 


ea 


The threads are then removed, and one bar, A or B, is supported in 
a clamp as in Fig. 102 {b). The lower bar is then displaced and 

8.P.M. 
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allowed to oscillate torsionally and the time of vibration T 2 observed. 
In this case Cg = (p. 141) and T 2 — 27r^Lk- 


^22 = 4772/1-^ 


Trna' 


4i 


167tZ/j 

na* 


- 

" e- 

The ratio of n to e is thus found. If it is desired to find the absolute 
value of e or n, it is necessary to measure and a and use the 
expression for or Tg. 


Exercises on Chapter VI 

1. Give an account of what happens as a piece of wire is gradually 

stretched. Use this example to illustrate the meaning of the terms : stress, 
strain, yield point, Hooke's law, elastic limit. C.H.S.C. 

2. Explain what are meant by elastic limit, modvlus of elasticity. 
Young's modultts. 

Describe how you would determine Young’s modulus for a material in 
the form of a uniform w'ire, and make an estimate of the accuracy of the 
determination. O. & C.H.S.C. 

3. Define Young's modulus of elasticity and describe how it may be 
measured in the case of a steel wire. What precautions would you take to 
ensure that the wire had not been overloaded during the experiment ? 

L.H.S.C. 

4. What is meant by the terms stress, strain, and modulus of elasticity ? 
Describe an experimental method of determining Young’s modulus for 
steel in the form of a long thin wire. 

A steel w’ire 2 mm. in diameter is just stretched between two fixed 
points at a temperature of 20*^ C. Determine its tension when the tempera¬ 
ture falls to 10® C. (Coefficient of linear expansion of steel =0 000011. 
Young’s modulus for steel =2*1 x 10'* dynes per sq. cm.) C.W.B.H.S.C. 

5. Find the force which must act on a particle that it may move with 
uniform speed in a circular path. 

A body of mass 10 gm. fastened to one end of a rubber cord of cross- 
sectional area 5 sq. mm., rotates in a horizontal circle w'ith uniform speed 
about the other end which is fixed. It executes 2000 revolutions per 
minute. If the radius of the circle described is 12 cm., find the unatretched 
length of the cord. 

(Young’s modulus for the cord is 5 x 10* dynes per sq. cm.) 

C.W.B.H.S.C. 
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6. Explain what you mean by the terms—bulk modulus and rigidity 
modulus. 

Describe an experiment by which you would determine the rigidity 
modulus of a wire, stating clearly how you would calculate the result from 
your observation. C.W.B.H.S.C. 

7. A particle of mass m is attached by a light elastic string of un- 
stretched length i to a fixed point O, from which the particle is allowed to 
fall freely from rest. When the particle reaches its lowest position tho 
length of the string is 21 ; prove by considerations of energy or other>viso 
that its tension is then ^mg. If in this position half the particle becomes 

detached, prove that the remaining mass will rise to a height + Vl7) 
above O. C.H.S.C. 

8. A mass m is hung at the end of an unstretched spring of negligible 
inertia, and released from rest. Show that the maximum tension in the 
spring is 2mg. (Assume that Hooke's law is obeyed.) 

If a downward blow of impulse B is given to the mass in its lowest 
position, find the maximum tension, given that the statical extension of 
the spring for unit mass is c. C.H.S.C. 

9. Find the work done in stretching an elastic string of natural length I 
to a length l + x. 

A mass of 10 lb. is attached to one end B of an elastic string AB of 
natural length 2*25 ft. The modulus of the string is 48 lb. weight. If the 
end A is fixed and the mass falls from rest at A, find the extension of the 
string when B reaches its lowest point. J.M.B.H.S.C. 

10. A mass M hangs at rest, being supported by a light elastic string 
whose natural length is 1. If M is displaced vertically and then released, 
show that it will execute simple harmonic oscillations, and find the time 

of a complete oscillation. Show that this time is 27rV(a/g), where a is tho 
amount by which M stretches the string in the equilibrium position. 

If a mass m is added to the mass M the time of oscillation is altered in 
the ratio 6 : 4. Compare the masses m and M. J.M.B.H.S.C. 


11. A particle, of weight w, hangs at the end of a light elastic string of 
unstretched length I and modulus A. Prove that in the position in which 
the string is stretched by the amount x, the combined gravitational and 
elastic potential energy is 


Ax* 

21 


— u'x + const. 


Determine, by considering the stationary value of this expression, the 
position of equilibrium of the particle. C.W.B.H.S.C. 

12. Define Young'^s modulus. Is it possible for a liquid to possess this 
modulus ? Give reasons for your answer. 

A vertical wire is loaded (within the limits of Hooke’s law) by weights 
which produce a total extension of 3 mm. and 5 mm. respectively. Com¬ 
pare the amounts of work necessary to produce these extensions. 

Lond. Int. Sci. 
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13. Establish an expression for the work done in stretching a wire 
through I centimetres, assuming Hooke’s law to hold. 

Find the work done in joules in stretching a wire Of cross-section 1 sq. 
mm. and length 2 metres through 0-1 mm., if Young’s modulus for the 
material of the wire is 2 x 10^^ dyne cm.“*. Lond. Int. Sci. 

14. Show that, for a homogeneous isotropic substance, 

^ = 2(a+l), 

where Y is Young’s modulus, N the simple rigidity, and a Poisson’s ratio. 

A gold wire, 0-32 mm. in diameter, elongates by 1 mm. when stretched 
by a force of 330 gm. wt. and twists through 1 radian when equal and 
opposite torques of 146 dyne-cm. are applied at its ends. Find the value 
of Poisson’s ratio for gold. Lond. Schol. 

15. Find an expression for the couple required to bend a uniform 
straight lath into an arc of a circle of small curvature. 

A lath of width 2 cm. and thickness 3 mm., supported horizontally on 
knife edges 80 cm. apart, is loaded with weights of 10 gra. hung from its 
ends, which project 15 cm. beyond the knife edges. If the centre of the 
lath is thereby elevated 2 mm., calculate Young’s modulus for the material. 

Lond. B.Sc. 



CHAPTER VII 

HYDROSTATICS 

Definitions of fiuid ; liquid and gas.—The shearing strain which a 
solid body can support indefinitely was studied in the last chapter. 
It is characteristic of solids that they are strained under a shearing 
stress, and that the strain lasts as long as the stress acts. In opposi¬ 
tion to this, a fluid constantly and continuously yields under a shear¬ 
ing stress. The yield or flow may be rapid or slow. If the flow is 
rapid the fluid is said to be mobile ; if it is slow the fluid is viscous. 
Thus a fluid will take, rapidly or slowly, the shape of the vessel in 
which it is contained. Although the distinction between a fluid and 
a solid is easily made, in doubtful cases it is not so easy to decide 
where the border line occurs. In highly elastic solids such as quartz 
there is no change of shape in millions of years, as is evident from 
the fact that the edges of quartz crystals are as sharp as when the 
crystals were formed. Also a liquid such as water flows so rapidly 
that in a very short time any sharp edges disappear, and when in 
small quantity the water takes the form of a spherical drop. But if 
a substance such as pitch be examined, it will be found that it will 
break with the blow of a hammer and has the appearance of a solid. 
If, however, a barrel of pitch with one end removed is placed on its 
side and observed periodically, it will be observed that it flows 
out of the barrel, as water would do, but vastly more slowly. Thus 
the pitch is a highly viscous liquid, which at first sight might be taken 
for a solid. On the other hand, those wires which yield for a time 
under tension (p. 127) might, during the time for which the yield 
goes on, be considered as fluids, but on cessation of the yield they 
must be considered as solids. 

Fluids may be classified further as liquids and gases. A gas has the 
property of indefinite expansion, and therefore fills completely any 
vessel enclosing it. A liquid, on the contrary, may not fill the vessel 
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and can present a free surface at its upper limit. A gas never presents 
a free surface, and if there is any aperture in the containing vessel the 

gas will all escape through it. . , . o'? 

Force and pressure.—The definition of force given on p. 2^ 
although quite vaUd, must be considered carefully when doling with 
fluids. The force exerted on or by a fluid is always distributed over 
an area. The side or bottom of a vessel may be considered as such 
an area, and the force exerted on unit area is called the pressure due 
to the liquid. The pressure may not be uniform, m whic^case the 

small force 8/acting over a small area Sa is a pressure. When 
3 a is vanishingly small, the pressure at the point is 



Pressure always at right angles to boundary surface.—At the 
boundary of a liquid, produced by the containing vessel there is 
pressure exerted by the liquid on the wall of the vessel and an 
oqual and opposite pressure of the wall on the liquid. This pressure 
must be perpendicular to the boundary surface, for if it were not. it 
would have a component parallel to the boundary which would cause 
the liquid to move. But the liquid is supposed to be at rest; 
hence the pressure is perpendicular to the surface. 


Pressure within liquid exerted equally in direction. In the 
interior of a liquid, although there ie no b^oun^ary, the 

mean the force per unit 
area across any plane in 
the liquid. Imagine a por¬ 
tion of liquid ABC (Fig. 103) 
in the interior. Let it be 
in the form of a triangular 
prism, with vertical ends 
ABC and A'B'C' and hori¬ 
zontal edges AA', BB', CC'. 
The prism is exaggerated in 
size in the diagram in order 
Tto show the forces. It is 

FiQ. 103 .-PBESSURE IN A LIQUID. supposed to bc. in reality. 

so small that the depth at all parts is practically the same. If the 
prism of liquid is replaced by a uniform solid of the same weight and 
dimensions, this solid would be in equilibrium, for there is no change 
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in the forces or pressures, due to the rest of the lic^uid, by this 
imaginary solidification of the prism. But it is now seen there are 
pressures on the faces. The dimensions of the faces are so small 
that the pressures on each may be looked upon as uniform, and the 
pressures on the end faces are equal and opposite and can therefore 
be neglected in considering equilibrium. Let the pressure on the 
face ABB'A' be and the others and as shown. If I is the 
length of the prism the force on the face due to pi is 

= . AB. 

Similarly the forces on the other faces f^ — p^ . BC and 

f^ = p^l . AC. 

Since the prism is at rest, these three forces produce equilibrium, and 
on drawing the triangle of forces at Fig. 103 (5) it is seen that 

/i — /a ^ 
sin y sin a sin p ‘ 


That is, 


pj ,. AB p^ . BC p^ . AC ^ 
sin y sin a sin P * 
p,. AB pg . BC p3 . AC 
* * sin y sin a sin P 


But an inspection of Fig. 103 (a) shows that 


AB _ BC AC 
sin y sin a sin p 

The two sets of equations can only be true if — that is, 

if the pressure on each face is the same. Since the prism may be 
rotated about its axis into any position and 
the same relation holds, it follows that the 
pressure at any place in a liquid is exerted equally 
in all directions. 

Relation between pressure and depth in a 
liquid.—The pressure at any depth in a liquid, 
due to the liquid possessing weight, may be 
found by using the last proved condition. 

Imagine a vertical column ABDC (Fig. 104) 
with a horizontal base CD. Since the column 
is in equilibrium, the resultant of the forces 
all over its surface must be equal and opposite to its weight. The 
forces over the vertical walls must have a zero resultant, since they 
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have no component in the direction of gravity. The force over AB, 
due to the liquid, is zero and that over CD is p x a, where p is the 
pressure of the liquid at CD and a is the area of CD. The weight of 
the liquid in the column is volume x density, that is, hah. Therefore, 

pa = Aa5, 
p = 1ih. 

The question of units is important. AS is the pressure in gravita¬ 
tional units, that is, in grams weight per square centimetre or 
pounds weight per square foot or square inch. It is frequently neces¬ 
sary to express the pressure in absolute units. In this case the weight 
of the column is kahg, and the pressure is khg dynes per square 
centimetre or poundals per square foot or square inch. 

^ 01*06 

The dimensions of pressure are those of-, that is, 

area 

[MLT-2L-2J = [ML-1T-2J. 

If there is any pressure on the upper surface 
of the liquid, this must be added to the pres¬ 
sure hhg, in order to find the pressure at any 
depth. This pressure is commonly due to the 
atmosphere or to some other liquid resting up¬ 
on the first. AVhatever the cause, let the pres¬ 
sure on the upper surface be pj ; then the force 
over AB due to it is p^a, and for equilibrium 

pa — p^a — hahg, 

or p = hhg+p^. 

An important consequence of this is that 
the free surface of every liquid at rest must be hori¬ 
zontal. For if it were not, the depth from the 
surface to a horizontal plane might differ at 
two places and the pressures at these places 
would be different. The liquid would then 
flow from the place of higher pressure on the 
horizontal plane to the place of lower pressure. 
The flow would continue until the pressures 
Fro. 105-—Drmonstra- were the same, that is, the depths were the 
TioN OF THE FACT THAT Same. This would be attained when the free 
TO DEMH ^ *’*^®*’®**'^*®”*'' surface of the liquid is horizontal, that is, at 

right angles to the direction of gravity. 

Experimental demonstration.—A simple experiment will show that 
the pressure at any depth in a liquid is proportional to the depth. 
A brass cylinder AB (Fig. 105), which is sealed with a disc at its lower 
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A 

A 


y 

i 


c 

A 


Y 

B 


end, is suspended by a spring balance and immersed with B at 
various depths below the surface of water. 

The weight of AB is observed by means of the spring balance before 
immersion. The diminution in weight for various depths of immer¬ 
sion of B is observed and plotted against the 
depth, on squared paper. It will be found 
that a straight line results, and that the 
line passes through the origin. The diminu¬ 
tion in weight is due to the pressure at B, 
which is thus seen to be proportional to the 
depth. 

Comparison of densities.—A simple U-tube 
may be employed to compare the densities of 
two liquids, provided that the liquids do not 
mix. The denser liquid is first poured into 
one limb AD (Fig. 106) of the U-tube. The 
other liquid is then poured into the other limb 
CD and the position of B, the surface of 
separation of the two liquids when they come 
to rest, is noted. A point E on the same level 
as B may be found by using a second U-tube 

with water in it. The part EDB is occupied by the denser liquid. 
If Sj and Sg are the densities of the liquids, the pressure at D due 

to the column AD is /<jS,+^Sj, and that due to 
the column CD is ^gSg+ASj. For the liquids to 
be at rest these pressures must be the same, 
so that 

/q5i = /i2S2, 

^_^2 

§2 K' 



Fig. 100.—CoMPAKisoN of 
DENSITIES BY U-TUBE. 



or 


The method cannot be used if the liquids mix, 
but this difficulty is overcome in an apparatus 
due to Hare, by using separate vessels A and B 
(Fig. 107) for the liquids. The two tubes are 
united at the top and some of the air is drawn 
out. The liquids then rise in the tubes and the 
columns AC and BD are measured. If p is the 
reduced jiressure in the tops of the tubes, the 
pressure at A is ^,S,-f-p. That at B is /igSg+p. These are both 
equal to the atmospheric pressure. 


Fio. 107.—Hare’s 
Apparatus. 
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Thus +^ = ^ 282 +^?, 

AjSi = 

82”*,* 

Force on immersed plane.—The force on the horizontal bottom of 
a vessel containing a liquid is the simple product of the pressure and 
the area of the surface, because the depth of every point being the 
same, the pressure is constant over the surface. 

Thus force = pressure x area 

= 'pa 

= hha gravitational units. 

If, however, the plane surface is not horizontal it is necessary to 

find the force on an element of area da and integrate over the whole 

surface. The force on the 

D 

element is 'pda = Zh day where 
h is the depth of the element. 
This force is perpendicular to 
the plane. The force for the 
whole plane is therefore 

JsA da = h^hda, 

which is the resultant of the 
forces on all the elements 
of surface. It is sometimes 
called the thrust on the plane, 
or the total force, but as it 
is simply a force it is hardly necessary to use a special name 
for it. 

In order to find the value of sJa da, imagine the plane of the surface 

to be produced to meet the horizontal surface of the liquid in the 
line AB (Fig. 108), the plane being inclined at an angle 6 to the 
horizontal. Taking AB as reference line, the distance of da from it 
being Xy h = x sin 6. Then the total force F on the surface is 

given by 

= 81 *^ da — 8 sin d\xda. 



F 
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If the surface be considered as a uniform plate of area a and its 
centre of gravity to be situated at G, a distance X from AB. 

^xda = aX (p. 56) ; 

F — Z. sin 0 . aX, 


Also if H is the depth of the point G, 


or 


and 



F = h sin 6 . a 


H 

sin 0 


^a8H. 


Now 8^ is the pressure at the centre of gravity, or more correctly, 
centre of area of the surface, therefore 

force on plane = area x pressure at centre of area. 

This gives the value of the resultant force on the plane, but it is 
not yet known at what point of the plane this resultant force acts. 
In order to determine this, take moments about the line AB. 

The force on the element of area da is 8^ da = 8 sin 0 . x da, and the 
moment of this about AB is 8 sin 6 . xda . x = 8 sin Bx^da. The total 

moment of all the forces is 8sin0|x®da, where the integration 
extends all over the surface. ^ 

This moment must equal FX^, where X^ is the distance from AB at 
which the resultant force F acts; 


FX-^^ = 8 sin 


The point through which F acts is called the centre of pressure, and if 
is its distance below the surface of the liquid. 


^1 


=»sin 6 


y 


. IE, 
sin $ 


— 8 sin d\7?da. 
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But h = x sin d ; 


• • 


^1 = 


Ssin^^f 




F Jsin2 0 

Z\h^da 


da 


\ 


F 

sjh^da 


I 


8aH 

h^da 


aH 


It will thus be seen that the depth of the centre of pressure below 
the surface of the liquid does not depend upon the density of the 

liquid. The integral or \x^da depends upon the shape of the 

plane surface. ^ 

A further useful result may be obtained by noticing that 


3 sin 


^ 1 = 


in O^x^da j*. 


x^da 


F 


j- 


da 


Now ^x^da = k^a where k is the radius of gyration (p. 65) of the 

surface of area a about the line AB where its plane cuts the surface 

of the liquid. Also \xda = x^ay where Xj is the distance of the centre 
of area from AB \ ^ 


k^a 

^ x^a X, 


Example 1. —Find the force on the rectangular end of a tank of width b 
and depth d filled ^vith water. Also find the centre of pressure on the end 
of the tank. ^ 

The centre of gravity is at depth 2 “ pressure there is 

^ gm, wt./cm.* 

since the density of water is unity. Therefore force is area x pressure 

at depth i = ^ = ^ gravitational units. 

2 2 ^ 
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In order to find the centre of pressure, note that, owing to symmetry, 
it is in the median vertical line. Also its depth is given by 



Ha 



In this case take a horizontal parallel strip of depth dh (Fig. 109) 
Then da — bdh; 

h^bdk 

• U -Jo 

• • — 


h^dk 


aU 

_ 2b fd 
~bd.d}o 

- 1 . ^ 

* 3 ’ 

Exaiuplb 2. —What do you understand by “ the pressure at a point in a 
liquid,” and by ” the centre of pressure ” ? 

One end of a tank full of water is a vertical rectangle 5 ft. long and 3 ft. 
high. Find the thrust on it. 

If it were hinged at the lower edge and kept in position by bolts at each 
end of the top edge, find the force on each bolt. O.H.S.C. 

The depth at the centre of area is 1-5 ft. Pressure at this depth is 1-5& 
lb. wt. per sq. ft. where 8=62-3 lb. per cu. ft. 

Thrust = area x pressure at centre of area 
= 5 x3 X 1-5 x62 3 
= 1402 lb. wt. 

Depth of centre of pressure = | x 3 (see above) 

= 2 ft. ; 

centre of pressure is 1 ft. above the hinge. 
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Taking momenta about the hinge, 

F X 3 = 1402 X 1, 

where F is the force due to both bolts, 

F=467 ; 

force due to each bolt = 233*5 lb. wt. 


Principle of Archimedes.—When a body is at rest, the resultant 
vertical force on it must be zero (p. 62). If the body is immersed in 

a liquid the vertical forces act¬ 
ing upon it are (i) its weight 
{w), (ii) the force due to pressure 
of the liquid over its lower sur¬ 
face acting upwards (/,), (hi) the 
force due to the pressure of the 
liquid over its upper surface 
acting downwards (/g), and (iv) 
the force due to any support. 

Suppose the body CHDEGF 
(Fig. 110) to have the same 
density S as the liquid in which 

„ ^ ^ , ___ it is immersed. If the body 

Fio. 110 .—Force on Immersed Bodv. . 

were made of the liquid it would 
be at rest, and if we like to imagine it to become solidified without 



changing density, this will not change any of the forces acting on 
it, and it will remain at rest. In this case force (iv) above is zero. 
Hence for equilibrium w - 1-/2 =/i. 

Imagine a vertical line AE to travel round the body, touching it 
along a line CDEF. The liquid in the column ABCDEFG is supported 
by the forces over the upper surface of the body, and its weight is 
therefore which is equal to the volume x density. Similarly 
/j is the volume of ABCHE multiplied by the density. Thus/^-Zg is 
the volume of the body multiplied by its density, that is, its weight 
in gravitational units, /j -/g is the resultant upward force on the 
body due to the surrounding liquid, and is therefore equal to the 
weight of the liquid, having the same volume as the body, that is, it 
is equal to the weight of the liquid displaced by the body. 

The forces on the body due to the surrounding liquid do not 
depend upon the density of the body itself. Therefore the resultant 
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upward force on the body is always equal to the weight of the liquid displaced. 
This is usually expressed by saying that the loss of weight of a body 
immersed in a liquid is equal to the weight of the liquid displaced. This is 
known as the principle of Archimedes. 

The fact may be demonstrated by hanging a solid cylinder A 
(Fig. Ill) and a hollow cylinder B from a spring balance. A fits 
closely into the interior of B, so that the 
external volume of A is equal to the 
internal volume of B. The two are 

weighed in air. 

If now A is immersed in a beaker of 
water as shown, and at the same time 
B is filled with water, the reading of the 
spring balance is unchanged. Thus the 
loss of weight of A is equal to the weight 
of the water placed in B. 

When “ loss in weight ** is mentioned, 
it must be remembered that the more 
2 xact expression would be “ loss in ap¬ 
parent weight,*’ because the actual weight 
does not change on immersion, but the 
upward force due to the liquid produces 
an apparent decrease in weight. 

The principle of Archimedes may be more exactly expressed as 
follows : a body wholly or partially immersed in a fluid experiences 
an upward force equal to the weight of the fluid displaced, which force 

acts through the centre of gravity 
of the displaced fluid. 

The last part of this state¬ 
ment follows from the fact 
that the body CHEG (Fig. 
110) is in equilibrium. Its 
own weight acts through its 
centre of gravity, and if its 
density is the same as that 
of the fluid displaced, this 
would have had the same 
centre of gravity. The 
weight of the body and the 
upward force due to the fluid must be in the same line, or the body 
would experience a couple and would not remain at rest. 

Measurement of density.—The principle of Archimedes affords one 
of the best methods of measuring density. The body A (Fig. 112), 


Fio. m. —ILLDSTRATIOK OF THE 
PFiNCiriE OP Archimedes. 



Fio. 112.—Density by Displacement. 
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whose density is required, hangs by a fine thread from a hook above 
the pan of a balance. A bridge B is placed so that a beaker of liquid 
can be placed over the pan and held independently of it, and the 
body A is immersed in the liquid. Then A may be weighed, first 
without being immersed, mj,, and next when immersed in the liquid, 
W 2 - The loss in weight is thus — WJg, and if the liquid is water and 
the density of water is taken as unity, the volume of the body is 


— W2- 


Then, 


density = 


w 


W1-W2 


If the density of another liquid is required, the body may be 
weighed a third time, Wq, this time immersed in the liquid. The 
v/eight of liquid displaced is — w^, and its volume is W 1 — W 2 ', 


density of liquids 




Exaiuple. —State the principle of Archimedes, and describe how it may 
be verified experimentally. 

A circular cylinder and a circular cone, of the same height and the 
same basal area, are hung at opposite ends of a string which passes over a 
pulley. The cone hangs base upwards, and, w'hen the bodies are suspended 
in air, the string is in equilibrium. The cone and cylinder are now held in 
a trough of water so that their uppermost surfaces are in the surface of the 
water. What equilibrium position will the system take up if the holding 
forces are now removed ? C.H.S.C. 

Since the string is in equilibrium, when the bodies are in air, the cone 
and the cylinder must have the same weight. Therefore the density of 
the material of the cone is three times that of the cylinder. In Cider to 
preserve equilibrium when they are immersed, the upward force on each 
duo to the liquid must be the same, that is, each must displace the same 
volume of water. The cylinder having the greater volume displaces the 
more water and will move upwards. The cone is already completely im¬ 
mersed, and when it moves downwards it will still displace its own volume 
of water. Volume of cone is so that, for equilibrium, the volume 

^tttH of the cylinder must be immersed. That is, the cylinder moves 
upwards and the cone downwards, each through the distance 

Correction for buoyancy in weighing.—In using a balance (p. 52) 
it is not generally necessary to make any allowance for the loss of 
apparent weight of the standard weights and the body to be weighed. 
When great accuracy is desired this buoyancy must be taken into 
account. If the body being weighed has the same density as the 
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standard weights, they have the same volume, when equilibrium is 
attained, and therefore displace the same amount of air, so that no 
correction is necessary. 

If, however, the body being weighed has density and the weights 
density S^, while the density of air is S 3 , then if the true mass of the 

body is it displaces ^ volume of air and its apparent weight is 

^ 83 ^, the mass of air displaced being ^ S 3 . If on balancing, 

the standard weights required for equilibrium are their volume 

is and the mass of air displaced is and their apparent 

weight is 2 “ When equilibrium is obtained, 

W 2 S 3 




m 




So-8, 


—(HMS-:) 


If brass weights are used 82 = 8 4, and the density of air S 3 is 
0 00123 at 14° C. ; 

8-4-000123 8 , 


m 


i = m2( 


= m 


8-4 

Si 


* Si-0-00123 


) 


to within 1 in 8000 


281-0-00123 

= »»2Si{S,-0-00123)-i 
/, 0-00123N-1 

/, 0-00123 / 000123\2 \ 

unless Si is very small, 

000123 \ , / 0 * 

= /«.2 ^ 1 H-g-), or more exactly M- 

Floating bodies.—If the density of a body is greater than that of 
the liquid in which it is immersed, its weight is always greater than 




00123 0-00123^ 

8-4 81 ;■ 
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that of the liquid displaced, and it will sink unless some support is 
provided. If the density is equal to that of the liquid, it will remain 
in equilibrium anywhere, provided that it is completely immersed. 
But with a density less than that of the liquid, the upward thrust 
when completely immersed, that is, —fz (P- 1^2) is greater than 
the weight of the body. It will then rise and float partly immersed. 
For equilibrium, the weight of the liquid displaced is equal to the 
weight of the body. 

Stability of floating body.—For a body to float at rest, its centre of 
eravitv must be in the same vertical line as the centre of gravity of 

the displaced liquid (p. 163). If 
the floating body is then given a 
slight rotation about a horizontal 
axis, this rotation may or may 
not move the centre of gravity of 
the displaced liquid. If it does 
not, as in the case of a sphere, the 
body is floating in neutral equi¬ 
librium and will remain in any 
position. 

In other cases it is necessary to 
consider the couple brought into 
play when a small rotation is given 
to the body, so that the same 
amount of fluid is displaced by it as in the undisturbed position. 
If G (Fig. 113) is the centre of gravity of the floating body and H the 
centre of gravity of the displaced fluid, the body is in equilibnuna 
when these two are in the same vertical line. H is sometimes called 
the centre of buoyancy. When the displacement occurs, the centre of 
buoyancy move.s to H', the amount of movement being determined 
by the shape of the floating body. It is now seen that a couple acts 
on the body- The couple may tend to restore the body to its original 
position, as in the figure, in which case the equilibrium is stable. 
On the other hand, it may tend to displace the body still more, in 
which case the original equilibrium is unstable. 

If a vertical line is drawn through H' to cut the median line of the 
body in the point M, this point M is called the meUcentre and MG 
the meUcentric height. If the centre of gravity G is below M the 
equilibrium is stable, but if G is above M the equilibrium is unstable. 
Hence the importance of knowing the position of the metacentre m 
ship-designing, and of keeping the centre of gravity as low as 

possible. 
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Example. —What is meant by “ centre of pressure ’* and by “ meta- 
centric height ? 

A flat rectangular plate 3 ft. by 2 ft. is fixed in the vertical side of a ship 
of 20,000 tons displacement with the top of the longer side of the plate 
horizontal and at a depth of 2 ft. below the water surface. 

What is the total thrust due to the water on the plate, and at what 
point may it be considered to act ? « 

If a load of 20 tons moved 50 ft. across the deck causes the ship to tilt 
through J®, what is its metacentric height ? (1 cubic foot of water weighs 
62-5 lb.) O.H.S.C. 

Thrust on plate = area x pressure at c.o. 

= 3 X 2 X 3 X 62-5 
= 1125 lb. wt. 


Depth of centre of pressure 


* Zh^dk 
2 6x3 


(see p. 160) 


_i r^T_i r^_8i 

sj 

= H=3 11 ft. 


A load of 20 tons moved 50 ft. across the deck is equivalent to the 
application of a couple of 50 x 20 ton-feet. 



PlO. 114.—probleu. 


Since the ship is still in equilibrium, the weight and the upward force of 
the water produce a couple equal and opposite to 50 x 20. 

20000 x(MA) =50x20 (see Fig. 114) ; 
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But 


MGA=:.J® and MA =MGsinAGM ; 
-^-MGsini®, 

005 = MG(0 0087), 

• 005 

^’^"0 0087 * 

metacentric height = 5-75 ft. 


-A I cr^- 


Hydrometers,—A hydrometer is an instrument for measuring 
rapidly' the densities of solids or liquids by using the principle of 

Archimedes. Only two of the various types of 
A hydrometer will be described : (i) the constant 

weight hydrometer, and (ii) the constant immersion 
I ^ hydrometer. 

I £ (i) An e.xample of the constant weight type of 

I hydrometer is illustrated in Fig. 115. A uniform 

I tube AD terminates in a bulb B, the lower part 

which contains lead shot or mercury. This 
weight ensures a low position for the centre of 
'^C gravity of the whole, which enables the body to 

float in a vertical position. Suppose that the 
> 1 ™^“ weight of the instrument is w gm., and that it 

floats to the level D in a liquid of density Sj- 

. to 

Fio. 115 .—Constant The volume of the part BD is then g-. On im- 

W'titOHT IIVDROMKTER. . . i- -t r j -x 1 ^ xU ^ 

mersing it in a liquid of density Og, less than 0 |, 
it may float with E in the surface of the liquid. If a is the area of 
cross-section of the tube, the volume of ED is la, and the volume 

to 

immersed is g- + la. Therefore 

If w is found by weighing and a and are known, §2 
found on observing 1. It is more convenient to use two liquids of 

known density and observe 1. Then -- can be calculated since 

- _^ Using a third liquid of unknown density 83 , 

1 1 ^ 


FlO. 113.—COSSTANT 
WBIOHT IIVDROMKTER. 
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83 is known in terms of Z 3 . It is convenient to plot a curve con¬ 
necting 83 and Zg from the known values of 8 , and —, and so construct 

a scale for the stem AD, so that the density of any liquid may be 
read off directly on immersion in it. It should be noticed that each 
hydrometer has a limited range, confined to the densities correspond¬ 
ing to the levels C and D. 

The student should construct a hydrometer of a test-tube loaded 
with shot, with a paper scale inside it. It is loaded so that its total 
weight is Wj and the mark to which it sinks in water may be noted. 
Some more shot is added so that the weight is If is then 

depressed an additional distance I cm. on the scale, 
taking the density of water as unity. Knowing a, and 8 ,, the 
depth of sinking for any liquid of density 83 may be found from 

^ V • 


2 


a 


, 8 i in this case being unity. 


(ii) Nicholson's hydrometer is a common form of the constant 
immersion type. It consists of a pan A, a wire stem AB, and a float 
6 C to which is attached a cone D, weighted with 
lead shot. The float and the shot together cause 
the hydrometer to float in an upright position. 

It is always loaded with weights in the pan A, 
so that a mark E on the stem AB is in the 
surface of the water. Some weights in A are 
removed, and the body whose density is required 
is placed in A, and the weights are adjusted until 
the hydrometer again sinks to E. If the first 
weight is and the second w^, the weight of 
the body in air is ii\ — W 2 . The body is now 
transferred to the pan formed by the top of the 
cone D, so that it is immersed. If the body is 
less dense than water it must be tied to the pan 
so that it cannot float. The adjustment of the 
weights in A is again made so that the hydro¬ 
meter sinks to E. If is then the weight in A, the weight of the 
body in water is - w^, and the density is 



FiQ. llG.—N icholson’s 

HYDKOMETER. 


weight in air 


— W2 


W’l — W2 


weight in air — weight in water — (wi — w^) 

The result obtained is, of course, the ratio of the density of the 
body to that of water, commonly known as the specific gravity of the 
body. For approximate purposes the density of w’ater is taken as 
unity, so that the density of the body and its specific gravity have 
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the same value on the c.G.s. system. But if the absolute density 
in grams per cubic centimetre is required, the specific gravity of 
the body as found must be multiplied by the density of the water at 
the temperature of the experiment as found from tables. On the 
British system of units the density is approximately 62-5 times the 
specific gravity. 

If the density of a liquid is required, the experiment may be 
repeated, using the liquid in place of the water. The result gives 
the ratio of the density of the solid (Sj) to that of the liquid ( 82)1 

s s 

that is The first experiment gives ^ where is the density of 

the water at the temperature of the experiment. Dividing one result 

by the other gives This measurement is impossible if the liquid 

has such a small density that the hydrometer when unloaded sinks 
in it below the mark E. 


Example. —Describe and explain the mode of action of the common 
(constant weight) hydrometer. 

A constant weight hydrometer has a mass of 20 gm. and reads l-OO when 
immersed in water. A piece of brass (sp. gr. 8-4) is attached to the lower 
end by a brass wire, so that the totol mass is increased to 22-5 gm., and the 
level to which the h’ ' er sinks in water is noted. What is the specific 

gravity of the liquiU . without the brass, the hydrometer would 

sink to the same level . J.M.B.H.S.C. 


The density of the water is indicated as being unity, so that the volume 
when immersed in water and unloaded is 20 c.c. The volume immersed 
when loaded with the brass is 22-5 c.c. 

2-5 

Volume of brass c.c. 

/. Volume immersed if the brass is removed without change of level is 

( 22 * 5 -^) c.c. 

As this is the volume immersed in liquid of density 8 to this mark when 
the weight is 20 gm., 

( 22 - 5 - 1 : 5)8 = 20 . 

(22-5-0-298)8 = 20, 

„ 20 
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The siphon.—A useful application of liquid pressure is afforded by 
the siphon. If it is required to remove water or other liquid from a 
vessel without tilting the vessel, a bent tube ABCD 
(Fig. 117), filled with water, or the liquid, is placed 
as shown. The pressures at A and D are both 
atmospheric, so that at the highest point of the 
tube B the pressure is less than atmospheric on the 
C side by the pressure due to the column BCD, and 
on the A side by that due to the shorter column 
AB. In other words, the pressure is greater at A 
than at C. Thus the flow in the direction ABCD 
takes place, and will continue so long as the dis¬ 
charge orifice D is below the level A, the tube, of 
course, being completely filled with liquid. 

Gases.—It was pointed out (p. 153) that gases 
are fluids of infinite expansibility. The pressure due to the weight 
of a column of gas at rest is the same as that of a liquid, but the 
column may, as in the case of the atmosphere, have variable density 

and not possess a measurable height. Never¬ 
theless, an experiment due to Torricelli illus¬ 
trates the effect of atmospheric pressure. If a 
glass tube AB (Fig. 118), closed at A and open 
at B, is filled with clean, dry mercury and in* 
verted without allowing any mercury to escape 
or air to enter, and the open end placed under 
the surface of mercury in a vessel, the mercury 
in the tube will fall until a definite height of 
mercury BC remains. The upper part AC of 
the tube remains empty, and is called the 
ToiriceUian vacuum. 

On considering a horizontal plane at B which 
contains the surface of the mercury in the dish, 
it will be seen that the pressure on the mercury 
over this plane must be constant (p. 156), both 
inside and outside the tube. The pressure inside 
the tube is due to the column of mercury CB. 
The only pressure upon the surface of the mer¬ 
cury in the dish outside is that of the atmosphere. Thus the atmos¬ 
pheric pressure may be measured by finding the pressure due to the 
column of mercury CB. This is equal to hhg dynes per sq. cm., or 



Fia. IIS.—TOBBICELLIAN 
Vacuum. 
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hS gm. wt. per sq. cm. Mercury being such a convenient liquid for 
measuring pressures, it is a common practice to measure pressures 
in their equivalent columns of mercury. The average atmospheric 
pressure is that of 76 cm. of mercury column. This is equal to 
76 X 13*596, or 1033 gm. wt. per sq. cm. In absolute measure this 
is 1033 X 981 or 1-013 x 10® dynes per sq. cm. 

Fortin’s barometer.—The vertical tube of mercury affords a rough 
but reliable means of measuring atmospheric pressure in terms of 

height of mercury column. It is, however, desirable 
to have some more accurate method of measuring 
the height of this column. This is afforded by 
many instruments, of which a common and efficient 
form is Fortin’s barometer, illustrated diagram- 
matically in Fig. 119, the lower part of which is in 
section. The barometric tube AB is enclosed in a 
brass tube, which is hung from a firm support. 
This carries the reservoir of mercury D, into which 
AB dips. In order to obtain a constant level for 
the surface of the mercury in D a ffxed pointer C 
is provided, and the level of mercury can be raised 
or lowered by the screw E, which pushes in the 
wash leather bottom of the tank, until the free 
surface of the mercury is seen to touch C. The 
fixed scale F has its zero at C. The height of the 
column is observed by means of the vernier G, 
which can be raised or lowered by a rack and 
pinion moved by H, until the bottom of the vernier 
appears to touch the surface of the mercury column. 
Parallax is avoided by means of a dummy vernier 
at the back of the tube, which moves with the real 
vernier. A thermometer is provided on the case 
of the instrument for measuring the temperature of 
the barometer at the time of making the observa¬ 
tion. 

If the temperature varies much from 0® C. a correction should be 
made, because the density of the mercury is not the standard density 
and the scale has not the length at which it is calibrated. The den- 
.sity of the mercury is 1/(1 + ^l) of its normal value, where )S is the co¬ 
efficient of expansion of mercury. Hence on this account the column 
i.s (I -(- /SO times too long, and .should be divided by (1 + /SO- Since the 
scale has expanded when the temperature is above 0® C., the column 
appears too short, as read by this scale. The observed reading should 
therefore be multiplied by (1 +y0. where y is the linear coefficient 
of expansion of the scale. Thus if Hf is the observed height of 
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the barometer at e C. and the height reduced to standard 
conditions. 



\ +yt 


neglecting the squares and higher powers of the coefficients of 
expansion. For mercury /3 = 0-000181, and for brass, which is usually 
employed for the scale, y = 0-0000l9 ; 


/. = -0 0001620 . 

Aneroid barometer.—The mercurial barometer as an instrument of 
precision requires adjustment whenever a reading is to be made, 
and clearly it must not be liable to disturbance. For rapid readings, 
where great accuracy is not required, the aneroid barometer has been 
devised. It is shown diagrammatically in Fig. 120. The essential 



part is a drum AB, made of flexible metal and evacuated as thoroughly 
as possible. Its flexibility is incrca.sed by making circular corrugations 
in its walls. It is kept distended against the atmospheric pressure by 
a strong spring S. Any movement of the upper face due to variation 
in the atmospheric pressure is communicated by the levers DE, EF 
and FG to a light chain which is wrapped round the axle H, to which 
is attached a pointer P, which indicates atmospheric pressure on a 
circular scale. A hair spring keeps the chain taut. Attempts are 
m^ade in the construction of its parts to compensate for temperature 
changes. These are only partially succe.ssful, and if great reliability 
IS required the aneroid barometer should be frequently checked by 
means of a mercurial barometer. 

Expansion and compression of gases ; Boyle’s law. —Although the 

free surface presented by a liquid distinguishes it from a gas, there 
a,re two other differences, although these tend to vanish in border¬ 
line cases. Thus, gases are generally much less dense than liquids, 
and they are much more easily compre.ssed. This compressibility 
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was first investigated by Boyle, who gave the law connecting 
the pressure and volume of any constant quantity of gas. This 
law is that the volume varies inversely as the pressure, provided 
that the temperature remains constant, and is known as Boyle’s 
law. 

He established it by the use of a bent tube, now known as a Boyle’s 
tube. The tube ABC (Fig. 121) has a long limb AB open at the top, 

and a short limb BC sealed at the top. Mercury 
poured into the tube seals off a certain amount 
of air in BC, and in the original experiment this 
amount was manipulated until the levels of 
mercury surface in the two limbs were the same, 
as at E and F. Since the pressure at the surface 
of mercury at F is the atmospheric pressure, 
that of the air in CE must be the same, since 
the mercury EBF is in equilibrium. Mercury 
was then poured in at A until the volume of the 
air in BC was halved, and it was found that the 
column of mercury HJ in AB was equal to 
the height of the barometer. The pressure at J 
is therefore that of two atmospheres. It follows 
that when the pressure of the air enclosed in BC 
is doubled its volume is halved. 

The student should perform the experiment, 
but instead of making the preliminary manipula¬ 
tion to get the level EF, the heights should 
always be measured from the base B, by means 
of a metre scale. The difference of the heights 

PKovi^a B^vLrs rz. of H and G will then give the column of mercury, 

which, added to the height of the barometer, is 
the pressure on the air in CG. The length CG is taken as the volume 
of the air, since its absolute volume is not required. An allowance 
for the curved end at C may be made if desirable. On taking a 
number of readings it will be found that 

pressure x volume = constant 

that is, that the volume varies inversely as the pressure. Instead of 
multiplying pressure and volume, a graph may be plotted connecting 
pressure and volume, which will be a rectangular hyperbola, or if p 

is plotted against - a straight line, which if produced would pass 

through the origin, is obtained. 
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A more elaborate apparatus for establishing Boyle’s law consists 
of an inverted burette AB (Fig. 122), in which the air is compressed, 
and a reservoir of mercury C which can be raised and lowered. A 
side tube D, which moves over a ver¬ 
tical scale, serves as a gauge for mercury 
level. With the tap A open, the level 
at D is that corresponding to atmos¬ 
pheric pressure, and on closing A the 
volume of air is indicated by the 
reading on the burette and its pres¬ 
sure by the height of mercury at D 
above or below the level in AB. The 
burette is first calibrated by run¬ 
ning water from it, step by step, and 
weighing the water in the ordinary 
* manner. It is then thoroughly dried 
and placed in position, and air drawn 
into it through drying tubes by raising 
and lowering C. The law may then be 
proved for pressures less than that of 

the atmosphere, as well as for greater I'vEsiieA^ioro^BovLK™ Zl. 
pressures. 

Permanent gases ; perfect gas.—Many gases, such as oxygen, 
nitrogen, hydrogen, air, obey Boyle’s law very nearly. They are 
often called the permanent gases, because it was at one time believed 
that they could not be liquefied. It is true that they cannot 
be liquefied by pressure alone at ordinary temperatures but by 
I sufficient lowering of the temperature all gases may be liquefied. 
At high pressure it is found by accurate measurement that the 
permanent gases depart slightly from Boyle’s law. It is convenient 
for indicating their departures from the law to imagine a gas 
which would obey Boyle’s law exactly, that is, under all con¬ 
ditions its volume will, at constant temperature, vary exactly 
as the inverse of the pressure. Such an ideal gas is called a 
perfect gas. 

Temperature.—At constant pressure, the volume of a quantity of 
gas varies considerably as its temperature changes. The study of 
this change belongs to the books on Heat, and will not be dealt with 
here. But a summary of the results is useful. Thus, Charles’ law 
states that a permanent gas increases in volume at constant pressure 
by a constant amount for each degree rise in temperature. This 
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amount is found by experiment to be approximately 1/273 of its 
volume at 0® C. for each degree centigrade ; 

t 




273) 


If then the temperature is reckoned from — 273° C., which is called 
the absolute zero of temperature, 

T7 T/ :r-273>. 

273 ’ 

where T is called the absolute temperature ; 

“ T To’ 

since 2 'q = 273, the temperature of 0° C. on the absolute scale. Thus 
the volume of a gas at constant pressure is proportional to the 
absolute temperature. Combining this with Boyle’s law, it is shown 
in works on Heat that 

PtVt PoVo 


or 


Ti T2 


^R, 


where is a constant; 

PV^RT. 

This is known as the characteristic equation of a perfect gas. 

Elasticity of a gas.—It was seen on p. 128 that any volume elasticity 
is V . It is now possible to find from Boyle’s law an expression 

for this elasticity in the case of a gas at constant temperature. 

For pv = c (p. 174), 

and differentiating this, 

p . dv + vdp = 0, 


c being a constant; 


dp 

dv 


P 

V 


But 


elasticity = ^ ^ 


= p 


Thus the elasticity of a perfect gas is the pressure under which it exists. 
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The negative sign occurs above because an increase of pres¬ 
sure is always accompanied by a decrease in volume : that is, 

dp and dv always have opposite signs, so that ^ is essentially 
negative. 

This assumes constant temperature, and is called the isothermal 
elasticity of a gas. When no heat is allowed to enter or leave, the 
temperature changes. Under these conditions the elasticity is 
different (Chap. XIII). 


Example. —State the conditions which must be fulfilled in order that a 
body may float wholly or partly submerged. 

An inflated thin-walled rubber balloon containing a little mercury floats 
in a lake of fresh water with half its volume immersed. Show that there is 
a second possible position of equilibrium for the balloon, and show further 
that the equilibrium in the second case is unstable. Assume that the 
balloon remains spherical throughout. C.H.S.C. 


If r is the volume of the balloon when floating and w its weight. 



taking the density of water as unity. 

The pressure is atmospheric, and taking this as equivalent to a column 
P of water, P—13*6 x height of mercurial barometer. 

Let the balloon be now pushed down to a depth H ; the pressure is 
P ■¥ H cm. of water, and the new volume F, is given by 

(P-\-H)Vi = PV (Boyle’s law). 


and 



PV 

P+H' 


If now the volume Fi of water displaced is equal to w the weight of the 
balloon, there is equilibrium, and 

PV V 


A slight vertical displacement dH causes a change in volume d Fj, where 

dFi PV 

dH~ (P + //)2’ 

Pf V and (jP-f-^)* are all essentially positive ; 


. 

• dH 


is negative. 
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that ia, if ^ is decreased to less than Fj increases, and the body will 
therefore continue to rise. 

If II increases, Fj decreases, and the body will then displace less water 
and will oink. It is therefore in unstable equilibrium. 

McLeod gauge.—It is of great importance to be able to measure 
the very low pressures that occur in so-called vacuum tubes. When 

the pressure is less than that due to a 
column of mercury a millimetre high, 
the use of such a column is impossible, 
especially as pressures of less than 0*001 
mm. of mercury may have to be mea¬ 
sured. There are now many devices for 
indicating such pressures, but they 
suffer from the defect that they do not 
give the absolute value of the pressure. 
Such devices may, however, be cali¬ 
brated by using the McLeod gauge, 
which depends upon Boyle’s law for its 
use. 

The tube A (Fig. 123) is sealed on to 
the pump or other apparatus in which 
the gas pressure is to be measured. At 
B is a T-piece leading to A, to the bulb C, 
and to a reservoir of mercury G. When 
G is lowered until the mercury falls be¬ 
low B, A is put in communication with 
C, which is then filled with the gas 
whose pressure, P. it is required to 
measure. On raising G, A is cut off, and as the rnercury rises in C the 
gas is compressed until eventually it is all contained in the capillary 
tube FD. The difference of level at E between the mercury in A and 
in DF is then noted ; call this p. By a previous determination, the 
volume y of C measured from the joint B, and the volume v of the 
compressed gas in ED, from a calibration of the tube DF, are known. 
Then from Boyle’s law, PV = {p->rV)V, or approximately, 

PV=pv, 

or ^~ 'V' 

If the ratio V(v is large, then a very small pressure P may be ( 
multiplied up to a pressure p which can readily be measured. The 
calibration of FD and of C must be performed carefully before the 
apparatus is set up, by weighing in them a liquid of known density. 
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It should be noted that since the pressure is nearly zero in the 
gauge, while the pressure in G is atmospheric, these two must differ 
in level by the barometric height. 


EXERCISES ON CHAPTER VII 


Fluid Pressure and Centre of Pressure 

1. Prove that the difference of the pressures at two points in a heavy 
liquid is proportional to the difference of their depths. 

A hollow right circular cone of height h and semi-angle a rests with its 
base on a horizontal table. If the cone is filled ^vith water and the weight 
of the empty cone is equal to the weight of the water it contains, find the 
thrust of the water on the base of the cone and the pressure of the cone 
on the table, explaining briefly why the second result is not double the 
first. J.M.B.H.S.C. 


2. Show that the depth of the centre of pressure for a plane area 

immersed in homogeneous fluid is where k is the radius of gyration of 

the area about the surface line and h is the depth of its c.o. measured in 
the plane of the area. 

A cube, with edges of length 2a, is immersed in a liquid and has one 
edge in the surface and the two faces through that edge equally inclined 
to the vertical. Find the centres of pressure of all the faces. L.H.S.C. 

3. A rectangular lamina is just immersed in water with one of its edges 
in the surface and its plane vertical. Find the position of its centre of 
pressure. 

A square lamina with sides 2 ft. long is just immersed vertically in water 
with an edge in the surface and is then lowered 10 ft. Find the distance of 
the centre of pressure in the new position from the centre of the square. 

(Neglect the pressure of the atmosphere in each case.) J.M.B.H.S.C. 

4. Find the position of the centre of pressure of a rectangle immersed 
in a liquid, one edge being in the free surface. 

One end of a trough of rectangular cross-section 3 ft. wide by 4 ft. deep 
is hinged along its lower edge and is kept in position by a horizontal force 
P lb. wt. applied to the mid-point of its upper edge. If the trough is just 
filled with water, find the least value of P necessary to prevent water flow¬ 
ing out. (The density of water = 62-5 lb. per cubic foot.) L.H.S.C. 

5. Find the centre of pressure of a rectangular sheet a inches long and 
6 inches wide, of uniform thickness, immersed in liquid of uniform density 
with one side of length 6 inches in the surface, the plane of the rectangle 
being inclined at an angle d to the vertical. 

If the rectangular sheet remain in the same position with respect to the 
vessel containing the liquid, and the depth of the liquid be increased b> 
h inches, find the new' position of the centre of pressure. L.H.S.C. 
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6 . Neglecting atmospheric pressure, find the depth of the centre of 
pressure of a circular lamina just completely immersed with its plane 
vertical in an incompressible liquid*. 

A circular door in the vertical side of a tank is hinged at the top and 
opens inwards, and the tank contains water to a height just sufficient to 
cover the door. If the diameter of the door is 2 ft., find the magnitude of 
the force that must be applied normally to the centre of the door in order 
just to open the door. Find also the reaction at the hinge when this force 
is being applied. C.H.S.C. 


The Principle of Archimedes and Hydrometers 

7. Describe how you would determine the specific gravity of a small 
piece of metal by means of Nicholson’s hydrometer. 

A piece of an alloy of copper and tin weighs 260 gm. in water and 240 
gm. in a liquid of specific gravity 1*5. Assuming that the volume of the 
alloy is the sum of the volumes of its constituents, find the masses of 
copper and tin in the given piece of alloy. Specific gravity of copper = 8-9; 
of tin 7-3. J.M.B.H.S.C. 


Immersion and on Floattno Bodies 

8 . State the principle of Archimedes. 

A thin rectangular board of specific gravity .s is hinged along its shorter 
side to the flat bottom of a tank. Find the position assumed by the board 
when water is poured in to a depth h ; and prove that the board assumes 
the vertical position when A becomes equal to •/s times the length of the 
board. J.M.B.H.S.C. 

9. State the theorem of Archimedes, and explain what you understand 
by the terms “ force of buoyancy,” “ centre of buoyancy.’ 

A cylinder of radius 1 cm. and length 4 cm., made of material of specific 
gravity 0’75, is floated in water with its axis vertical. It is then pushed 
vertically downwards so as to be just immersed. Find (a) the work done, 
(fe) the reduction in the force on the bottom of the containing vessel when 
the cylinder is subsequently taken out of the water. O. & C.H.S.C. 

10. A spherical balloon 20 cm. in diameter and weighing 0-4 gm. is 

inflated with hydrogen, and is anchored with fine cotton. If 1 litre of 
hydrogen weighs 0 09 gm., and air is 14-4 times as heavy as hydrogen, find 
in gni. wt. the tension of the cotton. C.H.S.C. 

11. State the principle of Archimedes. 

A slab of ice floats on water in a cylindrical vessel. Prove that if the ice 
melts in such a way that the area of the slab remains fixed, only its thick¬ 
ness diminishin«^ then the level of the water in the vessel remains the same. 

® L.H.S.C. 
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Boyle’s Law and Babometer 

12. Give a theoretical proof of the principle of Archimedes. 

The volume of glass in a test-tube is 10 c.c, the internal volume 30 c.c., 
and the weight 30 gm. Find the depth in water to which it must be thrust, 
mouth downwards, in order that it may sink of its own accord. Height of 
water barometer 10 metres. O. & C.H.S.C. 

13. Show that the difference between the pressure at a point in a liquid 
and the atmospheric pressure is proportional to the depth below the sur¬ 
face. How would you verify this result by experiment ? 

A diving bell of internal volume 12 cubic metres is lowered into the sea, 
so that the water surface in the bell is 15 metres below the surface of the 
sea. What volume of water will enter the bell ? (Specific gravity of sea 
water=103.) C.H.S.C. 

14. A closed hollow cylindrical can 2 ft. deep Boats in water with its 
axis vertical. There is a hole in the lower plane face, and the quantity of 
air in the can is so adjusted that the can fioats half-immersed and one- 
quarter full of water. 

If the apparatus be sunk to such a depth that, on being released, it no 
longer rises to the surface, what will then be the least depth of the upper 
face ? (The height of the water barometer may be taken as 34 ft., and the 
weight of the contained air and the volume of the material of the can may 
be neglected.) C.H.S.C. 

15. State Boyle’s law connecting the pressure and volume of gas at a 
constant temperature. 

The space above the mercury in a faulty barometer contains air and 
when a true barometer reads 30 inches the faulty barometer reads 29 
inches, there being then a space of 4 inches above the mercury. Find the 
height of the true barometer when this faulty barometer reads 28-75 inches. 

J.M.B.H.S.C. 

16. State Boyle’s law. 

The top of a barometer tube, of cross-sectional area 1 sq. cm., is 80 cm. 
above the open surface of the mercury in the trough. The mercury column 
in the tube stands at a height of 70 cm. above the open mercury surface. 
22-5 c.c. of air, as measured at the pressure of the outside atmosphere, are 
bubbled up to the top of the mercury column. What will be the new 
height of the mercury column ? C.H.S.C. 

17. State Boyle’s law and describe how you would verify it in the case 
of air. 

The closed end of a U-tube, whose limbs have the same cross-section, 
contains air at atmospheric pressure, 76 cm. of mercury, which is shut in 
by mercury, occupying the bottom of the tube. The length of the air 
column is 15 cm. The tube is now sunk in the sea until the length of the 
air column is 3 cm. W’hat is the depth of the surface of the mercury in 
the open limb below the surface of the sea ? (Density of mercury is 13-6 
gm. per c.c., and of sea water 1-03 gm. per c.c.) L.H.S.C. 

o 


S.P.M. 
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18. A barometer with an imperfect vacuum stands at 29-8 and 29 inches 

respectively, when the true atmospheric pressures are 30-4 and 29*3 inches 
respectively. What would a correct barometer indicate when the reading 
of the faulty barometer is 29*4 inches ? L.H.S.C. 

19. Explain the construction of an aneroid barometer, and describe 
how you would test the accuracy of the readings of such an instrument. 

What are the chief purposes for which it is employed ? What are its 
advantages and disadvantages ? O.H.S.C. 

20. Describe the Fortin barometer. Why is it usual to reduce the read¬ 
ings of the barometer to 0° C. ? 

A barometer is provided with a brass scale correct at 15® C. On a day 
when the temperature is 25® C. the height of the mercury column is ob¬ 
served to be 77*60 cm. Determine to the nearest 0*1 mm. the true height 
at 0® C., explaining each step in the calculation. (The coefficient of linear 
expansion of brass is 0-000018 per degree C. and the coefficient of absolute 
expansion of mercury is 0 000182 per degree C.) J.M.B.H.S.C. 

21. Describe a mercury barometer suitable for accurate measurements 
of the atmospheric pressure, and point out the precautions necessary for 
its use. 

A simple barometer has the glass tube attached to a spring balance. 
iVhat weight does the balance record when the open end of the tube is 
just dipping under the surface of the mercury in the reservoir, and what 
changes occur when the tube is lowered so that more of it dips under the 
mercury ? O.H.S.C. 

22. Distinguish between the aneroid and the mercury barometer, and 
explain the principle of each. 

The height of the barometer is 29 in. and the specific gravity of mercury 
is 13-6. A cylindrical metal vessel is closed at one end with a glass plate 
cemented on to the metal. The internal diameter of the vessel is 6 in. 
and the greatest weighi that the glass plate will bear is 200 lb. Find the 
least pressure to which the air inside can be exhausted without breaking 
the glass. (A cubic foot of water weighs 62J lb.) C.W.B.H.S.C. 
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FRICTION AND VISCOSITY 

Static friction.—In several problems mention lias been made of 
smooth bodies or bodies having surfaces which will slide on other 
surfaces without producing any tangential force. Any force between 
such surfaces must therefore be normal to them where they touchi. 
Such ideal surfaces do not exist, and they have been imagined with 
the object of confining attention to some other feature of the problem. 

If a body rests on a horizontal plane, as in Fig. 124, there is an 
upward force due to the plane equal to W, the weight of the body. 
On applying a small force / parallel 
to the plane, the body will not in 
general move, because at the surface 
of separation a force equal and op¬ 
posite to /comes into existence. This 

is known as the force of friction. With -'-1- >-f 

increasing applied force, the force of 
friction increases up to a limit. This 
is known as the limiting friction, and 

directly the apjilicd force passes this value the body moves. It is 
found by experiment that for any two surfaces, the limiting friction 
bears a constant ratio to the normal reaction W of the plane. This 
ratio is called the static coefficient of friction (/x). It is independent 
of the area of the surfaces in contact and of TV, provided that this is 
not excessive. Thus, 

... £r> • ^ t t ' limiting friction 

static coethcient of friction -- ^ -— . 

normal reaction 



1 

1 

1 

L 

1 

1 

t 

/ 

' 

'W 


FiQ. 124 .—Friction. 




/ 

TF* 


The student should examine this relation experimentally, and find 
the static coefficient of friction for a number of pairs of substances. 
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A slab of one substance rests upon a sheet of the other, and can be 


loaded until the total weight is W 



It is drawn along horizontally 
by a cord passing over a pulley 
(Fig. 125), which cord carries a 
scale pan and weights of total 
load w. For each value of 
w is increased until W begins 
to move ; then the static co¬ 


efficient 


w 


of friction = r^. 

W 


W 


Fia . 125.—Apparatus for measuring 
Coefficient of triction. 


should be varied, and different 
substances should be used for 
the slab and the sheet and the 
above relation verified. 


Sliding friction.—There is a certain force f in each case which will 
maintain the body W (Fig. 124) in motion at constant velocity. In 
finding this value it is necessary to start the body moving when the 
limiting friction is approached, either by a gentle push or by tapping 
the board. The ratio of this value of / which will maintain W in 
motion without acceleration to the load W is called the coefficient 
of sliding friction. Its value is less than the static coefficient of 
friction, which means that a less force is required to maintain sliding 
at constant velocity than is required to start the body sliding. For 
moderate velocities the coefficient of sliding friction is constant, but 
at high velocity it depends slightly on the pressure. 

If the force F acting upon the body parallel 
to the plane of sliding is greater than f, the force 
of sliding friction, the difference F —f is the 
resultant which produces acceleration. As 
F, f and W have been taken as being in 
gravitational units in the above discussion, 

W is the mass, and the forces in dynes are 
Fg and fg ; 

W 



acceleration = 


{F -f)g • 


Fio. 120. —Angle op 
Friction. 


Angle of friction.—When a force f acts upon a body it may 
be compounded with the normal reaction of the plane to find 
the resultant reaction of the plane. If BA = TF (Fig. 126) the 
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resultant of / and BA is BC, which is inclined at an angle 6 to AB. 
Then 

tan e = ^ = fi. 


$ is called the angle of firiction. 

Inclined plane.—If the body rests on an inclined plane, the 
resultant weight W may be resolved into two components, 

R = W cos $ 

perpendicular to the plane (Fig. 127) and W sin 9 parallel to the 
plane. For a certain inclination, of the plane to the horizontal* 




% 



Fio. 127.—Friction and Inclined Plane. 


0 


the position of limiting friction is reached and the body is just on 
the point of beginning to slide. In this condition 

/ TV sin 0 - 

/A = 4 = ij7- 5 =* tan 9. 

^ R W cos 9 

It is thus seen that the body is on the point of sliding when the 
inclination of the plane is equal to the angle of friction. 

The student should measure the inclination of the plane in a 
number of cases, and so check the values for the static coeC&cient of 
friction found by the experiment described on p. 184. 

If the body is started and slides down the plane without accelera¬ 
tion, the value of tan 9 is the coefficient of sliding friction. 
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Fio. 12 &. —Body sliding down Inclinbd 

Plane. 


vertical force on M is Mg^ the 
normal reaction of the plane being 
Mg cos Of and the force down the 
plane Mg sin 0. If tan 0 is less 
than fx the body will not slide, 
since Mg sin 6<ig,Mg cos 9, where 
fx is the static coefficient of friction. 
But if tan d>-/x. 

Mg sin 6>fxMg cos $, 


Acceleration down inclined plane.—Let the body of mass M (Fig. 
128) be situated on the plane whose inclination is fx being the 

coefficient of sliding friction for 
the body and the plane. The 


and the resultant force down the plane is Mg sin 9 — fxMg cos 0. This 
force produces acceleration a down the plane, where fx is now the 
sliding coefficient, 


a = 


Mg sin 9 — fxMg cos 9 
M 


=sp'(sin 9 — fx cos 9). 


Exathplb 1.—State the meaning of coefficient of friction and describe how 
you would measure it for iron in contact with wood. 

A body rests upon an inclined plane and will just slide down the plane 
when the slope of the plane is 30®. Calculate the acceleration of the body 
down the plane when the slope is increased to 60®. L.H.S.C. 

Since the slope of the plane is 30® when the body will just slide down the 
plane, /x tan 30®. 

When the slope is 60®, component of weight normal to plane is Mg cos 60®. 

Force of friction = g .. cos 60° 

= Mg tan 30® cos 60°. 

Component of weight acting down plane = Mg sin 60®. 

Resultant force down the plane = jl/^(sin 60° — tan30®. cos 60°) ,• 
acceleration down the plane (sin 60® — tan 30° cos 60°) 

_ /n/3 1 1\ 

3-1^ g 

^ n/3 1 


= 566 cm. eeo.~*. 
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Example 2.—State the laws of sliding friction, and describe experiments 
you would make to illustrate them. 

A rope is being used to drag a load of weight 60 lb. up a 30® slope. The 
coefficient of friction between the load and the slope is i. What is the pull 
in the rope when the latter is inclined at 30® to the vertical ? O.H.S.C. 

If P is the pull in the rope (Fig. 129), its component normal to the plane 
is P cos 60®. This does not exceed 60 cos 30® lb. wt., or the body would be 
lifted off the plane. 

Resultant force normal to plane = 60 cos 30® — P cos 60® ; 

force of friction = f (60 cos 30®- P cos 60®), 
and this acts down the plane, since the body is being dragged up it. 



If the acceleration of the body is zero, the resultant force parallel to the 
plane is zero; i (60 cos 30® - P cos 60®) + 60 sin 30® = P cos 30®, 

P (5 cos 30® 4- cos 60®) = 60 cos 30® + 300 sin 30®, 



P = 


60(V3+5) 
1 +5*v^ 


= 41'8 lb. •wt. 


Rope brake.—A rope or band coiled round a cylindrical body is 
capable of exerting a very great couple on the body on account of 
the friction between the surfaces. Let the rope AGCHE (Fig. 130) 
leave the cylindrical surface at G and H. Consider an infinitesimal 
section of the rope at C, where the mean tension over this section 
IS t, and d6 is the very small angle subtended at O. 

The tensions, i. at the two ends of the section are represented by 
CB and CD, and their resultant is CF, and CF = CD . dd. Therefore 
OF = td6. If ^ is the coefficient of friction, is the force of 
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friction and is in the direction of the rope at C. This force implies 
a difference in tension dt in the rope at the two ends of the section; 

dt = fj.tdO. 

-=^de. 

% 

Integrating, log^ t = 

where k is any constant. 

If the tension at G is Tj, d being zero. 


and 


or, 


log,, Ti = k, 
log, log 

A-' 


This equation shows how the tension i increases with Q. 

If the whole angle GOH is 0, and is the tension in the rope at E, 

If the rope is coiled several times round the cylinder, 0 is very 
large, and the ratio may be so great that a man pulling at A 

can hold a ship fastened to E. 

Band brake.—There are many forms of 
brake for measurement of power depend¬ 
ing upon this principle. If a cord or 
band passes over a pulley AB (Fig. 131) 
attached to a shaft which is being driven 
by a motor, and the two ends are attached 
to spring balances, C and D, the readings 

T 

being and the quantity or 

can be found. B may be tt, Stt, Stt, etc., 
according to the number of times the 
cord passes round the drum, /x can then 
be calculated. 

The power or rate of working of the motor can be obtained 
from the difference in readings of C and D. For {T^-T^r. 



FlO. 131.—BAND BRAKE. 
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where t is the radius of AB, is a couple applied by friction, 
and 

couple X angular velocity = rate of working (p. 63). 

If the axle makes n revolutions per second, angular velocity = 277n ; 

27m(T2 — Ti)r=rate of working. 

Stability due to friction. —It is not always realised that the activities 
of our daily life are rendered possible by friction. If there were no 
friction between our feet and the ground, walking would be impos¬ 
sible, or if motion were started it would be impossible to stop. The 
same applies to wheeled vehicles. Again, it would be impossible to 
pick anything up ; it would slip through the fingers. 

The stability of a body upon a plane is of importance. It was 
seen on p. 183 that the body will not slide unless the applied force 
along the plane exceeds a 

certain value yilt. There is, /- 

however, the possibility that _A_ 

the body may topple over in- / x 

stead of sliding. The weight G I 

W { = Mg) of the body acts \'v ' 

through the centre of gravity } 

G (Fig. 132). /' \\, . 

If now a horizontal force ^ q I 

/, less than /aTT, be applied j 

at D, there will be a force of ' « 

friction /' at the surface of H'' - _ 

the plane. These two pro- ^,,3 , 32 ._STiBn,.iY op bodt'on horizoptal 
duce a couple / x (AB) tend- plane. 

ing to make the body topple 

over. If the restoring couple W x (CB) is greater than this, the body 
remains at rest, and the equilibrium is stable, but if TF x (CB)</x (AB) 
the body topples over. To find the limiting conditions, take moments 
of/' and of the resultant of/ and W about the point B. The moment 
of/' about B is zero, since its line of action passes through B. Let 
DK and DH represent / and W. The resultant is DE, and this cuts 
the plane in J. So long as CJCCB the body remains upright, but if 
HDE exceeds the angle of friction the body will slide (p. 185). If, 
however, CJ>CB, the body will topple over. 

It may be noticed that when there is no applied force/ the weight 
of the body is uniformly distributed over the base LB. But if / is 
gradually increased, the couple due to / and /' implies that the 
centre of reaction of the plane shifts from C towards B. Thus the 
force at L gets less and that at B greater, until in the limiting case 
the whole reaction acts through B, that at L being zero. 


\ 

\ 


n't - 

FIO. 132.—STABILITY OP BODY ON HORIZONTAL 

PLANE. 


02 


.s.r.M. 
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Example. —Explain why a curved racing-motor track is banked up on 
the outside, and give an estimate of the inclination of the track for speeds 
of 90 M.p.H. on a curve of 800 yards’ radius. 

If the centres of the wheels of 



resultant force on the car normal to the 
Fig. 133, if ^ is the slope of the track, 


a car are 5 feet apart and its 
centre of gravity is 2 ft. 6 in. 
from the ground, find whether 
the car turning a comer on a 
level road will b© more likely to 
skid or to overturn when the 
coefficient of friction between the 
wheels and the ground is 0*4. 

O.H.S.C. 

The reason why the curved 
racing-motor track is banked up 
on the outside is that it renders 
surface of the track. Thus, in the 


aB=W=Mg, 

the weight of the car, and GA=-, the centrifugal force due to the car 

travelling round the curve of radius r with speed v. The resultant force 
GC is normal to the surface of the track if 


. ^ BC 

tan 6 = =-= = 


Mv* _L 

* Mg rg 


BG r 

Under this condition the car will not slip, and there is no lateral force of 
friction between the wheels and the ground. 

90 x88 


90 M.p.H. ^ 


60 


= 132 ft. sec.-^ ; 


800 yards = 2400 feet; 

132* 


tan 8 = 


2400 X 32*2 


= 0*2255, 

taking ^ = 32*2 ft. sec.“* ; 
a =12° 42\ 

Referring to Fig. 132, taking D to coincide with G, CG = CD =CB =2-5 ft., 
since the centrifugal force acts through the centre of gravity; 

angle CDB = 45°, 

or tan CDB = 1. 

Therefore the car wiD not overturn until DK/DH =1. 
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If the coefficient of friction is 0*4, then tan (angle of fHction)=0'4. 

If then the centrifugal force increases until tan (angle CDJ) =0-4, the 
car is on the point of slipping. That is 

-y§=5K=o.4. 

OH DH 

The value of DK at which skid begins is therefore less than that for 
overturning. The car is therefore more likely to skid than to overturn. 

Viscosity of liquids.—It was seen on p. 153 that a fluid is a substance 
that cannot permanently support a shearing strain. If a shearing strain 
is produced, the stress in the fluid disappears more or less rapidly, de¬ 
pending upon the nature of the fluid. Therefore if an external shear¬ 
ing stress is maintained, a continuous flow takes place in the fluid. 

If two parallel layers in the fluid move, in the direction of their 
own planes, with different velocities, there is a force on each plane 
of a similar nature to a shearing stress. 

If the fluid between the planes is moving 

with constant velocity, the force per ^ A_ ^v-¥dn 

unit area on the side of greater velocity ^ 

is equal to the force per unit area on ^ ~ ^ 

the side of lower velocity, but the two _^ 

forces are oppositely directed. One - 

tends to increase the velocity of the „ ^ 

Fio. 134.—Stress in Liquid* 

layer, the other to retard it. Thus, in 

Fig. 134, if V is the velocity of the layer B and v + dv the velocity 
of the layer A, and dx is the distance apart of the layers, the 

quantity ^ is called the velocity gradient at this part of the fluid. 

The force per unit area on the layer at A is equal and opposite to 
that at B, and is proportional to the velocity gradient, but depends 
on the nature of the fluid. Calling it/, 

- dv 

and rj is called the coefficient of viscosity of the fluid. Its dimensions 
may be found from the relation 

[L-2] [MLT-2]=[7,] [LT-iL-i], 

[7,] = [ML-1T-i], 

remembering that/ is force per unit area. 
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The maintenance of the flow of a liquid is due to a difference of 
pressure between the various parts of it. In the case of flow in a 
tube, a difference of pressure is maintained between its ends. The 
liquid in contact with the wall of the tube is at rest, and the velocity 
increases towards the axis. This stream-line flow is found to occur 
only when the velocity is below a certain limit, known as the critical 
velocity. When this critical velocity is reached, the various parts of 
the liquid cease to travel in straight lines along the tube, but follow 
sinuous paths, which may be observed if a small jet of colouring 
matter is introduced at the inlet. With further increase of velocity 
all orderliness in the flow is lost and it becomes turbulent, and the 
colouring matter fills the whole tube, whereas in steady flow it is 
confined to a thin streak. A high coefficient of viscosity encourages 
the stream-line flow, but a high density promotes turbulence. The 
critical velocity may be determined by experiment. 



Fio. 135 .—Flow of Liquid in a Tdde. 


Measurement of viscosity by flow of liquid in a tube.—The most 
convenient method of measuring the coefficient of viscosity of a 
liquid is due to Poiseuille, and consists in measuring the volume of 
liquid flowing through a capillary tube in a given time, with known 
difference of pressure between its ends. Consider a cylindrical 
shell of the liquid of radius r and thickness dr, and that v is the 

velocity of the liquid at a distance r from the axis ; then is the 


velocity gradient at A (Fig. 135), and the force in the liquid over the 

inner surface of the shell is ^area x = 27rrZT7 where lia the length 

of the capillary tube. Since the parts of the liquid near the axis are 
flowing more rapidly than parts nearer the walls, this stress con¬ 
stitutes a forward drag on the shell of liquid AB. This force changes 

to 27Trlrj “ + ^^27rrl7j x dr at the outer surface of the shell B, and 
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is a draff on the shell. The difference of the two is the resultant force 

on the shell due to viscosity, and its value is ^ (2-7Trlr} x dr. As 

the velocity of the shell is constant, the retarding force must be 
balanced by a force due to the difference of pressure P, between the 
ends of the capillary tube, which maintains the flow. Since the flow 
is everywhere parallel to the axis of the tube, the pressure over every 
cross-section perpendicular to the axis must be constant; otherwise 
there would be a radial flow. Thus the force over the section AB of 
the shell of thickness dr is 

area x P = 27rr dr . P ; 

^ (2Trrl-q dr = 27rr dr . P. 

Since P is independent of r P may be considered constant when 
integrating with respect to r ; 

where is some constant, to be determined. 

dv rP C-i 


• • 


or 


• • dr 2l7j 27Tlr}r' 

Integrating again with respect to r, 

r^P Cilogr 
ily, i-nlr, 

In order to find and notice, in the first place, that at the axis 
of the tube r=0, so that log r=» — «>. This would make the velocity 
at the axis infinite. This certainly is never true, so that Ci = 0, and 

r*P 

+ C2. 


V = 




Since the liquid in contact with the wall of the tube is at rest, 
v = 0 when r —a ; 

. r - 

•• 




and 
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This would make v appear to be negative, since The reason 

d'V 

is that which is essentially negative, has been taken as positive. 
Reversing the sign, therefore 


This expression gives the distribution of velocity over the cross- 
section of the tube. As the velocity at any point cannot be measured 
conveniently, it is desirable to find the total flow through the whole 
tube in terms of volume per unit time. The volume dV flowing 
through the shell per unit time is area x velocity ; 


or 


dV = 2iTrdr x 


P 

4:l7J 


(a2 - r2) 


7tP 

2lrj 


a^r dr — 


ttP 

2lrj 


r^dr ; 


rrPa^ 



2^7? Li Jo 


rrPa^ rrPa* _ ttPo^ ^ 
Qh) ' 

-nPa* 

SIV ■ 


Experimental measurement of viscosity.—The above equation 
indicates clearly the measurements to be made in the determination 
of 7) for a liquid such as water, which can be obtained in large quan¬ 
tities. The capillary tube AB (Fig. 136) must be calibrated by placing 
in it, when carefully dried, a thread of mercury whose length is 
measured. The mercury is then run into a watch glass and weighed. 
Knowing the density of mercury at the temperature of the measure¬ 
ment, its volume can be found, and this divided by the length of 
thread gives the area of cross-section, from which the radius can be 
found, assuming the section to be circular. Since the radius enters 
to the fourth power into the result, it is necessary to know its value 
as accurately as possible. The thread of mercury should be placed 
in various parts of the capillary tube, and if its length varies appreci¬ 
ably the tube should be rejected as being too uneven for the experi¬ 
ment. 

An upright vessel with a tube CD (Fig. 136) is kept filled with 
water to the level C> so that a constant head of water, h, is main¬ 
tained at the end A of the capillary tube AB. Taking the pressure at 
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B and at C as atmospheric, the quantity P in the expression for the 
viscosity is equal to hhg. If water is used, 8 = 1 and P = hg, A beaker 
E is weighed, then catches the 
water which emerges in a known 
time, and is weighed again. 

ThenF = '^. 



If I is the length of the tube, 


'n = 


_ 7rPa* TrhSga* . 


&IV 

7ThS^ga*t 

Sim 


Sim 



If the liquid emerges at B 
with appreciable velocity, part 
of the pressure due to the head 
of liquid is used in creating the kinetic energy of the emergent 
water. This work done per unit time is the integral of over 

the whole cross-section, where is the mass of liquid emerging per 
second through the cylindrical shell AB (Fig. 135). The correction 
is usually very small, but if required it may be made as follows. 

7nj = 27rr dr . vS ; 

= TrSv^rdr. 

And the kinetic energy produced in the whole cross-section of the 
tube per unit time is 

dr = v^rdr. 




Now 


v = ^ (a2-r2) (p. 194) ; 


kinetic energy per seconds _ {a^ - r^^^r dr. 

j“(a2-r2)3/-dr=r 


(a^ - r^)^r dr={ (a® — 8a*r^ + Sa^r* -r^^rdr 
0 Jo 

2 4 6 8 


a' 


a® 

8 * 


K.E. per sec. = 


nP^8a^ 
64137,3.8 * 
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TrPa^ ^P3/,12 

Now, y= (p. 194), and substituting for — ^ ^ 3^3 g , 

F^S 

K.E. per sec. = 

77-^a* 

But the work done in unit time by a -head of liquid in creating 
kinetic energy is, pressure x volume moved (p. 206), that is, gh^hV ; 

F3S 




yz 


^ g-n^a^' 

This gives the small head that must be deducted from A in 
calculating the viscosity, or 

yz 

P = A-Ai = A--V^. 

measurement of variation of viscosity with temperature.—As it is 
impossible to immerse the apparatus of Fig. 136 in a bath of known 

temperature, it is often arranged that 
C the capillary tube is immersed in a 

U vessel of the liquid whose viscosity 

\\ If has to be found. The capillary tube 

A\ y , AB (Fig. 137) is immersed in the liquid, 

\\ ^ wider tube BCD is joined to 

^ it and siphons the liquid over. It 

-- I emerges at D, and is caught and 

7(jp rz \ weighed as described on p. 195. The 

\ bath may be maintained at any con- 

/i venient temperature. The experiment 

1 carried out exactly as in the case 

W '< of the horizontal tube, but in this case 

'• Q the head of liquid causing flow is k, 

f' ( the difference of level between B and 

lr-3^ D. For if B were open to the atmo- 

sphere there would be no flow, as the 
Fro. columns inside and outside AB would 

balance. The pressure at B is lowered, 
due to the column of length BD when the liquid is being siphoned, so 
that this is the effective flow-producing head. 

It is advisable to attach a bent pin E to the tube, so that, by raising 
the bath during the flow, the level of liquid in it may be maintained 
at the tip of the pin, and so a constant head of liquid preserved. 




Fro. 137. —Variation or viscosity 
WITH Temperature. 



vm 


FRICTION AND VISCOSITY 


197 


The student should measure the viscosity of water at various 
temperatures, and plot a graph connecting viscosity and tempera¬ 
ture. It is a general fact that the viscosity of liquids decreases with 
a rise of temperature, but there is no simple and universal law 
connecting viscosity and temperature. 

Comparison of viscosities.—There is a simple and excellent method 
of comparing the viscosities of two liquids, or those of the same liquid 
at different temperatures, A bent tube 
(Fig. 138) has a capillary section AB and 
two bulbs F and G. Marks are placed on 
the tube at D, A and E. One liquid is intro¬ 
duced into the tube, and its amount is 
adjusted imtil, with the tap T closed, the 
liquid will occupy the part DGA of the bent 
tube. If this is done for each liquid used, 
it is assured that the same volume of liquid 
is taken in each case. Having placed the 
liquid in the tube, its level is drawn up 
above the mark D by abstracting air, and 
the tap T is closed. On opening the tap the 
liquid flows from the tube DB to the tube 
AC. The time at which the level passes the 
mark D is noted, and also the time at which 
it passes E. The difference is the time 
taken for the liquid to flow from the position 
DA to the position EC. The retarding force 
due to viscosity being inversely as the fourth 
power of the radius of the tube, the wider parts will not appreciably 
affect the rate of flow ; this is determined by the capillary portion 
AB. The volume passing per second is 



V = 


■nPa^ 

Sl-q 


(p. 194). 


Although P is changing all the time the flow is taking place, it is, 
for every position, proportional to the density of the liquid. There¬ 
fore for every corresponding position of the two liquids P^och-, and 

Therefore for one liquid , and for the other V^oc 

Now and I are constant : ^1^2 


• — ^ ^ = 

" ^2 Vl ' ^2 ^2 T7i ' 

Again Fj and will vary from instant to instant during the flow, 
but the times for the flow of unit volume at corresponding positions 
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vary inversely as and Fg, and the total times and ig must there 
fore do the same ; 




.!Li 

V2 


9 


or 


V 2 ^ 2^2 


Thus the comparison of viscosities is made by measuring the times 
for corresponding flows, the densities of the liquids being known. 


Table of Viscosities in c.g.s. Units. 


Te mpera t uxe. 

0“C. 

110 * c. 

20“ C. 

Water - - _ 

0-0179 

0-0131 

0-101 

Mercury - - - 

0-0169 

0-0162 

0-0156 

Ethyl alcohol - 

0-0177 

0-0145 

0-0119 

Ether _ _ _ 

0-00286 

0-00258 

0-00234 


Example. —Explain the term viscosity, and describe how you would 
compare the viscosities of water and alcohol. (The mathematical theory 
of the experiment is not required.) 

A large bottle is fitted with a siphon made of capillary glass tubing. 
Compare the times taken to empty the bottle when it is filled (a) with 
water, (6) with petroleum of s.o. 0-8. The viscosities of water and petro¬ 
leum are 0 01 and 0 02 respectively. C.H.S.C. 

As in the last experiment, the conditions of the flow are the same for 
both liquids, apart from their densities and viscosities. 

^ 7^ (water) time (water) ^ 8 (water) 

* TjCpetroleum) ~”time(petroleum) S(petroleum) * 

001 _ <(water) 1 
0*02 v(petroleiun) 0*8 ’ 

<(water) _0-8x001 
((petroleum)” 0-02 

~0 4. 


Measurement of viscosity by Stokes’ method.—It was shown 
mathematically by Sir George Stokes that a small body falling 
through a viscous fluid attains a limiting velocity. On being released, 
the body at first has an acceleration, but on attaining a certain 
velocity, the upward force due to the viscosity of the liquid becomes 
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sensibly equal to the weight of the body. The velocity of the body 
is then constant. This constant velocity is sooner attained when the 
body is small than when it is large. Stokes found that when a sphere 
is falling in a liquid of infinite extent, the upward force on it due to 
viscosity is fiTTT^ru, where t) is the coefficient of viscosity, r the radius 
of the sphere, and v is velocity. The upward force due to gravity 
and buoyancy is f 7zr®(a — p)^, where a is the density of the sphere and 
p that of the fluid. Thus for the constant velocity, 

QTrrfrv = jTrr® ( <t - p)g. 

This gives rise to a method of determining the viscosity of liquids 
of which a large quantity is available. A tall jar of fairly large 
diameter is filled with the liquid, and a steel sphere (from ball bear¬ 
ings) is dropped in. Its times of passing marks at three different 
levels are observed by means of a stop-watch. Thus the velocities 
of travel over two tracks are known. If these are the same, this 
velocity may be used in the above equation for finding t). If the 
velocity over the lower range is greater than that for the upper, a 
smaller sphere must be used, and the process repeated until the 
velocities are the same, \vithin the limits of experimental error. 
For great accuracy corrections must be applied, to allow for the fact 
that the containing vessel is not infinite in size. 

The method has also been used for finding the radius of small 
drops falling in air, from a knowledge of the coefficient of viscosity 
of air. It should be noted, however, that when the drop is so small 
that it becomes comparable in size to the distance between the air 
molecules, it falls at a greater rate than that indicated by Stokes’ 
law. The law only applies to the case in which the sphere is large 
enough for the liquid to be considered as continuous. 

Viscosity of gases.—The definition of viscosity on p. 191 applies 
to gases as well as liquids, but in the case of a gas there is a new 
difficulty in determining the coefficient of viscosity by Poiseuille’s 
method. In calculating the volume of liquid flowing through a 
capillary tube in a second, the question of compressibility has been 
ignored. This is justified in the case of a liquid, because the change 
of density with pressure is so small that its effect on the measurements 
is negligible. The volume V of liquid emerging from the capillary 
tube may be determined by weighing and dividing by the density S. 

Such a process is not applicable in studying the flow of a gas 
through a tube. Unless there is accumulation at some part of the 
tube, the mass per second passing every cross-section must be the 
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for gases as for liquids. If is the density of a gas at unit 

Si? 

pressure, then from Boyle’s law, where S is the density at 

pressure yt. Thus 8=jD8i. ^ 

If y is the volume of gas passing any cross-section of the capillary 
tube, Sy or is the mass passing per second, and it is this quantity 

that must be constant during steady flow. Now from the definition of 

the coefficient of viscosity ij, the expression V = (p. 194) has been 

obtained, under the assumption of zero compressibility. On multiply¬ 
ing both sides by 8 or 8^^, 


s^y = 


Txa' 


Sty 


-j • 


Now Y is the pressure gradient in the tube, and calling this — 

where x is measured along the axis from O (Fig. 136), for a short 
element of the tube of length dx, 

87] dx ■ 

The negative sign is taken for because the pressure is greatest 

at O and diminishes as x increases. If m is the mass per second of 
gas entering the element dx and emerging from it, 


7Ta*8i p. dp 

&7} dx 


dx= - 3 - - .pdp, 

87]m ^ 


7ra*8i 


Tp dp, 

Jvi 


and 


_ ya*8| r Tra^S^ {p^ - p^) 

~ 87)WI L2 Jp, 1677m 

77a^S,(Pi2-^2*) 


877 

^ \8lm 


or m = 


16^77 


— is the volume that the gas entering the tube would occupy if its 
^1 

pressure were unity. At the actual pressure p^ the volume V would 


be 


m 




PiV- 


Tra^iPi^-p^^) 

I 6 I 7 J 
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Measurement of the coefficient of viscosity of a gas. —The deter¬ 
mination of 7) for a gas is attended with several difficulties, but the 
following serves as an illustration of 
the type of method employed. A tube 
AB (Fig. 139) of about half a metre in 
length and a few millimetres in diameter 
is sealed on to a capillary tube CD of 
about 0*1 mm. diameter. A thread 
of mercury E drives the air from AB 
through the capillary tube CD into the 
atmosphere. The time t required for 
the mercury to sink from the mark F 
to the mark G is noted. If then the 
atmospheric pressure is P and the mass 
of the thread of mercury is J/, the pres- 

sure of the air in FB is P H- - -, 

oc Fig. 139.—tube for measurinq 

where a is the area of cross-section of the viscosity of air. 

the tube AB and e is a correction to be 

made on account of the sticking of the mercury to the walls of the 
tube. The value of e may be found from readings with different 
lengths of mercury thread. The volume of air driven through CD 
in time t is Lee where Z = FG. 



Then 



from which 17 can be calculated. 

A great improvement was made by Rankine, who. employ¬ 
ing this principle, joined the tubes D and A at the top, making 
a closed system, so that the gas is driven round the system 
as the mercury thread sinks. In this way smalt quantities of 
gas only are required, and the pressure in the system can be varied 
at will. 


Table of Viscosities in c.g.s. Units at 0® C. 


Air - 
Hydrogen - 
Oxygen 
Nitrogen 
Helium 


l-70xl0-« 

0-86 X 10-* 

1-87 X 10-“ 
1-66x10-“ 
1-89x10-“ 
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Exercises on Chapter VIH 


1. Describe an experiment to measure the coefficient of sliding friction 

between two wood surfaces. Find the least force required to drag a heavy 
particle weighing 1 cwt. with constant velocity along a horizontal floor if 
the coefficient of friction is L#ond. Int. Sc. 

2. Define “ coefficient of friction ” and “ normal acceleration.” 

A gramophone disc is set revolving in a horizontal plane and reaches a 
steady state of motion of two revolutions per second. It is found that a 
small coin placed on the disc will remain there if its centre is not more 
than 5 cm. from the axis of rotation. Explain this, and calculate the 
coefficient of friction between the coin and the disc. O. & C.H.S.C. 

3. State the laws of friction and explain how you would verify them 
experimentally. 

A man, weighing 140 lb., climbs up a uniform ladder, 20 ft. long and 
70 lb. in weight, which rests against a rough vertical wall at an angle of 
45 '^. If the coefficient of friction at each end of the ladder is 0-5, how far 
will the man be able to climb up the ladder before it begins to slip ? 

J.M.B.H.S.C. 

4. Define the coefficient of limiting friction. 

A uniform ladder of length 21 and weight W rests against a vertical wall 
with its foot on the ground at a distance I from the wall. If the coefficient 
of friction between the wall and the ladder and between the ground and 
the ladder is 0-4, find how far up the ladder a man of weight 2W can ascend 
without disturbing equilibrium. J.M.B.H.S.C. 

5. Define the angle of friction. . , , - , 

A uniform rod rests in limiting equilibrium in contact with a horizontal 

floor and a vertical wall, the rod being in a vertical plane which is perpen¬ 
dicular to the Avail. If the AvaU and the floor are equally rough, prove that 
the angle betAveen the rod and the AvaU is twice the angle of friction. 


6. vShoAV that a body can lie at rest on a rough plane inclined at an 
angle a to the horizontal provided that a is less than the angle of friction 

If a is less than A and W is the weight of the body, find : 

(i) the least horizontal force that must be applied to set the body 
moving up the plane ; 

(ii) the least horizontal force that must be applied to set the body 
moving doAvn the plane ; 


(iii) the magnitude and direction of the least force that will set the 
body moving doAA’n the plane. L.H.S.C. 

7. A particle of mass m lies on the rough slant face of a fixed plane 
inclined at an angle a to the horizontal. A string fastened to the particle 
runs up a line of greatest slope of the plane over a small smooth pulley at 
the top, and carries a Aveight, also of mass m, suspended freely from its 
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other end. Prove that motion is impossible unless the angle of friction is 
less than (fl-/4 —a/2). If this condition is satisfied, find the acceleration, 
and prove that the tension in the string is 

^m^(sin a + 1 -f ^ cos a), 

ft being the coefficient of friction. C.W.B.H.S.C. 

8 . Give firo examples from everyday life of equilibrium maintained by 
friction which is not limiting. 

A uniform cube stands on a rough inclined plane with four edges hori- 
zontal, and is pulled up the plane by a string attached to the middle point 
of the up^rmost edge and held parallel to the plane. The inclination of 
the plane is a, and a< Prove that, as the pull in the string is gradually 
increased, the cube will slide or topple according as the coefficient of 
friction between it and the plane is less than or greater than J(1 — tan a). 

Find the line of action of the normal reaction 5 the cube slides, and the 
amount of friction called into play if it topples. O. Sc C.H.S.C. 

9. What is meant by viscosity ? How may the viscosities of two liquids 

be compared ? Describe one way in which the viscosity (a) of a gas, and 
(6) of a liquid, is of service to mankind. C.H.S.C. 

10. State the meaning of the term “ coefficient of viscosity.” What are 
its dimensions ? 

Describe carefully how you would measure the coefficient of viscosity 
of a liquid. (Any formula used need not be proved.) L.H.S.C, 


4 


CHAPTER IX 

FLOW OF LIQUIDS AND GASES 

Incompressible mobile liquid.—The problem of the flow of liquids 
and gases is extremely complex. The liquid has inertia and therefore 
kinetic energy when in motion j it is also subject to pressure, and 
may have potential energy on account of its position. Also, the 
velocity may not be uniform throughout the liquid, in which case 
there are forces due to the viscosity. And lastly, the density may 
vary under different pressures. The viscosity is studied in Chapter 
VIII, with the simplifying assumption that the velocity is so small 
that the kinetic energy may generally be ignored. For our present 
])urpose viscosity is ignored, so that the liquid is considered to be 
perfectly mobUe. In addition, only those liquids with a density 
which does not vary api>reciably with change of pressure are treated, 
so that the liquid is looked upon as incompressible. It remains then 
to find a relation between the velocity, pressure and potential energy 

of such a liquid. 

Lines and tubes of flow.—The flow of a liquid may be turbulent 
(d 192) in which case its motion is intricate and constantly varying, 
' but where the velocity at every 

point in the liquid remains con¬ 
stant the liquid is said to have 
stream-line flow. In this case it is 
possible to consider a line which 
is the path of any particle of the 
liquid. The direction of the line 
at any point is the direction of 
the velocity of the liquid at that 
point. Such a one is called a 
stream-line. 

On taking a small area Sj (Fig. 140) at right angles to the direction 
of flow, andi drawing the stream-lines through the boundary of Sj, a 
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tube 8182 is obtained. This is a tube of flow. Such a tube has certain 
important properties. Since the side of the tube is everywhere in 
the direction of flow of the liquid, no liquid crosses the sides. Any 
liquid entering or leaving any section of the tube must therefore do 
so through the ends. If the tube is narrow enough to consider the 
velocity constant over a section, the volume entering through is 
S,Vi per sec., and the volume leaving through Sg is Sgfg per sec. 
The mass per second passing through Sj is and that through 

82 is SgVgPg* where pi is the density of the liquid at S^, and pg 
82 . When the flow is steady, 

— ^2^2P2 t 

and if, in addition, the liquid is incompressible, pi = p 2 > 


Energy possessed by liquid.—There are three possible forms of 
energy concerned with the flow of a liquid. The other forms of 
energy, such as heat, do not afl^ect the flow of the liquid directly, 
although they may indirectly by causing expansion and so altering 
the distribution of pressure. The three forms referred to are pressure 
energy, potential energy, and kinetic energy. 


(i) Pressure energy .—Consider a tank of liquid (Fig. 141) with 
surface AB. At the level CD there is a certain pressure p. If more 
liquid is to be introduced into the tank 
at this pressure it must be forced in. 

If the pipe ED of cross-section a is pro¬ 
vided with a piston, the force on the 
piston is pa. If then the piston is pushed 
inwards through distance x the work done 
is pox, and a volume ccx or mass <xxp of 
liquid enters the tank. If the operation 
takes place very slowly, the velocity is 
infinitesimal and any kinetic energy is 
negligible. The work pocx is energy 
possessed by the mass axp of liquid in 

the tank, because it is capable of performing the same amount of 
work in pushing the piston back and escaping from the tank. 



Fio. 141. —Pressure Eneroy 
IN A Liquid. 


Pressure energy of unit mass = 


potx 

(XXp 
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(ii) Potential energy .—The connection between the pressure at a 
point in a liquid due to the column of liquid above the point has 
already been seen (p. 156) to be 


hpg^px 



P 


/p 

Since ^ is energy per unit mass of the liquid, hg m\ist likewise be 

energy per unit mass. Although in a liquid at rest the above equa¬ 
tion is true, still the two sides may be considered to have different 
meanings, hg is the work required to lift unit mass from the level 
CD (Fig. 141) to the level AB, or the work done by gravity when the 
unit mass descends from AB to CD. It is therefore potential energy, 
and is actually the excess of the potential energy of unit mass at AB 
over its potential energy if situated at level CD. It therefore in¬ 
creases in an upward direction. Starting from any level, in a liquid 
at rest, and passing upward for a distance y, the pressure decreases 
by the amount ypg, and the pressure energy of unit mass therefore 


decreases by ^~=yg. But the potential energy of unit mass has 

increased by yg. Hence in a liquid at rest the sum of the potential 
and pressure energies is constant; 


—+ ^ = constant. 

P 

(iii) Kinetic energy .—When a liquid is in motion, unit mass has a 
kinetic energy \v^. If the unit mass has constant velocity there is 

no resultant force acting upon it. But 
if it is accelerated, there is a pressure 


•V 



gradient in the tube of flow. Let ^ be 

dx 

this gradient, which over a short length 
of tube may be taken as constant. 

Then if p is the pressure at the cross- 
section B (Fig. 142) of a tube of flow, the 

pressure at A is where Sx is 

the length of the slice AB. The excess pressure at A over that at 

B is therefore Sx, and the resulting force on AB is jS ^ Sx where 

dx dx 

S is the area of cross-section of the tube. 


Fig. 142.—Kinetic Knerqt 
OF Liquid. 
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If V is the velocity of the liquid as it passes A and (v + -^ Sx 

dv \ ax ■ 

its velocity as it passes B, 3 - Sx is its increase in velocity in passing 

dx g^ 

'rom A to B. But this takes place in time St = —, so that v = —. or 

dx ^ 


Si’ 


in the limit, v = —. 

dt 


dv 


Now acceleration at AB=a^, mass in the section AB is jSp Sx, and 
force on it is S ^ Sx ; 

-S^.hx = Sphx.^^ 


dx 


dt ' 


The negative sign occurs because the velocity increases from A to B, 
while the pressure falls, that is acceleration is positive for the direc¬ 
tion in which pressure gradient is negative. 

dp dv dv dx 


dx ^ ' dt 


dx' dt 
dv 


1 CPi fi’a 

— I dp = I V du, 
P J Pi J t’l 


where p^ and Vj arc the pressure and velocity at the section 1 and 
P 2 and V 2 those at section 2 (Fig. 142) ; 

P P 

Thus the pressure energy and kinetic energy are mutually con¬ 
vertible. 


Bernoulli’s equation.—That potential and kinetic energies are 
mutually convertible has already been seen (p. 110 ), and now 
pressure and kinetic energies are seen to be convertible, so that if 
the liquid in any stream-line undergoes any changes, the energy lost 
in one form is gained in another. Therefore 

potential energy + pressure energy + kinetic energy = constant, 
or Jig +E + = 

This is known as Bernoulli’s equation, and has many important 
applications. 
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Flow of liquid from a tank.—If a hole with sharp edges is made in 
the side of a tank, the velocity v of the emerging jet (Fig. 143) may 
be found. If the tank is sufficiently wide, the velocity at AB, the 
surface of the liquid, may be taken as zero. Also the pressure is 
atmospheric. But it is also atmospheric at the emerging jet, so that 
the atmospheric pressure will not afiect the flow and may be ignored. 




Fio. 143 .—Flow of Liqoid Fto. 144 .—Narro\vino of Emerqest 

FROM A Tank. Jet of Liquid. 

Consider a tube of flow which begins at AB and ends at G ; at AB, 
j? = 0 and while at G. p=0 and h=0, and on applying Bernoulli’s 

equation to this tube of flow, 

A^+0+0 = 0+0+iu2, 

or v^ = 2gk. 

a result due originally to Torricelli. 

If the liquid had fallen freely through a height k, its velocity would 
be given by = 2gk, This ideal velocity is never reached in the case 
of flow* because there is no liquid with zero coefficient of viscosity. 

Also the stream-lines in the plane of the aperture are not all 
horizontal. Owing to their convergence upon the aperture, the 
momentum of the emergent liquid causes a narrowing of the jet 
(Fig. 144). The pressure at the outer surface of the jet is atmospheric, 
but is not uniform across the jet. In the plane of the aperture the 
pressure is below atmospheric, as the tubes of flow are narrowing 
and the velocity of the liquid is increasing. It is only at C, called 
the vena contracta, that the jet becomes uniform, and the velocity 
becomes the same throughout the jet. It is the velocity at the vena 
contracta that is given by Torricelli’s equation. 

It is found in practice that the area of the jet at the vena contracta 
when the orifice is circular is about 0-62 of the area of the aperture. 
This fraction is called the coefficient of contraction. 

Constricted tube.—When a liquid flows through a tube of varying 
cross-section, the velocity varies along the tube (p. 205), and the 
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pressure also varies. If the tube AB (Fig. 145) is constricted at C, 
the velocity of the liquid at C is greater than at A or B. The tube 
being horizontal, the equation 


Pa 


P> 


B 


P P 


becomes, since ha = h 


e» 


D 


FiQ. 145 .—Flow through a 
Constricted Tube. 


and as it follows that pc<-Pa' 

This reduction in pressure may be 
shown by means of a tube ED dipping 
into another liquid which does not mix with the flowing liquid. 
The rise of liquid in DE is greater, the smaller the diameter of the 
tube at C. 

Venturi meter.—This principle is used for measuring the amount 
of flow in pipes. The arrangement is known as the Venturi water 
meter. If two side tubes such as CD are joined to the pipe, one where 
the cross-section is and the other where it is jS> 2 , then 


= (P* 205), 

and 2^^ = Pz (see above), 

p being unity in the case of water ; 


1,5 2 


SiVi is the volume of water passing the section per second, and 
therefore measures the flow in the pipe in terms of iSj, iSg {p^ — p^), 

yPi-Pz) is measured by uniting the vertical tubes at the base to 
form a manometer. 

Pitot tube.—Another device using this principle for the measuring 
of the flow of water is that obtained by employing two vertical tubes 
AB and CD (Fig. 146) with small apertures situated in the water. 
Ihe plane of the aperture B is parallel to the direction of flow so 
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that the level of the water at A measures the pressure at B. The 
aperture D faces the flow, so that in its plane the water is stopped, 
and consequently gains in pressure by the amount where v is 
the velocity of flow. Thus the difference of level at A and C is A ; 

= v = j2gh. 


Multiplying this by the area of cross-section of the pipe gives the 
flow in volume per second. 



Fio. 146 .—Pitot Tube. 



Fio. 147 .—Water Pump. 


Water pump.—A simple device is often used for producing a 
moderate fall in air pressure. Water from a tap issues in a jet from 
a small orifice A (Fig. 147). Owing to the high velocity of the jet 
the pressure is lowered, and air consequently enters at B. If B is 
connected with a vessel in which the air is originally at atmo¬ 
spheric pressure, the withdrawal of air by way of B soon lowers the 
pressure. 

Flow of gas.—A liquid being nearly incompressible, its change in 
density can be neglected, but with a gas the change in density 
becomes important. 

There are two cases to be considered. Either the flow is slow and 
the gas may be considered to have constant temperature, when the flow 
is said to be isothermal, or the flow is so rapid that there is no time for 
heat to enter or leave the gas, when the flow is said to be adiabatic. 

When the flow is isothermal, Boyle’s law (p. 174) may be applied, 

that is, —== constant = c. 

P 
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. 1 fPa f 

The equation — I dp=\ vdv (p. 207) must then be written 

PJ Pi JVt 


jp\ p 


Now 


Pi P 
dp 




Ip dp 
P V 


• ^ — f^* 

Jpi P jpi P 

= c (log Pi-log Pa), 
and c log Pi - c log p^ = 

c log Pi + = c log Pa + 

Pi P2 

and Bernoulli’s equation (p. 207) becomes 

P 

If, on the other hand, the flow is adiabatic the relation between 
pressure and volume of a gas is pF^ = constant,* where 

_ specific heat at constant pressure 


and 


y = 

specific heat at constant volume 
p = cpy, 

1 fP* , dp 

-I ap on p. 207, I — must be written. 

P J Pi J Pi P 


Now F = - ; 

P 

and instead of 
Now 


Jpi P 

dp^cypy~^dp ; 


'P*dp 
Pi P 


CPt 

cy 

J Pi 

1 

II 

cy ( 

nP2 

rtV— 1 

y-ll 

P 

Jpi 

y 


y-l 

- p"" Jp. 

y 


y-l 

-P2 PlJ’ 


py-^dp 


* Sec Edscr’s Heat, p. 320. 
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and Bernoulli’s equation becomes 


^ H^ ■ - + iv^ = C. 

The general form of the equation for a gas resembles that fcrr a 
liquid ; an increase of velocity is accompanied by a loss of pressure. 

Examples of loss of pressure.—One familiar application is seen in 
the sprayer or atomizer. Air is blown through a tube which narrows 
at the aperture A (Fig. 148), by which the air leaves. A is situated 
over the top of the tube, dipping into the liquid B which is to be 



sprayed. As the air-stream emerges at high velocity at A, the cor¬ 
responding reduction in pressure causes the liquid to rise in the 
vertical tube. As the liquid reaches the top it is blown away in the 
form of fine spray. 

A second example is illustrated in Fig. 149. The large disc AB is 
arranged to be flush with the opening of the tube E. AB is placed 
on a cardboard disc CD. On blow'ing air dowm E, it is found that CD 
clings to AB, instead of being blown off as might be expected. The 
air escaping through the narrow space between AB and CD has- 
increased velocity, and therefore reduced pressure. Thus the pressure 
above CO is less than atmospheric, so that the pressure below is 
greater than that above, and CD is pushed on to AB. 

Liquid in rotating vessel.—If a mobile liquid is placed in a vertical 
cylindrical vessel, and the vessel is caused to rotate about its axis, 
the liquid at first will hardly move, on account of its small viscosity. 
There is, however, always some viscosity. The layers next the vessel 
will rotate with it and gradually set the inner layers in rotation. 
Thus the state of rotation will travel inwards, so that eventually all 
the liquid will rotate with the velocity of the vessel. In order to find 
the shape of the surface when the steady rotation is attained, it 



FLOW OF LIQUIDS AND GASES 


213 


must be remembered that for equilibrium, the surface of the liquid 
must be at right angles to the resultant force acting on each element 
of liquid at the surface. In a 

liquid at rest the only force is i 

gravitational, and the free sur- I 

face is therefore horizontal (p. R I 

156). But if the vessel is rotat- i 

ing about the vertical axis Oy \ ^ // 

(Fig. 150), the force on an element P/ 

of liquid of mass m situated at n. - 

P is compounded of the weight '*'■ • 

mg dynes represented by PA and q '' _ 

the centrifugal force repre- ^ | * | * ^ 

sented by PB, where v is the fig. iso.—liquid in rotating vessel. 
linear speed of the mass m at 

P and X its distance from Oy. Then v — ^ttux, where n is the 
number of revolutions per second. 




Fig. ISO.—Liquid in Rotating Vessel. 


Then v~27rnx, where n is the 


Force PB = 


m(27rnz)^ 


= ^TT^n^mx dynes. 

The resultant force PC must be at right angles to the surface at P. 
that is, it is at right angles to the tangent PT. 


Now 


tan (TPB)-^, 


and 


and 


TPB = CPA, 


tan (CPA) = —= 

' ' AP Tng 


AC <^7T^n^rnx 4:7r^n^x 


dy _ iiTt^n^x 
dx g 

J 47r2n2 

dy = - X dx, 

47T^n^ 

y = —^\7?-^-C 


2-n^n^7^ 


+ C. 


B 


S.F.M. 
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If the origin is transferred to the point Q, then y = 0 when a;=0; 

/. C = 0, 

, 27T^n^x^ 

and y *=-. 

This is the equation of a parabola, so that the shape of the liquid 
surface when equilibrium is attained is the surface formed by rotat¬ 
ing the parabola PQ,R about the axis Oy. 


Exercises on chapter IX 

1. Give Bernoulli’s equation, and describe how the passage of water 
through a constriction in a tube gives rise to a reduction in pressure. 

2. Explain briefly the meaning of the words in italics in the law which 
states that “ the rate of change of momentum is proportional to the acting 
force and takes place in the direction in which that force acts.” 

Water issues into the air from a horizontal nozzle whose area of cross- 
section is 0125 sq. cm. Its speed is such that 1875 gm. emerge in one 
minute. The water strikes a fixed wall which is at right angles to the 
nozzle and 50 cm. from it, and then falls in a vertical plane. 

(а) Calculate the vertical distance below the nozzle of the point where 
the jet strikes the wall. 

(б) Calculate the force which the w'ater exerts on the wall. 

(c) Does (6) depend on (a) ? Give reasons for your answer. C.H.S.C. 

3. Water flows along a horizontal pipe, of which the cross-section 
is not constant. The pressure is 1 cm. of mercury where the velocity is 
35 cm. 6ec.”‘. Find the pressure at a point where the velocity is 65 

cm. sec.”'. 

4 . A vertical tube of 4 mm. diameter at the bottom has water passing 
through it. If the pressure is atmospheric at the bottom, where the water 
emerges at the rate of 800 gm. per minute, what is the pressure at a place 
in the tube 25 cm. above the bottom, where the diameter is 3 mm. ? 

5. Find an expression for the velocity of emergence of a liquid from a 
thin-walled orifice in a tank, and explain why the velocity in the plane of 
the orifice is not the same as at a short distance outside the tank. 

6. If the diameters of pipe are 10 cm. and 6 cm. at the points where a 
Venturi meter is connected, and the pressures at the points are shown to 
differ by 5 cm. of water column, find the volume of water per second flow¬ 
ing through the pipe. 

7. A Pitot tube is fixed in a main of diameter 15 cm., and the difference 
of pressure indicated by the gauge is 4 cm. of water column; find the volume 
of water passing through the main in a minute. 

8. Show how Bernoulli’s equation for flow of liquid must be modified 
for the case of a gas when the flow is (a) isothermal, (6) adiabatic. 


CHAPTER X 

KINETIC THEORY OF GASES 


General account.—Many of the properties of matter may be studied 
without reference to the nature of the material itself. Thus the 
hydrostatic pressure due to a liquid is accounted for by its weight, 
and does not take into account the structure of the substance. 
When, however, we come to gas pressure, the property of infinite 
expansibility and resulting pressure on the walls of the containing 
vessel cannot be accounted for by the weight of the gas. The pressure 
may, however, be accounted for by considering the gas to consist of 
small bodies moving with considerable velocity and having perfect 
elastic properties. Such a theory is called the kinetic theory of gases. 
It was established chiefly by Clausius and Maxwell, who made suc¬ 
cessive contributions to it, and so brought it into line with many 
known facts. 

A generation ago very little was known about the structure of 
atoms and molecules. They were looked upon as very minute, 
perfectly hard spheres, and the mechanical properties of a collection 
of such bodies gave a convincing and simple explanation of many of 
the properties of gases. Although our knowledge of the structure 
of atoms shows them to be very unlike the earlier simple picture of 
them, still the results obtained by the mechanical methods are 
surprisingly near the truth. 

Rebound of molecules from wall.—AYhen a molecule of mass m 

and velocity u meets the wall of the vessel containing the gas, and 

is travelling perpendicularly to the wall, it is first stopped and loses 

momentum mu. It then rebounds with velocity u and acquires 

momentum ~mu. Its total change of momentum is 2»m, and if n 

such impacts take place on each unit area of the wall in a second, 

* the total momentum given to the molecules per second by the wall 

IS 2nmu. It follows that this is the pressure on the wall due to this 
bombardment. 


21.5 
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Pressure.—If there are N molecules in unit volume of the gas, 
moving indiscriminately in all directions, their velocities may be 
resolved parallel to the three rectangular axes, x, y and 2 , and on 
adding these components of velocity for all the molecides there will 
be two equal and opposite components parallel to each axis, since it 
is considered that the gas does not move as a whole. The result is 

iV 

thus equivalent to — mole¬ 
cules moving along the posi¬ 
tive direction of the a;-axis, 
and an equal number in 
the opposite direction, with 
similar numbers parallel to 
the other axes. 

Now consider A to be unit 
area of the wall perpendicular 
to the x-axis. All the mole¬ 
cules in a prism AB (Fig. 151) 
of length w, which are travell¬ 
ing towards A with velocity «, will strike A in one second, and 
the others will not strike it at all. This number of molecules is 

— u, which equals n in the expression 2nmu for the pressure; 

6 

/. = u.mu 



no. 151 .—Simple Molecular Theory op 

Pressure. 


= JwiiVu®. 

The velocity u is not necessarily the same for all the molecules, 
but the mean value of gives t^ pressure. The mean value of 

M* for all the molecules is written u*, and 

The quantity Vu* is called the root mean square velocity, and must 
not be infused with the mean velocity, which will be considered 

later. 

If we write p for the density of the gas, 

p — mN ; 

It is therefore possible to find a value for >/for any gas of which 
the density at the atmospheric pressure is known. For hydrogen. 
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p = 0 0896xl0-* gm. per c.c. and p = 76 x 13-59 x 981 djnes 

3 X 76 X 13*59 x 981 


per 


cm. 


u* = 


0*0896 X 10 


-3 


/— 1 3x76 X 13*59 x 981, ^ ^qb 

“ 0 0896x10-3 . 


cm. sec. 


—1 


Alternative proof. —A more exact method of finding the pressure 
is as follows. About a point O draw a sphere of radius r (Fig. 152). 
The molecules passing through 
O with velocity u have paths 
symmetrically distributed in the 
space round O. Let the number 
of such molecules per c.c. be iST^. 

Take a small area Sa through O 
and perpendicular to OP, and 
draw a slant cylinder with base 
8a and length u in the direction 
OA, making angle 6 with OP. 

Then the number of molecules 
of velocity u in this cylinder is 
iVu . w 8a. cos d. But these are 
travelling in all directions and 

j of them are proceeding along 

AO, as though they came from 
unit area at A, in the direction 
making angle d with OP, 47rr3 

being the area of the sphere. Therefore for all such directions as 
AO taken round an axis OP, the number of molecules striking 8a 
in one second and coming from the direction of the strip AB is 



FlO. 152.-CALCUI.ATIOI* or Pkessurr 

Dcz TO A Gas. 


. w Sa . cos 9 


area of strip 


1— = . uhct. cos 0 . 


sin 9 .rdS 


area of sphere * ’ ** ' ’ ' 4i7rr^ 

= . u8cc . sin $ . cos 0 . dS. 

Each molecule has a component of velocity u cos 0 normal to Sa, 
which velocity will be reversed on impact, giving an impulse 
2wu cos By while the component of velocity u sin 6 parallel to u is 
not reversed. 

_ - 28aiVcos®^ . sin 0 

Force on 8a =--. 


Pressure on het = N cos®0 . sin B . dB, 
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This pressure is due to the molecules with velocity w, inclined at 
angle 6 to OP. Then, the pressure due to these molecules from the 
hemisphere above hoc. is given by, 

7T 

Pressure = Pcos^^. sin 6 . d0 



Pressure due to molecules with all velocities 


= 

where N is the total number of molecules per unit volume of the gas, 
and the mean of the squares of their velocities; 

Avogadro’s law and Boyle's law.—In the expression p = ^pu^ 
(above), p is the density of the gas at pressure p, so that p — ~ where 

V is the volume of unit mass of the gas. Hence p = ~~.u^ or 

O V 

pv — ^u^. From the experiments on the mechanical equivalent of 
heat, it is natural to associate heat with the energy of motion of 
the molecules of a substance. Thus the temperature will be con¬ 
stant when the kinetic energy of the molecules remains imchanged. 

Hence at constant temperature, would be constant, and from 
the above equation it follows that at constant temperature fv — con¬ 
stant. This is a statement of Boyle’s law (p. 173), and it is seen 
that the law follows at once from the kinetic theory of gases. 

If the average kinetic energy of the molecules of a gas be taken 
as a measure of the temperature, then Avogadro’s law follows at 

once. Taking to refer to one gas and — ^ 

another, and assuming the pressures to be the same. 




or 
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The mean kinetic energy of the molecules of the first gas is 
and of the second so that for the same temperature, 

and taking the two equations together it is seen that — 

This means that at the same temperature and pressure equal 
volumes of all gases contain the same number of molecules, which is 
Avogadro’s law. 

Mixtures of gases.—Where two or more gases which have no 
chemical action upon each other occupy the same space, the pres** 

sures exerted by the various constituents are 
etc., and the total pressure is 

p = -f JwigngUa® + + etc. 

This is an expression of Dalton’s law, that the pressure of a mixture 
of gases is the sum of the pressures that the individual gas would 
exert if occupying the same space at the same temperature. 

Since the gases occupying the same space will soon acquire the 

same temperature, 7niUi^ = in 2 U^ —etc.; 

p = ^(^1 H-ng+«3+etc.)mM2. 

Law of effusion.—When a small hole is made in the wall of a 
vessel containing a gas, and the wall is thin, every molecule striking 
the hole will pass outwards. If there is no gas outside the vessel, 
there will be no molecules entering through the hole. 


I 


In order to find the number of molecules per second meeting a 
hole of area Sa, refer again to Fig. 152. The number of molecules in 
the slant prism OQ, travelling towards Soc has been found to be 
^BauN^^ sin 6 . cos d . dd (p. 217), and these strike the wall Sa, or pass 
through the hole of area Sa in a second. For all possible directions 
in the hemisphere, the sum will be 


IT 


iSa p- 

J 0 


sin 6 cos 6 dS = ^S<x I sin 6d{sin 0) 


fsi 


-[sf']; 

= 4 W„ . u Sa. 


On taking all possible values of u, the number of molecules 
passing through Sa is -4Sa(iV„,W|+ ••• )• 

iVu,Wj+iV,^W2 + ... 


But 


iVjij + + Nftt + ♦ • ♦ 
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where u is the average value of the velocity of the molecules of the 
gas. Also Nti, so that if n is the number of molecules 

passing per second through unit area, n=‘\Nu. 

The relation between u and is not known unless the distribu¬ 
tion of velocity amongst the various molecules of the gas is known. 
As a first approximation Clausius assumed that the values of the 
velocities of all the molecules are the same, and that their directions 
are uniformly distributed. In any case, 




N 


and if = = = (m)*, 

73 . + 

N 

or ^ = (W)2. 

That is, the root mean square velocity is the mean velocity, 


Now ^ — \pv^ and w = ^A^w. 

Further, if is the density of the gas at imit pressure, p = 'ppx\ 


or 


_ Q 

u^ — —, and 
Pi 



If each molecule has mass the mass of gas passing through the 
aperture per unit area is mn = ^Nmu = M ; 


M = lpu 
1 


4 

= 0-433 •J pip. 

Maxwell calculated the relation between u and w*, taking the 
molecules to have all possible velocities in all directions, the only 
condition being that each group of molecules having a particular 
velocity will have the directions of those velocities uniformly dis¬ 
tributed in space. This means that the gas has no motion of trans- 
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lation. The calculation is beyond the scope of this book, 
that _ 

tt* = |7r(u)*. 


He found 


Then, as before, 


M = \N mu 

= \pu 


V 


Stt 


V 


Gtt 


PPI 


V 


since = 


M 


Px Pi 

= 0'399 -JPiP- 

The simpler assumption of Clausius gives the factor 0*433, instead 
of the more exact 0*399 according to Maxwell. 

Law of diffusion.—According to either Clausius’ or Maxwell’s 
assumption as regards the distribution of velocities amongst the 
molecules of a gas, 

That is, the mean velocity squared is proportional to the mean 
square of the velocities. Now the rate of diffusion of a gas is almost 
certainly i)roportional to the mean velocity of its molecules, that is, 
to Therefore for two gases, 

rate of diffusion of 1 ju-^ 

rate of diffusion of 2 ’ TTz ‘ 


But 


= — and 
Px 


—2 3 

P2 


rate of diffusion of 


V 


rate of diffusion of 2 t 

That is, the rate of diffusion varies inversely as the square root of the 
density of the gas. This is Graham’s law of diffusion (p. 244). 

Temperature and ene^y.—The characteristic equation of a perfect 
gas i.s 

pv=RT, 

where T is the absolute temperature and is a constant for all gases, 
provided that 1 gram-molecule of the gas is considered (p 219)’ 
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H = 8*32 X 10’ ergs per gm. mol. Now p = ^Nmu^ (p. 216), where Nm 
is the quantity in gram-molecules in unit volume of the gas; 

pxl=^Nmu^ — RTt 
mu‘ = ^T, 

R and N are constants, so that the kinetic theory is consistent 
with the consideration that the absolute temperature of a gas is 
proportional to the mean kinetic energy of its moleciUes. 

Mean free path.—In the simple kinetic theory of gases given above, 
it has been assumed that the molecules are so small that any en¬ 
counter of one with another is of negligible frequency. This con¬ 
dition is approached as the density of the gas gets very small, so 
that the travel between encounters is very great in comparison with 
the size of the molecules themselves. 

At ordinary pressures this assumption is not justified, and it is 
now necessary to consider modification of the theory to account for 
the effect of encounters between molecules. 

There is no doubt that atoms and molecules are not the simple 
bodies they were once thought to be. To speak of the diameter of a 
molecule in the geometrical sense is meaningless. But there is also 



Fra. 153 .—Effective Space per sec. swept throcok bv a Molecule. 

no doubt that molecules do collide, and so cause each other to depart 
from their straight-line paths. The distance between their centres 
beyond which the molecules will pass without changing each other’s 
path may be taken as the effective diameter of the molecule, cr. When 
the distance apart of the centres is less than a, an encounter takes 
place. 
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If all the molecules of the gas are supposed to be at rest, and one 
molecule to move through the crowd with velocity the number of 
encounters, n per second, will equal the number of molecules whose 
centres lie within a cylinder AB (Fig. 153), whose length is u and 
whose radius is <t. The volume of the cylinder is therefore rra^Uy and 
the number of molecules whose centres lie inside the cylinder is 
iraHiN, where N is the number of molecules per unit volume of 
the gas at rest within the cylinder. Of course, each encounter 
changes the direction of the velocity w, but this does not affect 
the result; the straight cylinder becomes a kinked or curved one, 
but its volume is still the volume swept out in one second by the 
disc of radius o moving through the gas with a velocity whose 
value is w. 

The number of encounters per second being -na^uN, the average 


time between encounters is 
encounters is 


1 

na^uN 


, and the average distance between 


velocity X time = = 

This average distance travelled between 
encounters is called the mean free path (A) 
of the moving molecule ; 

• A ^ 

•• TTO^N' 

This expression for A has been obtained 
on the assumption that only one molecule 
of the gas is moving. The next stage is 
obtained by assuming the molecules all to 
be moving in the same direction with velocity v (Fig. 154). Then 
let the single molecule A be projected through the crowd with 
velocity u. The velocity of A relative to the crowd is found, 
as on p. 18, by superimposing on the whole system a velocity 
equal and opposite to v. This reduces the crowd to rest and gives 
A a velocity represented by the vector AC. 



ociTi' OK Molecules. 


Now AC2 = AB2+BC2-2AB . BC . cos 

where 6 is the angle between the directions of u and v ; 


AC^ = + V* — 2uv cos 6. 


Imagine the whole N molecules which occupy a cubic centimetre 
to be divided into six groups, as on p. 216, each group travelling 
parallel to one of the rectangular axes, and all molecules having 
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velocity of magnitude u. Let the single molecule at A (Fig. 155) 
have velocity u parallel to Ox. 



Then for the first group AD there will be no encoimters, because 
the single molecule has a velocity coinciding with that of the group. 
For the group AE, 0 = 180° ; 

AC2 = «2+«® + 2u . u (Fig. 164) 

= 4u*. 


Relative velocity, AC = 2u ; 

and the number of encounters per second of the single molecule with 

N 

members of this group is rra^. 2u = ^tto^N . 

The four groups parallel to the axes Ox and Oy are all in the same 
condition with respect to the single molecule, 0 = 90°; 


AC® = M® + M® = 2u® ; 

AC = *y2«. 

Number of encounters per second = tto®. n/2u 
and for all four, 

47rO®. J2U • ^ TTohi . N. 

o o 


^ for each group, 


Considering now all the six groups, the total number of encounters 
per second made by the single molecule is 

, , ,, 2 V 2 , „ 1+2 J2 , „ 

InCf^N H- — rrahiN =- - -7ro®u2V. 

o o 
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The average time between encounters is therefore 


1 + 2*72 rra^uN 


and the mean free path is 


u 


that is, 


A- 


1 +2 V2 

3 1 


7r<AlN 


1 + 2 n /2 * tto^N V27enam * 


Method of Claosins. —A more general method of finding the value 
of A consists in using the assumption made by Clausius (p. 220), that- 
all the molecules have the same velocity, but are travelling in all 
directions. Then the number travelling in the direction AO (Fig. 152) 

is N . ^ ‘ ^ 1 ^ gjjj 0 ^0 and if a single molecule travels 

with velocity u along PO, its number of encounters per second with 
these can be calculated from their relative velocities, 

+ u® — 2 . u . u cos d = u J 2 (l — cos 0 ). 

Number of encounters per second 

= 7 ro^ s/ 2 (l — cos 0 ). sin 0 . d 0 


V- 


$ 


= 7 r<jHi\j 4 sin^ = . sin 6 • dd. 

A 


For all values of 0 from 0 to tt, number of encounters per second 

f" . 0 . 

— TraHtN I sin ^ sin 0 . d 0 

Jo ^ 

CiT 0 0 0 

= ttkjHiN I 2 . sin * . sin ^ cos ^ . d 0 

Jo 2 2 2 


= J sin® ^ d ^sin = 


^tto^Nu 


The time between collisions is 


^na^Nu ’ 


3u 

4iTT<^Nu 

3 

4Tr<7®iV* 
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Mean free path and pressure.—The more complete consideration 

due to Maxwell (p- 221) gives A = - ■ --, and the successive degrees 

•y 27Ta^N 

of approximation give therefore A = simple theory 

1 -SsLo^N ^"<1 i.4iwiV Maxwell’s. 

The form of the expression is the same, the result of the closer and 
closer approximation to the truth being represented by the numbers 

1-276, 1-333 and 1-414. They agree in giving Aoc^. Now the 

pressure of the gas is proportional to N (p. 216), the number of 
molecules in unit volume, thus the mean free path varies inversely as 
the pressure of the gas. At the atmospheric pressure the values of A 
are, for hydrogen 1-83x10“® cm. ; nitrogen 0-944x10“® cm., and 
oxygen 0-995 x 10“® cm. 

Viscosity of gases.—The viscosity of a gas is a purely mechanical 

property, defined by the relation f=‘n^ (P- where ^ is the 

velocity gradient in the gas, rj the coefficient of viscosity, and / the 
force over unit area retarding the more quickly-moving layer and 
accelerating the more slowly-moving layer. It should therefore be 
possible, to account for this viscosity on the kinetic theory. 

The molecular velocities, taking place in all directions indis¬ 
criminately, do not involve any motion of translation of the gas. 
When there is a flow of the gas in any direction, there must be a 
common velocity of the molecules in that direction, superimposed 
upon the velocity ti, which produces pressure, diffusion, etc. If one 
layer of a gas moves over another, its velocity v -f dv is greater than 
the velocity v of an adjacent layer, so that its molecules have 
momentum « 2 (v-f-dv), whereas those of the more slowly-moving 
layer have momentum mv in the direction of flow. The molecular 
velocities u cause a continual interchange of molecules between the 
two layers. It follows that the more rapidly-moving layer loses 
molecules having momentum w{v-t-dv) in the direction of flow, and. 
this loss has the effect of a force tending to retard the layer. Similarly 
the more slowly-moving layer gains in the same time molecules with 
a greater momentum than its own, and so experiences a force tending 
to accelerate it. 
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—^ 
E- 


v-a V 
FIO. 156.—ViSCOSrTY OF Gas. 


In order to calculate these stresses, consider a plane CD (Fig. 156) 
in the gas, where the velocity in the direction of the plane is v. Draw 
planes AB and EF parallel to 

CD, and at distance equal to -v + d'V 

the mean free path A from ^- ^ ^ ---B 

it. Then on the average the T 

O ^ w .. 

molecules travelling normally 
towards AB will cross CD with¬ 
out further collision. Simi¬ 
larly, those passing through 
EF towards CD will cross CD 

without further collision. The number crossing unit area per second is 

N 

in each case — u (p. 216). The momentum in the direction of flow 
carried through unit area of CD by the molecules from AB is 

7n — + av) 

b 

per sec., and this is acquired on account of collisions by the gas in 
the layer CDFE. Similarly the momentum per second gained by 

N 

gas in the layer ABDC is m~u{v-dv). This layer therefore loses 
momentum ” 

N N 

7n -g w{ (v + dv) - (v - dv)} = m — w dv 

per second through unit area of AB, and the gas in CDFE gains an 

N 

equal amount. This is equivalent to a force w- 5 -n dv dynes, tending 
to produce retardation in the upper layer and acceleration in the 
lower layer. But the velocity gradient is and since 

A 

. dv dv 

N_ dv 

m — udv = rj-^ , 


V = 


NmuX puX 


In the case where the velocities of the molecules are all of equal 
value, u may be taken as the root mean square velocity -J 
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which in turn is known from the pressure and density of the gas. 
Thus for hydrogen at normal temperature and pressure, 

0 0896 X 10-3 X 1.84 iqs^ 

V = -3-. 

Now 7) may be found from experiment, and is 0'86 x 10-*; 

3 X 0-86 X 10-4 


A = 


0-0896 X 10-3 X 1-84 x lO® 


= l'57xlO-Scm. 

It should also be noticed that in the equation p varies 

directly as the pressure of the gas and A varies inversely as the 
pressure (p. 226), and hence t) should be independent of the pressure, 
the temperature remaining constant. 

The fact that the coefficient of viscosity is independent of pressure 
is supported by experimental measurements on many gases, and 
affords additional evidence in favour of the kinetic theory of gases. 

The equation indicates that the coefficient of viscosity is propor¬ 
tional to w, and therefore to the square root of the absolute tempera¬ 
ture. This is only approximately true. This result is, however, not 
so closely verified as in the case of the independence of pressure. 


Exercises on Chapter X 

1. Give a brief account of the kinetic theory of gases, and show that 

on certain assumptions (which should be specified) the theory leads to 
Boyle’s law. C.H.S.C. 

2. How is the pressure of a gas explained on the kinetic theory ? 

Deduce an expression for the pressure of a gas in terms of its density 

and the mean square of the velocity of its molecules. Calculate the square 
root of the mean square of the velocity of the molecules of hydrogen at 
0 ^ C. C.H.S.C. 

3. Show that Avogadro’s law follows from the simple kinetic theory 
of gases. 

4. If the density of nitrogen is 1*25 gm. per litre at normal temperature 
and pressure, calculate the root mean square velocity of its molecules. 

6 . Using the expression on p. 221, find the density of the gas at normal 
temperature and pressure if 0154 gm. escape per second though a hole 
1 sq. mm. in area in a thin plate, when the pressure is atmospheric on one 
side of the plate and zero on the other side. 

6 . Prove that the simple kinetic theory leads to Graham's law of dif¬ 
fusion of gases. 

7. Calculate the number of molecules per c.c. of a gas, taking the 
mean free path as 1-83 x 10-* cm. and the molecxilar diameter or, 2-3 x 10“*, 
using Maxwell’s expression (p. 226). 


y 


CHAPTER XI 

DIFFUSION AND OSMOSIS 

Diffusion of liQuids.—If two liquids can mix, then on placing them 
in contact in a vessel and leaving them undisturbed, each liquid will 
penetrate into the other until both liquids are uniformly distributed 
throughout the space occupied by the mixture. This may be ob¬ 
served by placing a coloured liquid such as a solution of copper 
sulphate at the bottom of a glass jar and pouring water upon the 
solution carefully, so that the separation between the solution and 
the pure water can be seen. On observing the jar from day to day, 
it will be found that the characteristic colour of the copper sulphate 
ascends, and will in time fill the whole space occupied by the liquid. 
The solute, in this case copper sulphate, has been distributed through 
the solution by the process called diffusion. 

The laws which govern the diffusion of liquids were first investi¬ 
gated by Graham. He placed a wide-necked bottle A (Fig. 157), 
containing the solution to be investi¬ 
gated, in a larger vessel of water B. 

The neck of A was covered with a 
glass plate before immersion in B, so 
that the solution did not escape when 
A was placed in B. When the liquids 
had come to rest, the glass plate was 
carefully slid from its position and 
removed, so that the liquids were 
disturbed as little as possible. After is?.— grabam-s apparatvs 

noted intervals of time, samples of ^ solotb. 
the water in B were withdrawn with a 

pipette, and the amount of solute which had diffused from A thus 
determined. In this way Graham established several important 
facts. For any one substance the amount of solute diffusing out 
of A is proportional to its concentration in A and increases with 
rise of temperature. The rate of diffusion is independent of the 
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presence of a different solute in B, but is lowered if the same 
solute is in B as in A. Different substances diffuse at different 
rates, and if present together may be partially separated by 
diffusion. The substances to which he gave the name of colloiiL 
diffuse much more slowly than the crystaUisable substances, which 
he named crystalloids. 


Pick’s law.—Graham was not able to establish any exact law for 
the rate of diffusion in any case. At a later time Fick considered 

the analogy between the process of 
diffusion of a solute and the flow 
of heat in a solid, and succeeded 
in establishing the law that the 
rate of diffusion in any direction is pro> 
portional to the gradient of concentration 
of the solute in that direction. This 
is known as Pick's law. It means 
that if a slab of the solution of 
area A (Fig. 158) and thickness xis 
considered, and the concentration of the solute all over the lower face 
is c, and that over the upper face is C 2 , then the amount of solute 
passing into the lower face and out at the upper face, that is, pass¬ 
ing any cross-section, in a given time is proportional to the gradient 

o ^ o 

of concentration A -? . 



FlO. 158.—GRAIUENT OP CONCEKTRATION. 


X 


dc 


More exactly, the quantity diffusing may be written kA . If 

dc 

A is unit area, the amount of solute passing in unit time is k 
The quantity k is called the coefficient of diffusion. 

If dm is the mass passing in time dt^ 

dm_i A dc 

dT ” ^ * 

The dimensions of k may be found by remembering that c, the 
concentration, is a mass per unit volume and has the dimensions 
[ML-31. 

Then [MT"*] = [k][L^ . ML-^ . L-i] ; 

Time of diffusion and length of column.—It follows from Pick’s 
law that the time required to pass from one distribution of concen- 
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A 

I 

I 

I 

I 

I 

A 

1 

I 

i 

I 


C. 

c 


tration to another in any column of solution is proportional to the 
square of the length of the column. Consider two columns of lengths 
lx and I 2 (Fig. 159) respectively, which 
have exactly similar distributions of 
a solute, Cl, Cg, Cg, C 4 , at a given time. 

The intervals and that must 
elapse before the similar concentra¬ 
tions are at c^, c/, are proportional 
to the distances travelled by each 
portion of the solute, and inversely 
proportional to the absolute velocity 
of the solute at each layer. 

The distances are proportional to 
the lengths of column, so that if 
the velocities at corresponding layers 
were the same, we should have 


C9 

C9 

c, 



I 

/. 


Fio. 150 .—Diffusion in Column of 

Liquid. 


^ = But the velocity at each layer being v, the amount dtn cross- 

Co Ifi 


ing any section in time dt is cAv^ or 


dm 

dm 


dt 

cAv = IcA 


cAvdt, 
cAv; 


dc 


dx’ 
k dc 

v=~.— . 

c dx 


If the distributions of the concentrations are similar in the two 
do 

columns, ^ is inversely proportional to the length of column ; 


and 



That is, the time for passing from one distribution of concentration 
to another is proportional to the square of the length of column. 

A column of copper sulphate, 100 cm. high, of which the lower 
half is saturated and the upper half pure water, takes several years 
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to acquire uniform distribution. Therefore a similar column 
100 

=28*87 cm. high would require the same number of months, 

28^37 

and a column __ =5*27 cm. would require the same number of 

•^30 

days to diffuse to uniformity. 

It is therefore evident that stirring promotes diffusion to uni¬ 
formity, because then layers of very small thickness may have con¬ 
siderable gradient of concentration. Thus the uniformity acquired 
in, say, 10 years for the 100 cm. column, would be acquired in 


10 X 365 X 24 X 60 X 60 ^ 

(100)» X (1000)^ 

for a layer 0*01 mm. thick, such as might be produced by stirring. 

Determination of coefficient of diffusion.—It is possible to calculate 
the coefficient of diffusion from Fick^s law if the concentration at 
various points of. a vertical column can be measured at known 
intervals of time. The calculation presents difficulties which are 
beyond the scope of this work. The experimental difficulties arise 
from the fact that samples of the solution may not be removed, as 
this would cause disturbance of the distribution of concentration. 
Lord Kelvin made measurements by placing floats of various 
densities in the column. Knowing then the concentration of the 
solute for each density of the solution, it is possible, by noting the 
position in which the floats remain at rest, to determine the distribu¬ 
tion of concentration. The weakness of the method lies in the fact 
that air bubbles collect on the floats and change their mean 

density. . . 

Later determinations have been made by measurmg the optical 
properties of the column, and so following the change in concentra¬ 
tion. It is easy to measure the refractive index at various concen¬ 
trations. The refractive index can then be made to provide a 
measure of the concentrations at various levels of the diffusing 
column. Probably the best measurement is due to Clack, who 
measured the concentration gradient by using the movement of the 
interference fringes due to the passage of two thin beams of light 
through the solution at slightly different levels. 

Osmosis.—It is a common experience that various membranes will 
allow certain substances to pass through them, but will not allow 
others. If dried fruit is placed in water, the skin of the fruit will 
allow water to pass through it, but will not transmit the organic 
contents. The result is that water passes into the fruit, which will 


XI 


DIFFUSION AND OSMOSIS 


233 


swell to its size in the natural undried condition. Another familiar 
example is the crinkling of the skin of the fingers when immersed 
for some time in a strong solution of soap or soda. The skin allows 
the transmission of water, but not of the substance in solution, and 
the water passes from beneath the skin to the outside. 

A simple experiment may be made by closing the lower end of a 
wide tube with a sheet of parchment paper, the upper end of the 
tube having been drawn out previously into a narrow tube. On 
filling the wide tube with a sugar solution and immersing it in pure 
water, the solution will be seen to rise in the narrow tube. The 
water has passed through the parchment paper, which is impermeable 
to the sugar. 

This process of the passage of a solvent into a strong solution is 
called osmosis, and the condition necessary for it is the existence of 
a semi-permeable membrane, that is, one which will transmit one 
substance, but will prevent the passage of another. In the experi¬ 
ment, the parchment paper is the semi-permeable membrane, as the 
water passes through it, although the sugar cannot. The walls of all 
vegetable cells are semi-permeable, but their selective properties 
differ from plant to plant, enabling each plant to absorb the salts in 
solution necessary for its life, and to reject others. 

Graham made use of the semi-permeable properties of bladder to 
separate crystalloids from colloids (p. 230). The membrane of 
bladder transmits crystalloids in solution in water, but rejects 
colloids. If then a mixture exists on one side of the membrane and 
pure water on the other, the crystalloid is transmitted and may be 
removed. This process he called dialysis. 

Osmotic pressure.—The rise of liquid in the narrow tube described 
above shows that the pressure in the solution soon rises above the 
pressure of the pure water outside the tube. The flow of water 
through the parchment continues until the pressure inside the tube 
exceeds that outside by a certain amount, which is called the osmotic 
pressure of the solution. 

It may seem strange that the water passes through the membrane 
from places of lower pressure outside to places of higher pressure 
mside. But it must be remembered that before the tube is immersed 
in the pure water, the pressures of both are the same, that is, atmos¬ 
pheric pressure at the surface, in addition to any hydrostatic pressure 
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hhg due to depth (p. 156). But the hydrostatic pressure iuside is 
due to water and the sugar in solution, and that outside to water 
alone. Thus the pressure due to water is less inside than outside, 
and the water passes in until the water pressure is the same inside 
and outside. Equilibrium is then reached when the excess pressure 
inside is equal to that exerted by the sugar in solution, and is due 
to the fact that the sugar is confined by the semi-permeable membrane 
to the space occupied by the solution. 

This mechanical account may not be the complete explanation. 
For example, a wet piece of paper is semi-permeable in some cases. 
If ammonia gas is on one side of it and air on the other, the ammonia 
passes through, but the air does not. The process in this case is one 
of solution, as the ammonia is dissolved, diffuses through the mem¬ 
brane and evaporates on the other side ; while the air is only dis¬ 
solved to a very minute extent. A similar process occurs with 
hydrogen and a sheet of palladium. The hydrogen is occluded by 
the palladium, diffuses through it and is given off on the other side, 
while other gases cannot pass through. For a similar reason, an 
india-rubber balloon blown up with hydrogen soon collapses, while 
one blown up with air lasts much longer. 

Laws of osmotic pressure.—In order to find the laws connecting 
osmotic pressure and concentration of solute, Pfeffer employed as 

the semi-permeable membrane freshly- 
formed cupric ferro-cyanide. This sub¬ 
stance is permeable to water, but not 
to many substances, such as sugar. 
Owing to the mechanical weakness of 
the material, it is formed in the walls 
of a porous pot, the porcelain acting as 
a mechanical support. The porous pot 
is filled with a solution of copper sul¬ 
phate and immersed in a dilute solution 
of potassium ferro-cyanide. The two 
substances diffuse into the walls of the 
pot, and where they meet cupric ferro- 

Fto. 100 .— Pfeffer’s Cell. cyanide is formed. The porous pot A 

(Fig. 160) is then washed, and filled with 
the solution under investigation. It is then closed with the stopper 
B, through which passes the tube C leading to the mercury mano¬ 
meter GDE. In order to avoid a large travel of the mercury, the 
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end F of the tube may be closed- If the volume of air in EF and 
the height of mercury column EG are known when the pressure is 
atmospheric, similar readings when the cell A is placed in pure water 
give the osmotic pressure of the solution. In this manner Pfeffer 
found that the osmotic pressure for any one solute is proportional to 
the concentration of the solute in A, provided that the solution is not 
an electrolyte. In the case of an electrol 3 d;e, dissociation has 
occurred, so that effective concentration can no longer be calculated 
from the mass of solute in the solution. 

From Pfeffer’s results van’t Hoff showed that the osmotic pressure 
is also proportional to the absolute temperature. Hence, if c is the con¬ 
centration of sugar in the solution, P the osmotic pressure and F 
the absolute temperature, 

P^kcT, 

where k is some constant. 

If the concentration c is measured in gram-molecules per cubic 
centimetre, - = F, where V is the volume of the solution containing 
one gram-molecule of solute ; 

py=kT. 

The constant k is found, at low concentration, to be identical with 
the gas constant R (p. 176), so that the equation may then be written 

PV^RT, 

which is the characteristic equation of a perfect gas. This means 

that if the solute could exist in the form of a gas, that is, without 

the water present, and occupy the space actually occupied by the 

solution, the gas pressure would be identical with the actual osmotic 
pressure* 

It follows that Avogadro’s law (p. 218) holds for dilute solutions. 
That IS, m equal volumes of solution at the same temperature, the 
osmotic pressure will be the same when equal numbers of molecules 
of solute are present. It is therefore reasonable to consider, as in 
the case of a gas (p. 216), that the pressure is due to the bombard¬ 
ment of the molecules of solute on the containing walls, that is on 
the semi-permeable membrane and on the free surface of the solution 

Vapour pressure of a solution.—Every liquid in an enclosed space 
will evaporate until the vapour exerts a definite pressure upon the 
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walls of the space. This pressure, attained when evaporation ceases, 
is called the Tnaximum vapour pressxire of the substance. The value 
of the maximum vapour pressrire depends upon the temperature ; 
it always increases with rising temperature. It is shown in works on 
Heat that when the maximum vapour pressure is equal to the 
atmospheric pressure, the liquid boils. Thus the boiling point of a 
liquid is the temperature at which the Tna.Timiim vapour pressure is equal to 
the atmospheric pressure. 

When it is said that evaporation ceases, it means that there is a 
balance between evaporation and condensation. At the surface of 
the liquid, evaporation always occurs, but at the same time vapour 
is passing back into the liquid. The latter process increases as the 
pressure, and therefore density, of the vapour rises, until the con¬ 
densation goes on at the same rate as the evaporation, and the 
vapour pressure has reached a maximum. A rise of temperature 
increases the rate of evaporation, so that a new condition of equili¬ 
brium will be reached. It is usual to omit the word “ maximum **; 
thus vapour pressure is taken to mean the maximum unless otherwise 
stated. 

The vapour pressure of a solution is always less than that of the 
pure solvent, and, moreover, there is a definite relation between the 

osmotic pressure of the solution and the 
change of vapour pressure when solution 
takes place. 

If a tube AB (Fig. 161), containing a 
solution, is closed at B by a membrane, 
which is permeable for the solvent, but 
not for the solute, and the lower end dips 
into a vessel containing the solvent, the 
osmotic pressure will cause the liquid to 
rise to A in the tube. Imagine the whole 
to be enclosed in a chamber which does not 
conduct heat. It will then come to some 
steady temperature, and since no energy 
can enter the chamber, the liquid will come 
to rest, as is proved in works on Thermo¬ 
dynamics. The vapour at A is in contact 
with the solution, and its maximum pressure is, say, pj. At C the 
vapour is in contact with the pure solvent, and its pressure may be 
taken as pa- Then, since the system is at rest, 

P 2 — Pj = pressure due to column AC of vapour 
= hag, 

where a is the density of the vapour of the solvent. 



Fio. 161 .—Vapour Pressure 
AND Osmotic pressure. 
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But if P is the osmotic pressure, 

P = h{p- a)g, 

where p is the density of the solution ; 


P2-Pi = 


ip - <^)9 ' 


<^9 


= P.~—. 

p-<T 

The lowering of the vapour pressure, (P 2 “ 7 ^i)» of the solvent is 
therefore proportional to the osmotic pressure, P. It was seen on 
p. 235 that this is proportional to the concentration of the solute, 
whatever the chemical nature of the solute may be. This is another 
way of stating Baoult’s law : that the depression of the vapour pressure 
is proportional to the number of molecules of solute per unit volume of the 
solution for all solutes. 

The density a of the vapour is the mass in grams contained in one 
cubic centimetre, and if v is the volume of 1 gm., <7 = —, 


then 


P 


a being very small in comparison with p. v is the specific volume 
of the vapour at pressure p 2 » treating it as a gas, 

= or p2<^o = Po^> 

where Pq is the normal atmospheric pressure, and Vq the corresponding 
specific volume ; 


Pz-Pi = 


P Qp 


P2~Px _P<ro 

Pz P Qp 


It has been assumed that the column h in Fig. 161 is not long 
enough for any appreciable change in a to occur between the top 
and the bottom. This is no longer justified if the concentration, and 

therefore the osmotic pressure, is considerable. For an infinitesimal 
height dk, 

dp= —gadh. 
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the negative sign being taken because the vapour pressure decreases 
as h increases; 

dp= -g'^dh. 


h= - 


9<^q P 

Pn dp 




or 


But 


9<^o 

gph = P ; 

P\ -Pop 


9^^iPx P 

[log - log y 2 ] - ^ log 


9<^o Pi 


Air A 
Vapour 



Vapour 


Effect of external pressure upon vapour pressure of solution.—In 
the case of a pure solvent, it is well known that the presence of a 
gas which has no chemical effect upon the solvent does not change 
the vapour pressure. Thus the maximum vapour pressure of water 

depends only upon the temperature, 
and is the same in the absence or 
presence of air. This condition no 
longer holds when any material is 
dissolved in the water. The equa¬ 
tion for the lowering of the vapoxir 
pressure on p. 237 was obtained 
by considering the vapour only to 
be present in the closed chamber 
(Fig. 161). 

The effect of admitting a gas 
such as air, which does not react 
chemically with the solvent, may be 
found by an argument somewhat 
similar to the last. Consider a tube 
ABCD (Fig. 162), with solution in 
AB, pure solvent in BC, and semi-permeable membrane at B. 
Under these conditions the solvent would pass through B, and the 
level rise at A and fall at C imtQ the condition of Fig. 161 is attained, 
that is, Pfj 

P^~Pi~ ~ ” • 

p-’fT 


Solution 



Solvent 


Fio. 162 .—Effect of Gas on 
Vapour pressure. 
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Now imagine a membrane to be situated at D, which is permeable 
to the vapour but not to air, and let air be forced into AD, driving 
the liquid down at A and up at C until the columns AB and BC exert 
equal pressures. The vapour pressures are now equal in AD and DC, 
but in AD there is in addition the air pressure. Thus the air pressure 
exactly balances the osmotic pressure, that is, 

air pressure = 

fi^nd vapour pressure in AD —^2 j 

. . air pressure has changed the vapour pressure over the solution 
from “Pi to /> 2 , just as the osmotic pressure was accompanied by a 
change from Pi- 


Boiling point.—From the definition of boiling point given on p. 236, 
it will be seen that as the pressure of the atmosphere above a liquid 
rises, so does the boiling point. 

If the curve AB in Fig. 163 
represents the relation between 
vapour pressure and tempera¬ 
ture for a solvent, then if AD 
is the atmospheric pressure, D 
indicates the boiling point. 

If the pressure rises to EB, 
then E is the boiling point. If 
now a substance is dissolved in 
the solvent, every vapour pres¬ 
sure is lowered by the amount 
Per 



Fia. 163 .—Relation between Vapouk 
Pressure and Boilinq Point. 


vapour pressure curve GH will lie below^ AB. If 

AH is horizontal, then at the atmospheric pressure AD or EH, the new 

boiling point is E; that i.s, the boiling point is raised by the act 
of solution. 

In order to calculate the change in boiling point, it is necessary to 
imagine a reversible cycle of change. Let the arrangement to Fig 
*^agined with the limb DAB maintained at a temperatufe 
J + bX on the absolute scale, while DCB is maintained at temperature 
X. if 1 gm. of the solvent is forced into AB through the semi- 

permeable membrane B, the work done is pressure x volume = — , the 

work being performed in opposition to the osmotic pressure P, 

and the volume of 1 gm. of solvent being i. Now let this 1 gm. 
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evaporate at A. The heat required is heat units where is the 
latent heat at temperature T + hT. This vapour will equalise the 
pressiire in the limbs by passing through D without work being per¬ 
formed, and will condense at C, giving up heat Lc* where Lc is the 
latent heat of the solvent at temperature T, Tbe difference of 
temperature ST may be as small as we please, and the process may 
go on slowly. Under these conditions it is proved in works on 
Thermod 3 mamics that, for the whole cycle of change, 

work performed _ ST 
heat given up T ' 

in fact, the temperature T is defined so that this relation shall be true; 

P 

. 

- Lc T * 


or 





where L is now written for Lc> 

For a solute which would produce an osmotic pressure equal to 
that of a perfect gas, P may be calculated from the relation PV^RT 
(p. 235), first finding the value of R from the case of oxygen. At 
atmospheric pressure and 0° C. the density of oxygen is 1*429 gm. per 
litre, or 1-429 x 10"® gm. per c.c., and T = 2731. Then since 


1*013 X 10* dynes per sq. cm., 


1*013x10* 

1*429x10-® 


= i2x 273*1 



1*013x10® 

1*429x273*1 


= 2-596 X 10® cm.® sec.-®. 


If then the concentration of oxygen is 1 gram-molecule (32 gm.) per 
100 C.C., and the temperature is the boiling point, 373-1, 

p X ^ = 2*596 X 10* X 373-1, 

P = 2*596 X 10* X 373*1 x 32 


= 3*098 X 10* dynes per sq. cm. 
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Then, 



and for water at the boiling point />=0*9584, X = 540 calories per 
gram, or 540 x 4*182 x 10’ ergs per gram. 



3*098 X 10* X 373*1 
0*9584 X 540 X 4*182 x 10’ 


= 5*340 centigrade degrees. 

This is known as the molecular elevation of tbe boiling point, and 
is the rise in the boiling point of water produced by one gram- 
molecule of any substance when dissolved in 100 grams of water, 
provided that the solute exists in the form of molecules in the 
solution. Solutes such as sugar fulfil this relation accurately and 
the observed rise in the boiling point for a given concentration enables 
the molecular weight to be determined with considerable precision. 
When the molecules dissociate, as in the case of an electrolyte, the 
rise in the boiling point is greater than would be indicated by the 
above reasoning. If, however, a solution of potassium chloride in 
water is made, of x gm.-mol. per 100 gm. of water, and the rise 
in boiling point determined, the rise, which would be x x 5*34 degrees 
if there were no dissociation, will be found to be considerably greater 
than this. If the degree of dissociation is a, that is, the fraction of 
the total number of molecules which have dissociated is a, then 
ox gm.-mol. is the amount dissociated. Since each molecule forms 
two ions on dissociation, the concentration, counting molecules 
and ions, will change from x to 2ctx + (1 — a)x = (1 + a)x, and the 
observed elevation of the boiling point will be 

(1 + a)x X 5*34 deg. 

On observing the rise in the boiling point it is possible from this to 
calculate a. The result agrees very well, in the case of weak 
solutions, with that obtained from measurements of the electrical 
conductivity of the solution. 

In the case of colloids (p. 230) the reverse of the above will be 
found. The substance in solution forms aggregations of molecules 
varying in size, in different cases, from a cluster of a few molecules 
up to particles that are visible in the microscope. In such cases the 
osmotic pressure is small, and the raising of the boiling point is 
much less than in the normal case, such as sugar, where the solute 
exists in the form of single molecules, so that the above theory applies 
very closely. 

Sneezing point.—A calculation in all ways similar to that on p. 240 
leads to the conclusion that the freezing point of a solution is lower 
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than that of a pure solvent. The depression of the freezing point hT 

PT 

is given by ST = —=-. 

pLi 

For water T = 273’l, L = 80 and p = l. Then, as before, for 1 gm.- 
mol. per 100 c.c., 

P X 

T = 32 X 2-596 x 273-1 x 10*, 

and 3^^ 32 x2-596x273-1^x10* 

80 X 4-182 X 10’ 


P X W = 2-596 X 10« X 273-1, 


s=18-5 centigrade degrees. 

This is the value of the moleciilar depression of the freezing point. On 
making a solution of x gm.-mol. per 100 c.c. the depression is a; x 18-53 
deg. If the depression ST be observed when the solution consists of 
y gm. of substance in 100 c.c. of water, the number of gm.-mol. in 

solution is , and if this weighs y gm., the molecular weight is 

/ ST 18-52/ 

V 18 - 5 “ sr • 


The same limitations with regard to dissociation and aggregation 
apply to the depression of the freezing point as to the elevation of 
the boiling point. 

Diffusion of gases.—It has been seen that a gas does not possess a 
free surface, and will therefore expand indefinitely unless confined 
to a given space by the walls of an enclosure. If the enclosure be 
suddenly enlarged, the gas expands with great rapidity to fill the 
increased space. This would be expected from the kinetic theory of 
gases, because on removing a boundary surface the molecules are no 
longer reflected (p. 215), but pass outwards. If, however, the in¬ 
creased space is occupied by another gas, the process of expansion 
goes on much more slowly. The two gases now diffuse through each 
other until both fill the space uniformly. Graham filled the lower 
part of a gas jar about half a metre high with carbon dioxide and the 
upper part with air, and noted the time that must elapse before the 
distribution became uniform. With a tenth of the jar occupied by 
carbon dioxide, the time for complete diffusion was about two hours. 

The rate of diffusion obeys a law similar to Fick’s law for liquids, 
but the coefficient of diffusion, ky while varying for different gases. 
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is not a constant in any case. It varies somewhat with the concen¬ 
tration. 

If CD (Fig. 164) is a plane in the mixture of two gases, and AB 
and EF planes parallel to CD and at distance A from it, where A is 
the mean free path of the mole- 


CiU 




B 

D 


cules in the mixture, then ^ 

molecules of gas will travel ^ 
through each square centimetre P 

of CD in the direction from 
AB to CO (see p. 227). u is 
the mean velocity of the mole- 




Fjo. 104.—DippdSion of Oases. 


cules of the gas in the upper part of the vessel, and is the 
number of molecules per c.c. of the gas at AB. Similarly 


CoU 


is the number passing upwards through unit area of CD in a second. 

The resultant is u. If m is the mass of a molecule, ~^ 2 ) ^ 

o 6 

is the resultant mass diffusing downwards per sec. The concentra¬ 
tion gradient is ^ . 

^ A 

Rate of diffusion — X:x concentration gradient (p. 230); 

. 2A 

6 ^(Cj-Cg) 

It is thus proportional to the velocity of the molecules, as would 
be expected on the kinetic theory, and to the length of mean free 
path. 


Effusion of gases.—When a gas escapes from a vessel into a vacuum 
by passing through a small hole in a thin plate, the process is called 
effusion. The mass of gas escaping per second was found on^p. 220 

to be proportional to *//>!./>, where p is the pressure and pi the 
density of the gas when its pressure is unity. In the case of a gas 
obeying Boyle’s law, the actual density p is therefore p . p^. 

The mass of gas escaping per second is therefore proportional to 

\j^P = ^PP- But the density of the gas being proportional to the 

pressure, the rate of escape is proportional to Jp^=ip. 

In the case of a mixture of two gases, each has its partial pressure 
P\ or p^, and the total pressure is p =p^ -\-p^. But the rate of effusion 
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of each is proportional to its partial pressure, so that the rate of 
escape of each constituent is proportional to the amount present in 
the mixture. 

Hence there is no separation of the constituents on effusion, and 
the proportion in the mixture is the same after emergence as it was 
before. 

Passage of a gas tbrongh narrow tubes.—If the plate in the last 
case is not thin, the flow of the gas through it is governed bj the same 
laws as the passage through a narrow tube. The rate of flow is 
determined by the viscosity of the gas (p. 199). In the case of a 
mixture there is no separation of the constituent. 

Diffusion of gases through porous substances.—When the channels 
through which a gas passes are extremely narrow, as in the case of im- 
glazed porcelain, meerschaum, etc., real diffusion takes place (p. 242). 
Graham investigated the laws of diffusion of gases through porous 
substances. He found that the rate of diffusion of any gas through 
a porous partition was directly proportional to the difference of pressure 
of the gas on the two sides of the porous partition and inversely pro¬ 
portional to the square root of the density of the gas, and is independent of 
the passage of any other gas at the same time. He illustrated this by 

several experiments, one of which may readily 
be performed. 

A porous pot A (Fig. 165) is fitted with a 
stopper B, through which the tube BCD is 
introduced. The lower part CD contains water, 
while A contains air. On bringing an inverted 
beaker E, which contains hydrogen, over A, the 
water is, for a short time, driven in a jet from 
D. The reason is that the hydrogen being of 
about 1/16 the density of air, its rate of diffusion 
through the pores of A into the pot is about 
4 times as rapid as the rate of diffusion of the 
air outwards. The pressure in A is therefore 
greater than the atmospheric pressure, and the 
jet is produced at D. After a time the pres¬ 
sures inside and outside A become the same, 
and the j et ceases. On removing E the hydrogen 
diffuses out of A more rapidly than the air 
diffuses in, giving a reduced pressure in A, and the water rises in the 
tube BC. After a time the hydrogen diffuses away, and the water 
at C returns to its original level. 

Another of Graham’s experiments was to pass air through a tube 
AB (Fig. 166), which consists of the stem of a clay tobacco pipe. AB 
is cemented into a wider tube CD, which is first exhausted by an air 


I 


B 



Fio. 165 .—Graham's 
Dikfv.sion Experiment. 
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densities of oxygen and nitrogen being in the ratio of 
16 to 14, the nitrogen diffuses more rapidly than the oxygen through 
the porous pipe. The result is that the air emerging at B is richer 
m oxygen than the air which enters at A. By taking the air from 



Fia. 166 .—Tube for Atmolysis. 


B through a similar tube and continuing the process, a gas could 
be obtained which exhibited the usual characteristics of oxygen 
This process of separation of gases is called atmolysis. ^ 

Example.— Describe what happens if a jar of hydrogen is put, mouth 

downward, on an equal jar of carbon dioxide, (a) when the mouths are 

open, (6) when the gases are separated by a partition of unglazed earthen- 
ware. 

A mixture of argon and nitrogen is passed slowly through a series of 
clay tobacco pipes surrounded by a vacuum ; show that the percentage 
composition of the mixture will be altered during the passage; the 
densities of argon and nitrogen are in the ratio of 20 to 14. C.H.S C 

(а) The pressure remains atmospheric throughout, but the carbon 
dioxide diffuses upwards and the hydrogen downwards untU the com¬ 
position of the mixture becomes uniform. 

(б) Owing to the more rapid diffusion of the hydrogen through the 
partition, the pressure in the lower part rises above the atmospheric 
pressure, and that in the upper part falls, the rate of diffusion being at 
first m the ratio ^^44/2. As the concentrations of hydrogen in the lower 
jar and COg in the upper jar increase, the difference of pressure will fall 
until the pressure is atmospheric throughout, and both jars contain (he 
same amount of hydrogen and carbon dioxide. 

Th^ rat^of diffusion of the argon and nitrogen through the pipes are 
as V14 : ^20. If the vacuum outside be maintained, the mixture inside 
the pipe becomes richer and richer in argon, and if the process is continued, 
the limiting condition of pure argon will be approached. 

Browni^ movement.-In 1827 Brown, a botanist, observed that 
small pollen grains in water, seen under the microscope, were in 
constant irregular motion. This he attributed to the fact that they 
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were living organisms. It is now known that any particles suspended 
in water exhibit the same motion. Such aggregates of molecules have 
been noted under the name of colloids (p. 241) and there is no reason 
to suppose that they are any exception to the law of equipartition of 
energy, that is, that their kinetic energy of a particle is the same, at 
any given temperature, as that of a molecule of gas or liquid. In fact, 
Perrin has determined the value iV, the number of molecules per c.c. 
of a gas from their distribution and movement. 


Any colloidal suspension, gum mastic, gamboge or pollen grains, 
etc., provided that the grains are not too small, will serve to demon¬ 
strate the Brownian motion. If the grains are very small the ultra¬ 
microscope must be used. A thin layer of the suspension is illumi¬ 
nated laterally. The light diffused from the grains enters the micro¬ 
scope and the particles are seen as bright points of light, or some¬ 
times as diffraction rings, the grains being too small to form an optical 
image. The irregular motion due to the bombardment of the grains 
by the molecules of the liquid can then be seen. 

Perrin considered that the ultimate distribution of the grains is the 
same as that in a column of gas. In the case of the gas, the difference 
in pressure dp at levels differing by an amount dx is given by 

dp = P9 dx. 


where p is the density of the gas. 

For the colloidal particles p is osmotic pressure (p. 233), and the 
force due to gravity on one particle is r (<7 — S)^, where v is the volume 
of the particle, a its density and 3 the density of the suspending 
liquid ; 

dp = NQv{a-h)(j ,dx, 

where Nq is the number of particles in 1 c.c. 

From the gas equation (ji. 176) 

PV = RT, 

or P = ?^- = \mNl?, (p. 216). 

Thus the osmotic pressure for the grains is ^ . mu^ . Nq, since 
■^ miP is the same for the grains as for the gas molecules, at the same 


temperature ; 


Pn V 


N 


and 


dp = 


RT dNo 
V N 


= NqV(<t ~ 8)^ . dx, 
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which corresponds to the above equation for d-p in the case of a gas ; 


Integrating, 




[logiV„]^ = ^t,(<,-8)^[xT 


or 


log 


N. N 


-a:,) 


A layer 0-1 mm. deep was examined, the microscope being focussed 
in turn on layers at different depths. The relative values of and 
^2 were obtained by counting the number of particles in view and 
taking the mean of a great number of observations. The value of w 
was found by evaporating the liquid and determining the mass of the 
residue also by assuming the particles to be spherical and applying 
Stokes law (p. 199) for the rate of fall. The di.stribution of particles 
was found to agree with the gas distribution law, and the value of N 
was found to be 3-2 x lO^®. 

Perrin also employed a method in which the rotational motion of 
the particles is observed and another in which an equation due to 
pnstein is employed. I his is an expression for the average distance 
travelled by a particle in any direction in a given time. The dis¬ 
cussion of these methods is beyond the scope of this book 

Mercury di^ion pumps.—the process of interdiffii.sion of one 
gas into another has been utilised in a modern form of pump for 
evacuating vessels rapidly. A stream * ^ 

of mercury vapour is caused to flow 
pa.st the end of a tube connected with 
the ve.ssel to be evacuated. Gas in the 
tube diffu.ses into the mercury vapour 
at a rate which dej)ends upon the con¬ 
centration of the gas in the tube, and 
not upon the pressure of the mercury 
vapour. Such an arrangement i.s illus¬ 
trated diagrammaticalJy in Fig. 1G7. 

The bulb C undergoes a first .stage of 
evacuation by means of an oil pump 
through the tube D. Mercury is then 

boiled m a ^‘ssel, not .shown, and is taken through the tube EF. past 

thisTas k T' • diffu.sion of gas from C occur-s, and 

thLs gas IS earned away by the stream of mercury vapour in EF A 

cold water conaenser GH conden-ses the mercury vapour, preventing 



H 


1 1 





D 


Fig. 167.—MERcrRY Dikfusios 

Pl'MI'. 
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it from entering the tubes BC. The condensed mercury is conveyed 
back to the boiler. 

Such pumps may be used in series, each one carrying the evacua¬ 
tion a stage higher than the last. Pressures of a millionth of a milli¬ 
metre of mercury may be attained rapidly by such pumps. 


EXERCISES ON Chapter XI 


1. Give an account of the important facts associated with the pheno¬ 
menon of diffusion- 

What do you understand by osmotic pressure, and how may it be 
explained ? C.W.B.H.S.C. 

2. State Pick’s law, and deduce from it the fact that the time taken 
to equalise the distribution of a solute is proportional to the square of the 
length of column of the solution. 

3. Define coefficient of diffusion, and give its dimensions. 

4. What do you understand by osmotic pressure ? Describe an experi¬ 
ment by which you could estimate the osmotic pressure of a given sugar 

solution. . 

How would you expect your results to vary with (a) the concentration 

of the solution, (6) the temperature ? O.H.S.C. 

5. Explain the process of effusion of a gas, and account for the foct 
that the composition of a mixture of two gases is not changed when ettu- 
sion occurs, while it is changed on diffusion through a porous substance. 

6. A mass of 5 grams of a substance is dissolved in 600 c.c. of water. 
If the molecular weight of the substance is 270, calculate the osmotic 


pressure. 

7. Find an expression for the change in maximum vapour pressure 
produced on solution, in terms of the osmotic pressure. 

8. Explain bow the molecular weight of a solute may be determined 
from the change in boiling point it produces. 

9. Define osmotic pressure, and describe how the osmotic pressure of a 

“rrsciution containing 6 gm. of cane sugar in 
100 c c7” watj; is 307 cm. of mercury at 13” C. VVhat is the osmot.c 
pressure of a solution of one-sixth this concentration at oO C. . 


10 Define molecular elevation of the boiling point, and calculate its value 
in the case of a solvent whose boiling point is 35 C., and whose latent 
heat of evaporation at that temperature is 81 cal. per gm. and density 

0-7 gm. cm.“*. 



p 



CHAPTER XII 

SURFACE TENSION 

General description of surface tension.—It is common experience 
that a very small quantity of a liquid, not subject to outside dis¬ 
turbance, will assume the form of a spherical drop. The fact that 
falling rain-drops are spheres is proved by the symmetrical form of 
the rainbow. Now a sphere is a geometrical shape which has the 
smallest area of surface for a given volume. It thus appears that a drop 
tends to form itself into the shape with minimum area of surface. 

Many other simple phenomena illustrate this tendency to make 
the area of surface of a liquid as small as possible. For example, if 
a small paint brush be dipped into water, 
the hairs of the brush are seen to stand 
apart, but on raising the brush out of 
the water, the hairs cling together, owing 
to the water surface tending to shrink. 

If a wire ring be dipped into a soap 
solution and removed, a film may be 
produced. If two threads AB and CD 
(Fig. 168) have been previously tied to 
the ring, the threads being slack, they 
will not interfere with the film, but will 
merely slide about in it. On piercing the 
film between CD and the ring, this part 

of the film disappears, but the rest remains, and it will be seen that 
the thread CD is now drawn tightly into a circular form. This 
clearly indicates that the film tends to shrink, that is, a tension 
exists in it. The thread AB remains loose, because this tension or 
pull exists equally on both sides of it. 

existence of this pull in the surfaces of the liquid explains all 
the above phenomena. The surface behaves like a stretched skin, 

249 
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but with this difEerence, that for the skin the tension is greater the 
more the skin is stretched, but the tension in the surface of a liquid 
is independent of the area of the surface. It is called the surface 
tension of the liquid. It is the force per unit length of a line drawn 
in the surface and acts at right angles to the line, tending to pull the 
surface apart along the line. The dimensions of surface tension are 

leng^ “ [MT-2]. 

The simple kinetic theory of gases (Chap. X), when extended 
to the case of liquids, affords an explanation of surface tension. In 
that theory the molecules of a gas are supposed to be so far apart 
that any attraction between them is infinitesimal. It is well known 
that on compressing a gas, Boyle’s law ceases to be true when the 
density becomes considerable. This is largely due to the fact that the 
molecules arc so close to each other that the effect of their attraction 
for each other becomes appreciable. On continuing the compression, 
a stage will be reached at which the effect of the attraction pre¬ 
dominates over the tendency of the molecules to fly apart with their 
indiscriminate velocities. It should be remembered that a liquid can 
have a free surface, but a gas cannot (p. 154). The reason for this is 

now seen. . ... 

In the interior of a liquid the molecular attractions act equally in 

all directions, so that a molecule is not urged in one direction more 

than another ; it merely possesses 
its temperature velocity, although 
collisions with other molecules are 
much more frequent than in the 
gaseous state. Near the surface of 
the liquid the symmetry of the 
attracting forces no longer exists. 
Suppose that the attraction be¬ 
tween two molecules ceases to be 
appreciable when the distance be¬ 
tween their centres is c. With the 
molecule A {Fig. 169) as centre, draw a sphere of radius c. Mole¬ 
cules outside this sphere will not affect A, and those inside it are 
symmetrically situated, so that the resultant force on A is zero. 
But at B the sphere of influence lies partly outside the liquid, and 
this ])art will only contain the comparatively few molecules of the 
gas or vapour above the liquid. Hence there is a rc.sultant down¬ 
ward force on B, which reaches its maximum value when B is in the 
surface of the liquid. If the molecule can pass through the surface, 
as at C, the downward force becomes less and less until the sphere 



FIO. 100.—MOLECULAR ATTRACTION 
i.v A Liquid. 
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Fio. 170 .—Attraction for 
Molecules at a Curved Sur¬ 
face. 


of influence leaves the liquid, when the molecule is free to wander 
as a molecule of the gas or vapour. 

All over the surface of a liquid there is thu.s a pull, due to the attrac¬ 
tion between the molecules, tending to prevent their escape. This in¬ 
ward pull near the surface is greater when 
the surface is convex than when it is plane. 

For at A (Fig. 170) the lower half EBF of 
the sphere of influence is intact, and the 
downward pull due to it is the same as 
though the surface of the liquid were 
plane. But the upper part is reduced 
from the slice CDFE for the plane surface 
to the piece GHFE for the spherical sur¬ 
face, The upward pull is therefore reduced by the curvature of the 
surface of the liquid, and the resultant inward pull is increased. 
Ihus the inward pull on molecules near the surface is greater where 
the surface is most curved and the liquid tends towards the form of 
uniform curvature, that is a .sphere. This is exactly the effect that 
a tension in the surface would produce, and this explanation in- 
dicatos that surface tension is a molecular phenomenon* 

In order to extend a surface, molecules must be brought from the 
interior to the surface. This requires work to be performed. In a 
similar way, energy is liberated if a surface contracts. This fact 
.shows that every surface has a tendency to contract, and explains 
the so-called surface ten.sion. 

Determination of surface tension by the balance.—The balance 
affords a direct method of measuring surface tension. Make a wire 

framework ABCD (Fig. 171) and 
suspend it from one arm of a 
balance as on p. 163. Let it 
dip into a vessel of water as 
shown, and add weights to the 
other pan until the frame im¬ 
mersed to EF is counterbalanced. 
Now dip the frame until AB is 
immersed, and rai.se it until AB 
is jii.st above the surface of the 
water. The part ABFE will be 
occupied by a film. On counter' 
balancing by adding weights 

11 • ... , , until the balance is again in equi- 

hbriinn, it will be found that the additional weight m is required. 
Ihc him therefore pulls the frame downwards with a force m<j dvnes. 

If the length of EF is I cm. and T is the surface ten.sioii of the 



Fic. 171.—B.\i,ANrE Method for heasur- 
INO Surkacr Te.vsiov. 
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water, the total pull is 21T, for the film has two surfaces, each 
having surface tension T ; 

2lT = mg, 


T = 


mg 


21 


This may be repeated with the other liquids. The result is not 
very accurate, because of the difficulty of making sure that the same 
amount of the frame is immersed each time. Also if the frame is 
raised too far, the film will break. 

Work done in producing surface.—If a film is produced in a frame 
ABCD (Fig. 172), of which the aide AD can slide, the force F = 21T is 

required to maintain AD at rest. If 
now AD is moved to GH, the work 
done in opposition to F is Fx 
ergs, that is, 2lTx ergs, where 


I 

I 

/ 


B A 

G ! 


A 

1 

1 

1 

-- - 

1 


1 

< -.r- 

1 

\ 

C D 

h; 

Fio. 

172. 


X cm. is the distance AD moves. 
The area of film created in this 
movement is lx and the new area 
of surface is 2lXy for the film has 
two sides. Thus the work done 
per unit area of surface in opposi¬ 
tion to the force due to surface 


tension is — = 1 


2lx 


ergs per sq. cm. On this account surface 


tension is sometimes, but wrongly, called the surface energy. If no 
heat is supplied to the film, it is cooled when AD is pulled out¬ 
wards. If heat is supplied to restore its 
temperature, this heat is also part of the 
surface energy. The term “ free surface 
energy ” is often used for the quantity 
of energy that is numerically equal to 
the surface tension. 

Angle of contact.—If two liquids are 
brought into contact as at P (Fig. 173), 
both being in contact with air, there are 
three surface tensions to consider, namely, 



Fio. 173 .—Anqlb op Contact. 


Tj, that of the surface between air and 


liquid B ; that between air and liquid C ; and T^, that between 
liquid B and liquid C. If the figure is a section at right angles to the 
line of contact, a fine wire along the line of contact at P would have 
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three forces acting upon it, and Tg dynes per unit length. If 

a triangle of forces can be constructed^ its sides will give the directions 
of Tj, Tg and Tg for equilibrium. This triangle of forces is known 
as Neumazm's triangle. There are no two pure liquids known for which 
it is possible to construct the triangle of forces. One of the three 
surface tensions is always greater than the other two, so that there 
is no equilibrium like that shown in the diagram. The lighter liquid 
thus spreads over the surface of the liquid on which it rests. Thus 
a drop of pure water placed on the surface of pure mercury spreads 
over it, forming a uniform thin layer, the surface tension of mercury 
being about 550 dyne cm.“', and of water 75 dyne cm.“'. If, how¬ 
ever, the surface of the mercury is contaminated with grease, it is 
possible for drops of water to stand upon it; the surface tension of the 
mercury is lowered and it is possible to construct Neumann’s triangle. 


A more important case is that of a liquid in contact with a solid. 
There is no reason to suppose that the act of solidification destroys 
surface tension, and the arguments used in the explanation of the 
surface tension of liquids (p. 250) are just as valid for the case of a 
solid, although the result of it may not be seen, on account of the 
rigidity of the solid. If a drop of molten glass is allowed to solidify, 
it undoubtedly has surface tension before solidiBcation, because it 
assumes a spherical shape. As surface tension always decreases with 
rise of temperature, or increases with fall of temperature, it is natural 
to suppose that the surface tension of the solid may be even greater 
than that of the molten glass. 

In Fig. 174 let Tg and 
T’l be the surface tensions for 
air-solid, air-liquid and liquid- 
solid respectively. Then if 

^ 2 > 2 ^i + 7’3, there cannot be 
equilibrium and the liquid x:. 

j Fia. 174.—ANOtE OP CONTACT. 

spreads over the solid. If, how¬ 
ever, there is equilibrium, + Tg cos 6, where B is the angle of 

contact of the liquid with the solid. 





cos 6 = 



If 7’2> Ti, cos 6 is positive and B is less than 90°. If cos S 

18 negative and B lies between 90° and 180°. This is the case with 
mercury on glass, where B is about 140°. For water and many 
liquids that wet glass, the angle of contact is 0^* 

x2 


S.P.M, 
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Measurement of angle of contact.—In the case of mercury and 
glass the angle of contact may be found by sloping the glass in such 

a way that the surface of the mercury is plane. 



FIO. 175.—MEAStmBMENT 
OF Angle of contact. 


right up to the glass. A spherical bulb 
(Fig. 175) is nearly filled with clean mercury, 
and the level of mercury adjusted until there 
is no meniscus or curved portion where the 
mercury meets the glass. This may be tested 
by observing the image of a bright light pro¬ 
duced by the surface of the mercury. A bright 
band near the point of contact indicates that 
the surface is still curved. If the diameter of 
the circle AB is measured with a pair of 
calipers, and also the diameter of the bulb, 
AC = Jab and OA = J (diameter of bulb). If 
the bulb consists of a thin layer of blown 


glass, the error in taking outside measurements is not great. 


AC 

Then cosOAC = —, from which angle OAC may be found, and the 


angle of contact DAC is (90® + OAC). 

An alternative method consists of dipping a strip of plane glass 
into mercury, as shown in section in Fig. 176, until the mercury 


Fig. 

meets the glass at C without curvature. Then if a plumb line AB 
is dropped from A, AB and BC may be measured. Then 

AB 

tan ACB =-— , 

BC 

and the angle of contact ECB is (tt — ACB). 

Pressure, curvature and surface tension.—Whenever the surface of 
a liquid is curved, there results from surface tension an inward 
pressure, which, if the surface is at rest, must be balanced by an equal 
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pressure acting outwards. Let ABCD (Fig. 177) be a surface, curved 
in one direction only, that is, part of a cylindrical surface. The 
surface tension is a force acting across every unit length of the 
boundary. The forces over AD and BC are equal and opposite, and 
therefore have zero resultant. The forces over AB and DC, however, 
are not opposite, but have a resultant perpendicular to the surface. 
In order to find this resultant, consider a small piece of the surface. 


O 



of unit length in the direction AB. The force at each end is T dynes. 
If these forces meet at O (Fig. 178), the resultant OP is T dO. Now 
the area of the element of surface is 1 x r d9, and a resultant pressure 
p on this area gives rise to a force pr dB directed outwards. If then 

prdd=Td9, ^ 

the element is at rest under the action of 
these two forces : 


p~ — dyne cm. 


-2 



This resultant pressure is the difference 
of pressure on the two sides of the surface 
that is required to balance the effect of 
surface tension. The pressure must be 
greater on the concave side of the surface 
than on the convex side, for the resultant 
to be directed outwards and so balance 
the force due to surface tension. 

In the same manner, it may be found, if the film is curved at right 
angles to the first direction, that there is a similar pressure due to 
this second curvature If then the film is curved in two directions 
at right angles to each other, as in Fig, 179, the pressure due to the 


FlO. 170.—SCRFACR CURVED 
IN Two Directions. 
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curvature of AB and DC is —, and that due to the curvature of 

T 

A D and BC is —, so that the total difierence of pressure -p between 
the two sides of the film is given by 

T T 

p=‘—-¥ — 
ri rg 


\ri rg/ 


If the surface is spherical, rj = r 2 = r, and 

2T 

In the case of a spherical soap bubble there are two surfaces, an 
inner and an outer, and as the film is always extremely thin, the radii 
of curvature are practically the same. Each surface contributes a 

difference of pressure — between the inside and the outside, so that 

in this case n = —. In the case of a drop of liquid there is difficulty 

^ r 

in measuring the pressure inside,but for a bubble there is no difficulty, 

as the inside is occupied by a gas or air. 

It will be noticed that the smaller 

the radius of the bubble, the greater 
is the pressure inside required to main¬ 
tain it in equilibrium. This may be 
illustrated by a simple experiment. 
Two tubes with equal circular apertures 
E and F (Fig. 180) are dipped into a 
soap solution so that films are formed 
at E and F. On closing tap C and 
opening taps A and B, a bubble may 
be blown on E. Now closing B and 
opening C, a bubble is blown on F, as 
nearly equal in size to the bubble on 
E as the eye can judge. On closing A 
and opening B and C, the two bubbles 
are put into internal communication. 
Although they are apparently of the 
same size and the pressure in them would be expected to be the same, 
this apparent equilibrium is unstable. Whichever bubble has the 
smaller radius has the greater pressure, so that air will pass through 
B and C from the smaller to the larger bubble. Thus the smaller 



Fig. 180.— Experiment TO illos- 
TRATE THE DEPENDENCE OP PRES* 
SURF. UPON KADIUS OP A SOAP 
BUUULE. 
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bubble shrinks and the larger one is blown out. But at a certain 
stage the bubble, say E, becomes a hemisphere, and any further 
shrinkage means an increase of radius of curvature. Stable equi¬ 
librium is reached when the curvature at E' is the same as the 
curvature of the bubble at F. 

Measurement of surface tension of bubble.—If a bubble be blown 
at the end of a tube, the excess pressure 
can be measured by means of a manometer. 

The bubble D (Fig. 181) is blown with 
the tap A open. A is then closed and 
the diameter of the bubble is measured 
by means of a travelling microscope. The 
same microscope may be placed so that it 
can be used to measure the difference of 
level of the limbs B and C of the manometer. 

If h is this difference of level, and r the radius 

4T 

of the bubble, hpg = -—, where p is the density 

of the liquid of the manometer. The success ° sign of 
of the measurement depends upon having a 

small bubble, and therefore a small diameter of the tube at D, so 
that the difference of level between B and C may be considerable. 

Rise of liquid in a capillary tube.—One of the most important 

and striking effects of surface tension is 
the rise of liquid in a capillary tube. 
A capillary tube is one having a fine 
bore, and is so named from the Latin 
word capillus, a hair. On this account 
surface tension is sometimes called capil¬ 
larity. 

When the lower end of a capillary tube 
is dipped into a liquid such as water, 
there is an immediate rise of liquid in 
the tube. If the liquid wets the tube, its 

angle of contact can be taken to be zero, 
Fia. 182 .— Measitfement op and in the case of a very fine tube the 

Capillary Tube. shape of the meniscus at A (Fig. 182) 

may be taken to be spherical. If r is the 
radius of the tube at A and T the surface tension of the liquid, 
then the difference of pressure on the two sides of the surface is 
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2T . ' 

—. But the pressure of the air at A and in the liquid at level B is 

^ ... 2T 

atmospheric. Therefore, for equilibrium, the pressure — is equal 

to that of the column of liquid of height k ; ^ 

/ 

2T , 

**• -r^^P9> 



T = 


hpgr 


If the tube is not very narrow and the 
angle of contact is not zero, the direction 
of the surface tension makes an angle $ 
(Fig. 183) with the wall of the tube. The 
vertical component of this is T cos 6, and the 
total upward force due to it is T cos 6.27rr. 
This force supports the column h of liquid, 
where Ji is measured from the horizontal 
surface of liquid outside the tube to. the 
bottom of the meniscus at A. There is 
also a small volume v to be taken into account, which is the volume 
of liquid in the meniscus itself. 


Fio. 183.—ASCEKT of I/lQUm 
IN MODERATELY WIDE Tl'BB. 


Total volume raised 
total weight raised 
Tcos6.27Tr 


T = 


TTt^h + V, 

(Trr^h + v) pg dynes ; 
{■nr^h ■\-v)pg, 

/ TTY^h + U 

\ cos 6 . 277 r/ 


If V is negligible in comparison with rri^hy 

rkpg 


T = 


2 cos 6 ‘ 


Or, as a next approximation, if the meniscus is assumed to be 
spherical, 


and 


V = ttt ®. r - 


= Trr® - -a'Trr^ = 
TTY^h + V = 7T7'^h + 

= 7rr^(h+^r). 
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That is, the effective height is A + ^r. 

- _ -nr^ {k + ^r) 
cos d . 27rr ^ 

_ r{h-\-lr)pg 
2 cos 6 

If in addition ff = 0, as it is for most liquids examined, 

fT> 1 t 

I =-2-djmes cm.“^. 

Measurement of surface tension by capUlary tube.—In making a 
measurement by means of a capillary tube, the radius of the tube 
should be measured by placing 
a thread of mercury in it and 
measuring its length in various 
parts of the tube. If the length 
varies much, the tube should be 
rejected, but if the measure¬ 
ments agree fairly well, the 
mean should be taken. The 
weight of the mercury is found, 
and from this in turn the vol¬ 
ume, the area of cross-section 
and the radius. Immediately be¬ 
fore the surface tension measure¬ 
ments are made, the tube should 
be cleaned with strong soda, 
followed by concentrated nitric 
acid, and finally washed with 
distilled water. If it is to be 
used with water, it may now be 
placed in position, but if with 
any other liquid, it must be dried. 

In order to find the capillary 

rise it is advisable to attach a bent pin to the tube by rubber bands 
so that the point of the pin may be adjusted to touch the liquid 
surface at P (Fig, 184). After focussing the vernier microscope on 
the meniscus of the liquid in the tube at A, the beaker of liquid 
j away and the microscope lowered and focussed on P. 

Ihe difference in the vernier readings gives the required height h 
for calculating the surface tension. The density of the liquid must 
DC tound by a separate experiment. 

In measuring h a difficulty arises through the unavoidable minute 
contamination of the tube and the liquid, particularly in the case of 






260 


MECHAOTCAL PROPERTIES OF MATTER 


CHAP. 




water. If the india-rubber tube C, which is open at the top, be 
pinched with the fingers in an appropriate manner, the liquid can be 
drawn up above A in the capillary tube. On releasing C, the liquid 
drops suddenly and stops in a definite position. It is this position 
that should be used in the measurement of surface tension. If the 
surface be watched, it will, in the case of water, be seen to creep to a 
position considerably below the first. This is due to contamination 
mentioned above causing the angle of contact to depart from zero, 
and the surface tension to drop. In the case of ether, benzene or 
petroleum, there is no such creep. The meniscus drops to a certain 
position and will stay there indefinitely. The reason for this seems 
to be that the liquid dissolves any greasy contamination from the 
surface of the glass. 


Surface tension and temperature.—Surface tension depends upon 
temperature; it always decreases with rise of temperature, with the 

two exceptions of molten cadmium 
and copper. The critical tempera' 
ture of a substance is the temperature 
at which its surface tension dis¬ 
appears. It is therefore important 
to record the temperature when mak¬ 
ing a determination of surface tension. 

The apparatus of Fig. 184 is only 

applicable for a small range of 

temperature, but the method may 

be modified to give readings over a 

larger range. A fine bore tube AB 
FiQ. 185 .—Apparatus FOR FINDING .p- jggx joined to a tube CD, 

TENSION AND TEMPERATURE. whose boTc IS not SO fine as that of 

AB. If rj is the radius of bore of 

AB and that of CD, the pressure just under the surface of liquid in 

2 T 22 ^ 

AB ig _ below the atmospheric pressure. In CD it is . There- 
?*, ^2 

1 11 

fore the difference of pressure in AB and CD is 2T f -—— j; 
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The value of T should be found for many temperatures and the 
values plotted against 

■ The method of the double tube may be used to measure the surface 
tension of mercury, but in this case the depression is in the smaller 
tube, because the meniscus of mercury is convex upwards. 


Then 


2T cos 6 
»•! 


2T cos B 




where B is the angle the surface of the liquid makes with the glass or 
the supplement of the angle of contact (p. 254). 

Example.— Find an expression for the difference of pressure between 
the inside and the outside of a spherical air bubble of radius r in a liquid 
of surface tension T, 

A U-tube, whose ends are open and whose limbs are vertical, contains 
oil of a specific gravity 0-85 and surface tension 28 dynes per cm. If one 
limb has a diameter of 2*2 mm. and the other a diameter of 0'8 mm., 
what is the difference in level of the oil in the two limbs ? (Assume that 
the angle of contact between the oil and the glass is zero.) C.H S.C. 

For the first part, see p. 256. 

For the second part, refer to Fig. 185. 

Difference of pressure under liquid surface in the two limbs is 


2T 2T_2x28 2x28 

rj ~ 0 04 0-11 

= 1400-509=891 dynes; 
hpg— S91 dynes. 

A(0-85)981=891. 

h= 1*07 cm. 

Feijuson’s method of measuring surface tension.—An important 
modification of the capillary tube method was made by Ferguson 
One of the chief objections to the original method is that a consider¬ 
able quantity of the liquid is required. In this method a small 
quantity of the liquid is introduced into the capillary tube AB (Fig. 
186). If the liquid wets the capillary tube, the upper and lower 
surfaces A and B would be curved in a concave manner. Air is 
forced in through E until the lower surface at B is accurately plane 
An electric lamp is placed obliquely at a distance of 30 or 40 cm. 


262 


MECHANICAI. PROPERTIES OF MATTER 


CHAP. 


and illuminates the surface at B. This is* examined through a lens 
L, aided by an inclined mirror, and appears uniformly illuminated 
when the surface is accurately plane. Otherwise an image of the 
lamp is seen, which broadens out into a pool of light as the plane 
condition is attained. The method is very sensitive, and enables the 
balance to be made very accurately. Since the liquid surface at B 
is plane, surface tension does not produce any difference of pressure 



Fig. 186.—Sttrfacb Tension bv Ferguson's Method. 


on its two sides. Since the pressure at C is atmospheric {P), that of 
the air inside the tubes is P +hipigy where pj is the density of liquid 
in the gauge CD. If R is the maximum radius of curvature of the 

2T 

meniscus at A, — is a step down in pressure in passing through the 

liquid surface. There is an increase in pressure due to the column 
of liquid in AB equal to when the atmospheric pressure is 


again reached ; 


2 T 

^iPiff--j^+^^2P29 = 0; 


r=^(AiPi+A2P2)* 

If the radius of the tube is small and the angle of contact is zero, 
R = r, where r is the radius of the tube ; 

/. r = ^(/iiPi+A2P2)- 

If the last conditions are not fulfilled, it is still possible to make a 

correction for them. _ . 

The method was later modified in such a manner that it is not 
necessary to know the density pg liquid under test. This was 
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done by placing the tube AB horizontally, as in Fig. 187. Since the 
column AB does not in this case exert any hydrostatic pressure, the 
equation of pressure becomes 

2T 
~ R * 


^hPi9 


or with the same approximations as before, 

AiPirff 
2 * 

Precautions were taken to see that the film at B is not, when in 
the vertical position, distorted by gravitational effects, and it was 




Fio. 187. —Ferguson's Method with Horizontal Tube. 


found that with tubes less than 1 mm. in bore this distortion effect 
is negligible. 

Jaeger’s method.—It was seen on p. 256 that the pressure inside 
a spherical bubble in a liquid exceeds the pressure outside by the 

quantity —. If a tube has a small aperture A (Fig. 188) at a depth 



h 2 below the surface of a liquid of density and an air bubble is 
formed at A, the air pressure inside the bubble must be in e.xcess of 
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the atmospheric pressure by an amount bubble to 

grow. This excess pressure may be applied by an air reservoir B 
and measured by the manometer D. On opening the tap C slightly, 
the pressure in the tube grows slowly, and when the liquid is forced 
down to A, a bubble will begin to form. At first the radius of curva¬ 
ture diminishes, but reaches a minimum when the bubble is hemi¬ 
spherical (p. 257), its radius then being equal to the radius of the 
tube r, 

2T 

Then * 2 ^ 2 ?+- =^iPi9y 

T 

T = ^ (AjPi — h2P2)- 

At this point the bubble becomes unstable, because any growth 
causes the pressure inside it due to surface tension to become less. 
It therefore grows and breaks away, and the whole process begins 
again. The value of hi in the equation is the greatest value, and is 
reached just before the bubble breaks away. 

The method does not give very accurate absolute values for the 
surface tension, because the phenomenon is not entirely statical, and 
there is an uncertainty in the exact value of the radius of the bubble 
when it breaks away. It is, however, useful for the comparison of 
surface tensions, particularly for a liquid at various temperatures, 
for it is easy to measure the temperature of the bath. 

Drop-weight method.—When a drop of liquid is on the point of 
becoming detached from the bottom of a vertical circular tube, a 
simple consideration shows that until instability is passed, the 
vertical forces on the drop must balance. These forces are n\p down¬ 
wards, where m is the mass of the drop ; 27rrT upwards, where T is 
the surface tension and r the radius of the cylindrical part which is 
supposed to be at the aperture of the tube ; upwards, where 

is the atmospheric pressure and downwards, where P 2 

pressure of the liquid in the plane of the orifice. 

27TrT = mg-\-TTr^p2-Trr^Px 

= + Trr® (Pg - . 

- P, = ^ (p. 255); 

27rrT = m^+ 7rrr, 

T = ^. 


Now 
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An examination of Fig. 198 will show that no such simple relation 
is valid, for the radius of the neck when the drop falls, and the 
amount of the drop detached, are both uncertain quantities. 

By using liquids of known surface tension, Harkins and Brown 

have shown that the relation T = ^^F holds good, where F is related 

to F/r®, V being the volume of the drop and r the ladius of the 
tube. The relation between F and F/r® is given by means of a 
table. 



F 

F/r® 

F 

0-8 

0-255 

4-0 

0-256 

10 

0-261 

5-0 

0-253 

20 

0-264 

6-0 

0-249 

30 

0-260 

10-0 

0-261 


Outside these limits the relation is complicated. In making 
measurements, the drops must be allowed to form very slowly, when 
an accuracy of 0-2 per cent, may be attained. 

Example. —Describe the most accurate method you know of measuring 
the surface tension of water. 

Water from a depth of 4 cm. drips into the carbide chamber of a bicycle 
lamp through a nozzle 0-5 mm. in diameter. Show that the lamp can 
produce intermittently a gas pressure equal to a 10 cm. head of water 
without blowing back. The surface tension of water is 75 dynes per cm. 

C.W.B.H.S.C. 

If the water drips from the nozzle of 0-5 mm. diameter, the gas pressure 
below the nozzle must be less than a certain amount. If this gas pressure 
rises, the water will be driven back to the top of the nozzle, where it forms 
a hemispherical bubble of radius 0-25 mm. =0 025 cm. Any greater 
pressure than this will cause the bubble to grow and blow back. 

ST 2 X 75 

Downward pressure in bubble =— =- 

r 0025 

= 6000 dyne cm.“* 

6000 

= cm. of water column 

= 61 cm. of water column . 

Therefore together with a head of 4 cm. of water, the do^vnwa^d pressure 
is equivalent to a head of 10-1 cm. of water. As the gas pressure in the 
lamp never exceeds a head of 10 cm. of water, it will not blow back. 
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Large drop on horizontal plate.—When a quantity of liquid rests 
upon a horizontal solid plate, which it does not wet, the shape of the 
drop is determined by surface tension and gravity. For extremely 
small drops the surface tension effects are great and the gravitational 
effects small, so that the former determine the shape of the drop. 
It is therefore spherical, as may be seen by placing minute drops of 
mercury upon a glass plate or water upon paraffin wax. 

On increasing the size of the drop, the effect of gravitation becomes 
greater and that of surface tension less. Now the effect of gravita¬ 
tion alone would be to make the 
drop spread out until its surface 
is horizontal (p. 156). Therefore 
as the drop grows it becomes 
flattened. There is a limit to this 
process, which is reached when 
the upper surface becomes hori¬ 
zontal. Taking this fact in conjunction with our knowledge of the 
angle of contact of mercury with glass (p. 254), it follows that the 
shape of a very large drop of mercury upon glass is as shown in 
Fig. 189. The angle 6 is about 40°, and the central part AB of the 
upper surface is plane. The shape at the edges of the drop will not 
concern us here, except to notice that at some level such as C the 
surface is vertical. 

Consider the forces acting over the boundaries of a thin slice of 
the drop such as ABHG (Fig. 190), of horizontal width dl and having 
parallel vertical faces. The forces over the side ABHG and the back 
face are, from symmetry, equal and opposite. Now consider the 



Fio. 189 .—Large Drop of Mercury 

ON Glass. 



part of the drop that lies above the horizontal plane CDF, which 
passes through the point C where the surface of the drop is vertical. 
Taking the horizontal forces in the direction AB or CD, the force due 
to surface tension at C is vertical, and consequently has no hori¬ 
zontal component. At the end BD, the only horizontal forces are 
the hydrostatic pressure over the face BDFE due to the liquid in the 
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neighbouring part,'and the surface tension pull over BE. The hydro¬ 
static thrust over BDFE is 


BD X BE X X (JBD) dynes = A . dZ . py . - . 

dl 

2 » 


(p. 159). 


where h is the depth BD or EF and p is the density of the mercury 
The surface tension pull over BE is T dZ; 


Tdl = 


T = 


h^pgdl 

2 

h^pg 





If the whole thickness of the bubble had been taken into account 
mstead of upper part alone, the hydrostatic thrust over the end 

EH is 2 , where is BH the total thickness of the drop ; the sur- 

face ^nsion I^U on BE is T dl as before, and the horizontal pull at 
G 13 T dl cos e, where d is the supplement of the angle of contact, 
about 140 for mercury on 
glass. 

gph^dl ^ „ 

- 2 - ~ d dl — 1 dl cos dy 

= T dl{\ — cos S), 

or 

2(1— cos 6) 

This affords an alternative 
method of finding T when the 
angle of contact 6 is known. 

Or, if T is determined by the 
first part, d may be calculated 
from the second. 

The thickness of the whole 
drop may be measured by 
means of the vernier micro- 


ifi 



\ 

A 

Fio. 191.—Edser's Method for Mercury 

Drop. 



scope, but there is some difficulty in finding the thickness BD of 
the upper part, because of the uncertainty in finding the location of 
C, the place where the surface is vertical. 

This difficulty was got over by Edser as follows. The objective of 

provided with a piece of plain glass G 
ll^ig. 191), and light from an incandescent lamp A is focussed by the 
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lens L and tlie plain glass G acting as a mirror upon the edge of the 
drop. The light is reflected and, the plain glass being unsilvered, 
part passes through it and enters the microscope. On focussing the 
microscope, a thin bright horizontal line is seen at C where the surface 
is vertical. The microscope is raised or lowered until this line 
coincides with the cross wire in the field of vision, and the vernier 
reading is noted. The microscope is then raised by its screw and 
moved forwards until the image of the flat top of the bubble is on 
the cross wire. This is facilitated by scattering some fine dust such as 
lycopodium powder on the flat top of the bubble. The vertical travel 
of the microscope is the height BD or h. The whole height may be 
found, either by means of a spherometer, or by the vernier micro¬ 
scope, focussing first on the top and then on the bottom of the drop. 

Cylindrical film.—On blowing a spherical soap bubble and placing 
it on a wire ring, and bringing another ring in contact with it, a 

cylindrical soap film may be 
formed. The film may have a 
variety of shapes, according to 
the distance apart of the rings. 
A distance may be found for 
which the film A between the 
rings is cylindrical, as in Fig. 192 ; 
the film B on each ring is, of 
course, part of a sphere. The air 
pressure inside the bubble is the 
same at every point, so that if -p 
is the excess pressure of air inside 
over air outside and r is the 

27 ’ 

radius of each wire ring, then for the cylindrical film, p = —, since 

there are two surfaces to the film, and a cylinder is only curved in 
one direction ; it is not curved in a plane which contains the axis. 



FlO. 192.—CTLINDRICAI. SOAP BUBBLE. 


For the spherical portion B, = 


4r 


2T 4r 


or 


ri = 2r. 


Thus for the same excess pressure, the spherical film must have 
twice the radius of curvature of the cylindrical film. 

If the rings are drawn apart, the value of p is reduced. Thus the 
radius is increased, and the films B flatten. This reduced pressure 
means that'the cylinder is drawn in, so that r becomes (Fig. 193). 


XU 
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This in itself would mean an increased pressure inside, but the sur¬ 
face is now curved longitudinally with the centre of curvature oiU- 
side the film. Thus the two radii of curvature r, and r« are oppositely 

2 T 2 T 

directed, and p — -— . A surface —■ a 

^2 ^3 -—-- =— !■ 

having curvatures in opposite direc- ~ ^_^ 

tioDS is called an anti-clastic surface. illfl' ' ' '' 

If the separation of the rings is WiV.--*""\ 

continued until the portions B are _ ^ »' 

plane, the pressure inside is the same l/ljji X* 

as that outside, that is, /// I _ \\%'''- 




1 . 


^ ^ 2T 2T ^ 

p = 0 and-= 0; 


. . rO' ro. 


Fio. 193 .—Film with Oppositely 
Directed Curvatures. 


Thus it is possible to have a curved film with the gas pressure the 
same on both sides of it, and if the plane films B are destroyed, the 
film A will not be affected. On moving the rings still further apart 
without destroying B, the pressure may be lowered below that of 
the atmosphere, but as the neck at A gets narrow, the film becomes 
unstable, as will be seen later, and it breaks into two separate 
bubbles. 


Stability of cylindrical film.—By means of two rings A and B (Fig. 
194) a cylindrical soap film may be formed. By means of the tap 



C the interior of the film may be cut off from the atmosphere, or 
air may be blown in or drawn out, so that the relation between the 
pressure and the dimensions of the fi lm may be studied. 
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If the cylinder is short, as at (a), an increase of pressure p blows it 
out, and both and rg are directed inwards. If the tap C is opened 
so that JO = 0, the film moves inwards, and rg is directed outwards as 
at (6). But rg changes much more rapidly than rj, so that the con¬ 
dition rg = rj is soon reached, and the film is in stable equilibrium. 

If, however, AB is large an increase in p produces a bulging 

as in (c), and on opening C as in (d), becomes negative. But for a 
given movement of the film changes more rapidly than rg. The 
curvature corresponding to produces an inward force due to sur¬ 
face tension and an outward force, and as the former increases 
more rapidly than the latter, the inward force will always pre¬ 
dominate, and by a greater and greater amount as the film moves 
in, so that there is instability and the film collapses. 

There is consequently some limiting length of cylinder, which 
separates 'the unstable from the stable film. This limiting 
length is ttt, or a length equal to half the circumference of the 


p 



Fio. 195 .—Short Ctlindricai. 
Soap Bubble. 



Fio. 196.—Long Cylindrical 
Soap Bubble. 


cylinder. This may be illustrated by an experiment similar to that > 
described on p. 256. Cylindrical soap films are blown between cir¬ 
cular supports AB and CD (Fig. 195). AB is given a slight extra pres¬ 
sure so that it bulges outwards, and CD a less pressure so that it « 
bulges inwards, and then with the tap E closed, F and G are opened 
so that the air inside the films can come to the same pressure. Pro¬ 
vided that AB is less than half the circumference of the ring A, air 
will pass from AB to CD until the two bubbles come to the same 
shape. But if AB is greater than half the circumference of ring A 
(Fig. 196), a similar experiment will have a different result. The 
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FlO. 197.—I^TABILITy OP LONO C7LIKDRICAL 

Bubble. 


air pressure in CD is greater than in AB, and on putting the two in 
communication, air will pass from CD to AB. CD will therefore 
shrink and AB will grow, until the walls of CD meet and the bubble 
breaks up. 

If we imagine the bubbles AB and CD Joined end to end to form one 
long cylindrical bubble, the state of affairs in the last experiment is 
repeated. AB and CD (Fig. 197) 
are the two halves of the 
bubble, whose length AD is 
greater than the circumference 
of the cylinder. The bubble is 
unstable, because any slight 
disturbance which makes, say, 

CD shrink brings into play 
pressures which will cause CD 
to shrink further, by forcing air 
from CD to AB. This ends with CD collapsing and'forming a large 
spherical bubble at A and a small one at D. 

This instability of a cylindrical film may be seen if it is attempted 
to wet a small wire throughout its length. The water will gather 

into globules at regular intervals. 

As a rule the breaking up of a 
cylinder of liquid is too rapid to 
follow by eye, but if the process 
is made to go slower by using a 
viscous liquid, it may ^ watched. 
A fine thread of treacle will remain 
for some time owing to its great 
viscosity, but it will be seen that 
it breaks up eventually into drops. 

If a tube A (Fig. 198) contains 
carbon disulphide, and this be 
allowed to flow very slowly into 
a beaker of water, the formation 
of the drop may be watched. The 
stages B. C, D, E and F can be 
seen. At E a very narrow neck 
is developed, and as this elongates 
it becomes unstable as described 
a very small drop P, known as 



N t- 




C 

b 





F 

0 - 

O 


Fig. 198.—Formation op Drops. 


above, and breaks up, leaving 
Plateau’s spherule. 

Drop between plates.— If two clean pieces of plate glass are put 
face to face, there is no difficulty in separating them. But if there is 
a small drop of water between them, which is squeezed into a thin 
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layer, it requires a considerable force to pull the plates apart. The 
reason is that the surface tension at the outer edge of the film of 

water causes a difference of pressure -j- between the water and the 

outer air, where d is the distance between the plates (Fig. 199). If 



Fio. 199 .—Drop between Plates. 


A is the area of the film, the total force pushing the plates together 
is due to the excess of atmospheric pressure outside the plates over 
the liquid pressure between them, acting over the area A. Thus, 


force = 


^TA 
d ' 


This force presses the plates together, making d small and A large. 
The curvature of the water surface parallel to the plane of the 
plates is so slight that its effect may be neglected in comparison 

2 

with the very great curvature ^ at right angles to them. Also, if 

the glass surfaces are not quite plane, they may touch at some 
places before d becomes very small. The force urging the plates 
together will then not be very great. 


Example. —Two glass plates are separated by water. If the area of 
each plate wetted is 8 sq. cm. and the distance between t'he plates is 0'0012 
mm., what is the force urging the plates together ? {T — 15 dyne cm.”*.) 


Force = 


2TA 

d 


2 X 75 X 8 
” 0 00012 


dynes 


_ lO’dynes. 

That is, nearly 10 kilograms wt. 


Force between bodies partly immersed in a liquid.—It is well known 
that light bodies such as pieces of cork, floating pn water, will adhere 
together and collect into groups. This may be explained by the 
capillary rise which occurs when the space between the bodies is 
small. 
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If two glass plates are wetted by the water in which they are 
partially immersed (Fig. 200 (a)), they are pushed together. The 
reason is similar to that described 
on p. 272. On the outside, over 
AB and CD, the pressure is atmo¬ 
spheric, but inside the column of 
liquid the pressure is less than 
atmospheric. Hence over AB 
and CD there is a resultant force 
pushing the plates together. 

If the liquid does not wet the 
plates, as in the case of glass plates partially immersed in mercury 
(Fig. 200 (6)), there is still an apparent attraction between them. 
Owing to the depression of the liquid between the plates, the pressure 
of the liquid at each point outside at AB or CD is greater than the 
atmospheric pressure which exists on the inside between AB and CD. 
Hence there is a resultant force pushing the plates together. 

If, however, one plate is wetted by the liquid and the other is not 
(Fig. 200 (c)), as, for example, with a clean glass plate and one with 
a thin coating of paraffin wax, the plates when close together will 
appear to repel each other. The hydrostatic pressures will not 
explain this effect, and the pulls due to surface tension must be 
examined. In the first two cases the horizontal forces due to surface 
tension were the same on both sides of each plate, because there is a 
horizontal part of the surface of the liquid between the plates as well 
as outside. But in (c), when the plates are close together, there is no 
horizontal surface of liquid between them, so that the horizontal com¬ 
ponent of the surface tension between the plates is less than that out¬ 
side. Hence there is a resultant force on each plate pulling them apart. 

Vapour pressure and surface tension.—It was seen on p. 250 that 
the process of evaporation, or the escape of molecules through a 
liquid surface, is connected with the attraction between the mole¬ 
cules, as was the surface tension of the liquid. It seems reasonable 
then that there should be some relation between vapour pressure 
and surface tension. The escape of molecules from the liquid is 
hindered by the attraction of those beneath the surface, but the 
reverse process is not hindered. Every molecule in the vapour 
which strikes the liquid surface, enters it, so that condensation goes 
on at a rate which is proportional to the pressure of the vapour above 
the liquid. When the vapour in an enclosed space has risen to such 
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a value that the processes of evaporation and condensation go on at 
equal rates, the maximum vapour pressure is reached. 

In order to find a relation between maximum vapour pressure and 
surface tension, consider a capillary tube AB dipping into a liquid so 

that the capillary rise AB is given by 

T — where p is the density of the liquid 

(see p. 258). If the system is enclosed within 
a chamber CD (Fig. 201) which cuts it off 
completely, thermally as well as otherwise, 
from the exterior, it will settle down to a 
steady state. There is then a difference of 
vapour pressure hagy between the levels 
A and B, where <j is the density of the vapour. 
If p is the maximum vapour pressure at B, 
then that at A is {p — hag), and this must 
be the maximum vapour pressure in contact 
with the curved surface of the liquid at A. 
If it were not, then there would be either 
condensation or evaporation at A and a 
circulation would be set up. As such a 
circulation would mean perpetual motion 
without the supply of energy from outside, and as this is contrary 
to experience, we must conclude that the vapour pressure (p — h<7p) 
is the maximum for contact with the curved surface at A, where p 
is that for the vapour in contact with a plane surface such as B. 
If h<jg = dpy then since 



Fio. 201 .—Capillary Tube 
IN Enclosure. 




hpgr 




dp~ 


^Tag 

P9r 


2T 

pgr' 

pr 


It does not matter whether air is present or not, except for the 
small effect of the pressure of a column of air and vapour in support¬ 
ing the column of liquid. But as the density of the liquid is always 
many times that of the gas and vapour, this small correction has 
been omitted. 

If the vapour is treated as a gas and subject to the equation 

1 T} 

VV = R6. since v = — ya=^ ■ 

^ <7 




dp = 


2Tp 

Rdpr' 




xn 
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Note that the absolute temperature has here been written 9, to 
prevent confusion with the surface tension T. 

The quantity — is the relative lowering of the maximum vapour 
pressure. ^ 

Effect on evaporation and condensation. —It will be seen from above 
that when the liquid surface is concave (Fig. 201), the maximum 
vapour pressure is below that for a plane surface. A similar argument 
would show that when the meniscus is convex, the column is de¬ 
pressed and the maximum vapour pressure is greater than that over a 
plane surface. 

Hence if a drop of water is in a space in which the vapour pressure, 
is the maximum for a plane surface, the vapour pressure existing is 
less than that for the drop. The drop will therefore evaporate. 
The effect is very small for large drops, for, taking T = 75 dyne cm.“*, 
ds=273®, p —1 and <r = 0‘61 x 10“® gm. per c.c.. 


d-p — 


2Ta 2x75x0-61 xlO-3 


pr lx 0T)5 

for a drop of 1 mm. diameter, 


dyne cm.“^ 


or 


dp = 


2x75x0*61 xlO 


-3 


1 X 0 05 X 981 X 13*6 


cm. of mercury column 


= 0*000137 cm. of mercury column. 

This is such a small amount that its effect is unimportant. But 
if the diameter of the drop is one-thousandth of a millimetre, 

dp = 0-137, 

and in the incipient stage of drop formation the diameter of the drop 
is nearer a millionth of a millimetre ; 

dp = 137. 

Of course, this result must not be taken literally, as the surface 
tension would certainly not remain constant for such small drops. 
It docs show, however, that the rate of evaporation for very small 
drops is considerable. In fact, it seems likely that the direct forma¬ 
tion of drops from vapour is impossible. A collection of a few 
molecules would exert such a small attraction on others that the 
collection would never grow into a drop. The fact that dust-free 
vapour does not form drops at a temperature far below the normal 
temperature of condensation is well known. A dust particle is a 
comparatively large body, so that condensation in a supersaturated 
vapour would immediately occur on the comparatively large 
particle, and once started, every drop so formed would grow. This 
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accounts for the fact that in a dust-laden atmosphere, a fall in 
temperature which produces supersaturation immediately causes a 
cloud or fog, which in a dust-free atmosphere would not be formed. 

The opposite phenomenon occurs in the process of boiling, for a 
concave surface produces a lowering of the maximum vapour pres- * 
sure. Hence it favours condensation. A liquid may be heated above 
the normal boiling point if free from bubbles of air, because of the 
difficulty in starting the bubble. But if once started, the evapora¬ 
tion goes on to form the bubble with explosive violence. Hence the 
term “ bumpy boiling for air-free water. But any porous body in 
the liquid, which contains minute air-bubbles, provides a bubble of 
suitable size, so that evaporation goes on easily and the boiling is no 
longer bumpy. 

Surface energy and temperature coefficient of surface tension.—It is 
possible to find a relation between the change of surface tension with 
temperature and the total energy required to produce unit area of 
surface. For this purpose, imagine a film to be used as a reversible 
engine (p. 239). The efficiency of such an engine is known in terms of 
the absolute temperatures of the heater and cooler. The relation is 


heat converted into work in a cycle m • 
- - - - -----i— = efficiency 

heat drawn from heater 


difference in temperatures of heater and cooler 

temperature of heater 


Consider a film to be stretched isothermally at absolute tempera¬ 
ture 6. Mechanical work AT is required (p. 252) to perform the 
stretching, where A is the area of film produced, and T the surface 
tension. At the same time heat is supplied by the heater at tempera¬ 
ture Oy in order to maintain the temperature of the film constant. If 
h is the amount of heat supplied for the formation of unit area of 
surface, hA is the heat given by the heater to the film to produce unit 
area isothermally. 

When the stretching A is complete, let a very small adiabatic 
expansion be produced. As no heat is supplied, the temperature falls. 


dT 

by the small amount dQ. The surface tension is now T — dd, where 
d7^ ctv 

is the coefficient of increase of surface tension with temperature. 
au 


Let the film now contract hy the amount A. Mechanical work 
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is performed by it. A further small adiabatic contraction brings the 
him back to its original condition. The adiabatic changes may be 
made as small as we please, and the two amounts of work during 
them are in opposite directions, and so may be considered not to 
add to the total work performed. Thus the balance of work 
performed by the film upon external bodies is 


(t- 


^de)-Ade=-A^de. 


The heat drawn from the source is Ah, and if this is expressed in ergs, 
the above efficiency equation becomes 

. dT -- 




Ah 


h = -e 

dT . 


dT 

dO' 


The negative sign occurs because is negative for all liquids. 

The total energy {E) supplied to produce unit area of film is there¬ 
fore T + h, 

or E = T-{-h, 

^ _ ^dT 


E=T-e 


dd 


E is known as the total surface energy, and its value has been cal¬ 
culated, in the case of many substances, from the measured values 

of T and ^ . 

du 

Taking the surface tension of water at 15® C., or 288® A. as 74 dynes 

, dT 

per cm. and as -0-148, 

<tQ 

^ = 74 +(288x0-148) 

-74-1-43 = 117 ergs per sq. cm. 

The total surface energy is thus much greater than the energy due 
to surface tension. The latter is sometimes called free surface energy, 

and is numerically equal to T (p. 252). 

« 

Internal or intrinsic pressure.—It has been seen how Laplace 
accounted for surface tension (p. 250) by suggesting that the mole¬ 
cules of a liquid attract each other. In the interior of the liquid the 
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forces of attraction due to surrounding molecules are arranged 
symmetrically in all directions, while at or near the surface, the 
resultant of all the attractions is directed inwards. The law of 
force between the molecules is not known with any certainty. It is 
not the ordinary law of gravitational attraction, that the force varies 
inversely as the square of the distance apart. It is more likely that 
instead of the square, it is the eighth power of the distance that 
determines the force, and there is a large amount of evidence that the 
forces are of the kind concerned with chemical combination. 

Owing to these attractions, there must be a pressure in the in¬ 
terior of a liquid. This has been named internal or intrinsic pressure, 
and is the cause of cohesion. In liquids, the cohesive force is 
considerable when the liquid is in the pure state and free from 
minute air-bubbles, while in a gas it is exceedingly small. This pres¬ 
sure is the term ajv^ (see Edser’s Heat), which is added to the external 
pressure p in order to give the whole pressure in van der Waals* 
modification of the, gas equation. 




Let us consider the attraction between a thin plane of the liquid 
and a small particle of mass m situated at distance r from the plane 

to be mm'tfi{r)y where 
m* is the mass per 
square centimetre of the 
liquid in the plane. 
Then, if the thickness of 
the plane is dr and the 
density of the liquid p, 

m! —p dry 

and the attraction be¬ 
tween the mass m and 
the plane is 7npift{r)dr. 

To fix our ideas, consider the mass m to be situated above the free 
surface of the liquid, as in Fig. 202. Then if EF is the layer of the 
liquid, the attraction of EF for m is mp\lt(r)dr. This, of course, be¬ 
comes zero when the distance r is equal to the limit at which the 
attraction between molecules produces any effect, that is, when r 
equals c the range of molecular attraction (p. 250). c is very small 
on account of the rapid falling off of the force between molecules 
corresponding to the eighth power of the distance, although, on 



Fio. 202. —Attraction of Liquid for External 

Particle. 
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the other hand, the force between molecules is probably very great 
when they are close together, if the forces are connected with 
chemical affinities. It must be remembered that chemical affinity 
is due to electric charges possessed by atoms, and these have 
electric and magnetic fields, to which chemical combination is due. 
These fields surround the molecule to some distance, and it is to 
these stray fields that the attraction between molecules is due. It is 
therefore not surprising that the attraction should fall off according 
to a high power law, when it is remembered that the force between 
two magnets, which have strong fields surrounding them, falls off 
inversely as the fourth power of the distance. Neither is it surprising 
that the effective range c should not be a constant and definite 
quantity for all substances. 

Returning to Fig. 202, the force exerted on m by the whole liquid 
is the sum of the forces due to all the layers of liquid between AB and 
GH, where GH is at a distance c from w. 


That is. 


total force 


= J 7nptfi{r)dr 
= »ipj* ^(r)dr 


The integration cannot be performed, because the form is 

unknown. But if it could be performed and the limits c and x sub¬ 
stituted for r, the result would be a function of Xy c being considered 
constant for the given liquid. It is convenient to write 


r 


tfi (r) dr 


; - ' .-.L: ^'4 ■■ ' 
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as a function of x 
only; thus 

^Jf{r)dr = <l>{x). 

This means that the 
attraction of the whole 
liquid for a point mass 
m situated at distance x from its plane surface is mp<f>{x). 

It is now possible to calculate the force acting across unit area of 
a plane in the liquid, due to molecular attractions. For, consider 
AB (Fig. 203) to be any plane drawn in the interior of the liquid, and 
let LM be a layer of liquid of thickness dxy parallel to AB. Unit area 
of LM contains a mass m = p dx of liquid, and the attraction upon this 
due to all the liquid below AB is mp<f>{x) = p^<f>{x)dx. Only that liquid 
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within distance c of AB experiences any sensible force due to the 
liquid below AB. 

whole force across unit area on the liquid above AB due to the 

liquid below AB is | p^<^{x)dx. This is the intrinsic pressure in the 

Jo 

liquid, which causes cohesion. Calling it K, 


K tf> (x) dx. 


Estimation of intrinsic pressure.—The quantity ajv^ in van der 
Waals’ equation affords a means of estimating intrinsic pressure, but 
for this the student is referred to works on Heat. A more direct 
method is to calculate the work done on a small quantity of the 
liquid in carrying it from the interior, into the free space above the 
liquid, where it becomes vapour. This work, together with the work 
done in driving back any gas or vapour present (p. 135), is the 
mechanical equivalent of the heat required to produce evaporation 
at constant temperature. This quantity is very well known, and it 
remains to apply our method of molecular attraction to the calcula¬ 
tion of the amount of work required to carry a small quantity of the 
liquid from the interior to the free space above the surface. No work 
is done while the element of liquid is at a greater depth than c below 
the surface, as the forces due to the rest of the liquid are symmetri¬ 
cally distributed around it. The calculation is in two parts : (o) to 
find the work required to carry a small volume v of liquid from depth 
c to the surface, and (6) to carry the same from the surface to a 
distance c above it. As (6) is the simpler, it will be taken first. 


(6) In Fig. 203 let a small mass m be situated in the layer LM. 
The force in this due to all the liquid below the surface AB is mp4>{x). 
The work done in moving this through distance dx is mp<f>{x)dXi 
and the total work in carrying it from AB to NQ is 

f mp<f>{x)dx = mp\ ff>{x)d^. 

Jo Jo 

If V is volume of the mass m of liquid. 


7n = pv\ 


work = vp® f <l>{x)dx = vK (see above). 

Jo 


\ 


SURFACE TENSION 


281 


i.-!!.y')J,'J II ‘ j 

C »»‘#| «*• ^ ^*m!t^ 9m> 


B 


.*. work done in removing unit volume of the liquid from the 
surface to distance c is K, The liquid, in evaporating at the surface, 
does not, of course, 
move away in layers ; 
it escapes molecule by 
molecule. But the 
total mechanical work 
done in removing a 
given quantity of the 
liquid is independent 

of the rate at which fio. 204.—interior op liquid. 

this takes place. 

(a) In order to find the work done in carrying the mass m from 
GH (Fig. 204) to the surface AB, the resultant force at each point 
must be found. The downward force is known : it is 


■ •y' y 

' .. . - *■' 


> * ^ .i 

^ ^ ^ 


■. yyyy . >.. y ..v ,v • 


mp 


^^{r)dr. 


where r is measured downwards from P (p. 278). There is also an 

upward force mp\ 0(r)dr due to the liquid between AB and EF. 

Jo 

Hence the resultant downward force on m is 


(»■) dr — ^pj* 4* (^) dr = mp^ ijj (r) dr 


=^mp4>{x). (p. 279). 

Work done in moving over distance dx=^mp4>{x)dx. 

And total work done in moving from GH to AB or AB to GH is 

f mp4>{x)dx~mp\ 4>{x)dx 

Jo Jo 

=^vpA <l>{x) dx, 

Jo 

or for unit volume, work = JV (^) dx = K. 

It follows that in order to remove unit volume from the interior 
of the liquid to the free space above it, the total work is 2K, that is, 
it IS numerically equal to twice the intrinsic pressure. 

If the case of water at 15® C. is taken, p = 0-999, and may be taken 
as umty. The latent heat of evaporation at 15® C. is 586 calories per 
gm. If the water vapour at 15® C. obeys the gas laws, its volume 
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per gram calculated from a vapour pressure of 1*278 cm. of mercury 
is 78,030 c.c. The evaporation of this volume of vapour pushes back 

the vapour already present, whose pressure is x 1*013x10^ 

76 

dynes per sq. cm., taking the standard atmosphere as 1*013x10® 
dynes per sq. cm. The work done, since the pressure is constant, is 
therefore (p. 135) 


pressure x volume = 


1*278 X 1*013 X 10® X 78030 

76 

1-278 X 1-013 X 10® X 78030 
4*182x107x76 


ergs 

calories 


= 31*76 calories. 

Internal heat = 586*5 — 31*76 

= 554*7 calories per gm. 

2A' = 554*7x4*182xl07, 

K = 554*7 X 2 091 x 10’ = 1-160 x 10^® dynes per sq. cm. 


554*7 X 2*091 x 10’ 


1*013x10® 

= 11450 atmospheres. 


atmospheres 


This is of the same order of magnitude as the result obtained by 
considering van der Waals* equation (p. 278), and is the value of the 
intrinsic pressure in the liquid. From its magnitude it is seen that 
cohesion must be very great. The difficulty of observing the cohesive 
force directly arises from the fact that impurities such as dissolved 
gases are present, and produce a discontinuity at which the liquid 
breaks on applying a tensile stress to a column of the liquid. , 

Estimate of range of molecular attraction.—If a liquid can be 
divided along a plane and the two parts pulled apart perpendicularly 
to this plane, two new surfaces are created. The energy required to 
produce unit area of new surface is equal to the surface tension T, 
.apart from the heat required to maintain constant temperature 
(p. 277). As the separation produces two new surfaces, the total 
work done is equal to 2T. 

The work done in raising one part of fluid from the other so that 
AB (Fig. 203) is the plane of separation may be found by noting that 
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the force on mass m in the layer LM is pm<f>{x)y and the work done in 
moving it from distance x to distance c is 


J pmif>{x)dx or ff>{x)dx. 


For a moment, write p for £ <f>{x)dx. Then, work done in moving 

mass from LM to NQ, isNow if m is the mass of unit area of the 
layer, m=p dx, and work = p^p . dx. For all the layers from AB to NQ 


total work = f p^p dx = p^\ p , dx, 

Jo Jo 


If ^p dx is integrated by parts, it is 

px — Jx. 


dp 

dx 


Now 


and 


p=^^j>{x)dx\ ^=-0(x), 

pdx = ^ji^p . x^ (x) dx. 


Since p^p = p^\ ^(x)dx, this i 
when x = 0; 


is zero when x = c, and (p^p . x) it is zero 


p2px =0. 

L Jo 


Without knowing the form of the function 4> it is impossible to 

integrate | x^(x)dx, but since both force and work become zero w’hen 

Jo 

X exceeds c, c is the greatest value of x entering into the expression 
for the work, so that the greatest value the expression can have is 


p^c 


j* <li{x)dx = cK .(p. 


280) 


Now, putting p^f x^(x) c?x = 2r, then p^c\ ^(x)dx, or cK must be 

Jo Jo 

greater than p^l x^(x) dx, or 2T, 

Jo 


nrp 

cK>2T or c> . 

/t 
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Taking the values T = 74 dynes per cm. and ^ = 1‘16 x 10^® (p. 282), 

2x74 
1*16 xlO^® 

> 1*27x10-8 cm., 

> 0*127 /A/x (micro-millimetres). 

This gives the smallest value that c can have. It is in fair agreement 
with molecular distances as obtained from other experiments, which 
shows that the attraction between molecules does not extend to 
• much more than the distance between adjacent molecules. 

Solutions and stability of thin films.—When a substance is dissolved 
in a liquid, the surface tension may be increased or decreased, accord¬ 
ing to the nature of the substance. Many organic substances lower 
the surface tension when dissolved in water. For example, the sur¬ 
face tension of methyl alcohol is 23 dyne cm.—and the surface 
tension of various solutions of alcohol and water lies between 23 and 
74 dyne cm.”^. On the other hand, some substances such as the 
inorganic salts increase the surface tension. A solution of 5 gm. mol. 
per litre of sodium chloride has a surface tension of 82 dyne cm.-^. 

In the case of a pure liquid there is no possibility of varying the 
composition of the surface layer. It follows that large films of pure 
liquid cannot be produced. For if a vertical film of pure water 
exists, the weight of the film requires that the surface tension at the 
upper part should be greater than at the lower part, since the surface 
tension at the upper part has the weight of the film to carry. As 
this is impossible, the film breaks. It is common experience that 
only small films and bubbles can be produced with pure water. But 
with some solutions, the case is different. If the solute lowers the 
surface tension, the stretching in the upper part of the vertical film 
causes a weakening of the concentration of the solute in the upper 
part of the film with a corresponding increase in the surface tension. 
This occurs to a marked degree with soap solutions, so that the sur¬ 
face tension is adjusted to compensate for the increased pull in the 
upper part of the film. Soap solutions are able to produce films and 
bubbles of great durability. 

The surface layer differs in several ways from the bulk of the 
liquid. If the liquid is pure, the only change possible is a difference 
in density between the surface layer and the interior of the solution. 
But in the case of a solution there is a further possibility ; the con¬ 
centration of the solute may vary. Accepting the principle that 
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the potential energy of a system tends towards a minimum, and 
that the surface tension is a measure of the energy associated with 
the surface layer, it follows that the solute will move towards that 
condition which will make the surface tension a minimum. If the 
solute causes a lowering of the surface tension, it will be found to be 
more concentrated in the surface layer than in the interior of the 
liquid. On the other hand, if the solute causes an increase in surface 
tension, it will be less concentrated in the surface layer than in the 
interior. This can be established by thermod 3 mamical reasoning, and 
is completely borne out by experiment. The proof is beyond the 
scope of this book, and the student is referred to more advanced 
works on the physics and chemistry of surface layers.* 

This is in accord with the fact that highly soluble substances 
would be more concentrated in the interior of the solution than at 
the surface, owing to the great attraction between the water mole¬ 
cules and the molecules of the solute. The solute molecules are 
pulled into the interior, with increase in surface tension (p. 260). 
The opposite effect occurs in the case of slightly soluble substances. 

The amount of substance transferred in this way from the interior 
of the liquid to the surface layer is called the adsorption per unit area 
of surface. Adsorption may therefore be either positive or negative. 
It is positive when the solute lowers the surface tension and enters 
the layer, and negative when it raises the surface tension and so 
leaves the surface layer. The latter case occurs with many inorganic 
salts. 

The term adsorption is most commonly applied to the case of gases 
deposited or clinging to solid surfaces. Perhaps the most important 
case is that of charcoal, which can adsorb large quantities of many 
gases. It is used in producing high vacua. A vessel containing 
charcoal is in communication with the vacuum vessel. When a low 
pressure has been reached by pumping (p. 247), the vessel containing 
the charcoal is surrounded by liquid air. At this low temperature 
the charcoal adsorbs large quantities of the remaining gas, and so 
produces a great lowering of the pressure in the vacuum vessel. In 
some cases the gas adsorbed forms a solution in the solid, and diffuses 
into the interior. The name sorption has been given to the whole 
process. 

The reinarkable stability of soap films has received a great deal of 
investigation. It is now considered that the stability is due to a 
monomolecular layer at the surface (p. 286). The soap consists of 
long chain molecules having an extremely soluble group, such as 

• E. K. Rideal, An InXroduction to Surface Chemistry. N. K. Adam, The 
Physics and Chemistry of Surfaces. 
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COONa, at one end. This group forms a strong anchorage in the 
water, and the lateral attraction between the long molecules main¬ 
tains a stable layer with sufficient mobility to increase the surface 
tension wherever the film is stretched. A freshly-formed soap film 
rapidly thins, and soon the characteristic interference colours are 
seen. These change as the film gets thinner, until eventually the film 
becomes so thin that it cannot produce interference, and it is then 
black. There is little doubt that the black film consists of two mono- 
molecular layers of soap molecules with a small amount of water 
between them. The black film may also consist of two such double 
layers in contact. Any change from this to the thinner film is 
abrupt, and the thinner presents a sharp, though irregular boundary. 

Thickness of surface film.—An estimate of the thickness of the 
surface film indicates that it is about molecular dimensions. 
The late Lord Rayleigh examined the thickness of an oil film on 
water by placing a very small amount of oil on the surface of clean 
water in a dish. By means of a movable barrier, the area of surface 
of the oil film could be varied as desired. On increasing the area and 
so diminishing the thickness of the oil layer, it was found that the 
surface tension remained constant until the thickness was reduced to 
about 5 /x/x (micro-millimetres). At 1‘6 fifx the surface tension 
increased rapidly, and at 1 fxfj. the surface tension was sensibly that 
of pure water. This layer is of the order of one molecule in thickness, 
and it may be concluded that when the layer of oil is so spread that 
the spacing of its molecules is such that they do not cover the water 
surface, the surface tension is that of pure water. Later experiments 
bear out this conclusion (p. 287). 

Monomolecular layers.—The existence of surface layers one mole¬ 
cule in thickness has been proved definitely by Langmuir. Certain 
oils and fats are very slightly soluble. By taking a small quantity of 
a solution in benzene and dropping it on the surface of the water, 
the benzene evaporates and a layer of oil is obtained. From the area 
of the layer and the quantity of oil used, it was found that the layer 
was one molecule thick. 

The experiment is carried out in a shallow trough of water. A 
light rod placed across the trough separates pure water at one end 
from the water whose surface is contaminated with the oil or fatty 
acid on the other. The rod is attached to a lever so that it can move 
horizontally along the surface. Weights added to the lever determine 
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the force on the rod required to keep it in equilibrium. This force is 
a measure of the difference of surface tension between the pure 
water and the oily water. A movable barrier enables the layer of 
oil to be pushed towards the counterpoised rod. By this means it 
was found that when the layer has such a great area that there are 
spaces between the oil molecules> that is, the layer does not cover 
the water, the surface tension does not differ appreciably from that 
of pure water. As the layer is diminished in area by pushing along 
the barrier, the surface tension slowly falls and the force trying to 
cause spreading increases. At this stage the molecules in the layer 
are mobile, as may be shown by placing dust particles on the surface. 
They can be blown about quite easily. 

On further contraction of the layer, a stage is reached at which the 
force oh the rod increases more rapidly and in a linear manner. The 
film has lost its mobility, as shown by dust particles being fixed. 
The behaviour of the film is analogous to that of a solid undergoing 
an elastic strain (p. 127). At the close of this stage a further squeez¬ 
ing causes the film to crumple visibly, and the spreading force remains 
nearly constant. 

It was shown that such monomolecular layers act like two dimen¬ 
sional solids or liquids. In the mobile stage, the spreading force F, 
or difference between surface tensions of the clean and the con- 
tanainated surface, obeys a law similar to the gas law pv = kTy where 
k is the gas constant for one molecule. In this case, Fa *= ^*T, where 
h is the same constant as before and a is the area of the mono- 
molecular layer. 

The explanation of these molecular layers given by Langmuir is 
that one end of the molecule has a considerable affinity for water, 
while the other has none. The molecules of the oils and fatty acids 
which produce monomolecular layers on water consist of chains, each 
link in the chain being CHg, one end of the chain being CH 3 and the 
other — OH or — COOH. The hydrocarbon group CH 3 has no 
affinity for water, while the - OH or - COOH has. This active end 
is held beneath the water surface, while the inactive CH 3 end pro¬ 
jects above it. The mobile or expanded layer corresponds to the 
fiuid state, and the melting point is the temperature at which the 
transition from the immobile to the mobile state takes place. 

Adam classifies such films, or layers, formed by insoluble sub¬ 
stances, under four heads. 

(i) Condensed films, or those in which the molecules in the mono¬ 
molecular layer are so closely packed that they are immobile and 
are steeply inclined to the surface. 

(ii) Gaseous films, in which the molecules are so far separated that 
they have independent movement in the surface and exert a pressure 
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on the linear boundary, analogous to a gas pressure. Such an ideal 
case is never realised in practice, because the molecules, if large, will 
either dissolve or disappear by evaporation. 

(iii) Idquid expanded filmSy in which the molecules adhere strongly 
to each other, but are not so closely packed together as in (i). , 

(iv) Vapour expanded films are those in which there is still adhesive 
force between the molecules, but not of sufficient magnitude to keep 
the molecules together in islands as in (i) and (iii). This class of 
film shades off into (ii). 

Ca lm i n g of sea waves by oil. —Several explanations have been given 
of the fact that oil poured upon the sea renders the waves less 
dangerous. All agree that the oil has no effect upon the height of 
large waves, but is active in suppressing the ripples produced b^y the 
wind. These ripples may, by the action of the wind, give rise to 
large waves. They may also give rise to dangerous breaking of the 
large waves. The late Lord Rayleigh explained the effect of the oil 
by saying that the wind, pushing the oil along the surface, increased 
the contamination, and so lowered the surface tension in advance of 
the ripple and left a cleaner surface with higher surface tension 
behind. The surface tension thus produces forces which oppose the 
motion of the surface produced by the wind, and so tends to prevent 
the formation of ripples. 

The above explanation is not complete, because the surface 
tension is not lowered until the whole surface is covered by oil. It 
has, however, been shown that a film of oil which does not cover 
more than a small fraction of the surface is effective in damping 
ripples. It is more probable that the viscous resistance to displace¬ 
ment of the oil on the water plays the most important part in the 
damping of the ripples. Adam states that good spreading power on 
the surface of the water is important. Mineral oils are not effective, 
but in emergency they may be improved by melting stearine candles 
and mixing with the oil. The carboxyl group in the stearine mole¬ 
cules gives a good anchorage in the water. 


Exercises on Chapter xn 

1. Write an essay on surface tension, C.H.S.C. 

2. What is meant by the surface tension of a liquid ? 

Describe and explain a method of measuring the surface tension of 
water. C.H.S.C. 

3. What do you understand by “ surface tension ” ? 

Describe some natural phenomena depending upon surface tension. 
Explain fully a method of measuring the surface tension of water. 

Lond. H.S.C. 
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4. Give a brief outline of a method of measuring the surface tension of 
a liquid. 

A glass plate, of length 10-0 cm., breadth 1*54 cm., and thickness 0*20 
cm., weighs 8*2 gm. in air. If it is held vertically, with its long side hori¬ 
zontal, and its lower half immersed in water, what will be its apparent 
weight ? (Surface tension of water = 73 dynes per cm.) C.H.S.C. 

5. Describe experiments to illustrate the phenomenon of surface 
tension. 

A glass tube of 1 mm. internal diameter is held verticaUy with one end 
below the surface of some water, and the water level inside the tube rises 
2*4 cm. above that outside. Deduce from first principles a value for the 
surface tension of water. What is the probable cause of the erroneous 
value obtained ? C.H.S.C. 

6. Describe the capillary tube method of measuring the surface ^nsion 

of a liquid. Why is it unsuitable for measurements of surface tension at 
temperatures other than that of the surroundings ? Design a piece of 
apparatus with which this difficulty might be overcome by measuring the 
pressure necessary to force the meniscus back to the level of the surround¬ 
ing Uquid. O. & C.H.S.C. 

7. Describe a method of measuring the surface tension of water by 
means of a capillary tube. 

The stem of a common hydrometer is a circular cylinder of diameter 
2 mm. It floats, with its stem wetted, in alcohol, whose specific gravity is 
0*796, and surface tension 25*5 dynes per cm. Calculate how much deeper 
it floats than if the alcohol had had zero surface tension. C.H.S.C. 

8. How is the difference in the curvatures of a water meniscus and a 
mercury meniscus explained ? 

Water rises to a height of 5 0 cm. in a certain capiUary tube. In the 
same tube the level of a mercury surface is depressed by 1*54 cm. ' Com¬ 
pare the surface tensions of water and mercury. (The specific gravity of 
mercury is 13*6, the angle of contact for water is 0® and for mercury 130®.) 

Lond. Int. Sci. 

9. Describe the capillary tube method of measuring the surface tension 
of a liquid, proving the expression for the rise of liquid in the tube. 

A capillary tube of internal diameter 1 mm. and external diameter 
5 mm. hangs vertically from the arm of a balance, the lower end of the 
tube being in a liquid of surface tension 40 dyne cm. Assuming that the 
liquid wets the tube, what is the change in the apparent weight of the 
tube due to surface tension ? (^ = 980 cm. sec.-*.) L.H.S.C. 

10. Explain surface tension, angle of contact. Show how the existence 
of an acute angle of contact and of a presstire difference due to curvature 
accounts for the rise of a liquid in a capillary tube. 

A tube of 1 mm, bore is dipped into a vessel containing a liquid of 
density 0*8 gm. cm.-», surface tension 30 dyne cm.-^ and contact angle 
zero. Calculate the length which the liquid will occupy in the tube when 
the tube is (a) held vertical, (6) inclined to the vertical at an angle of 30®. 

Lond. Int, Arts. 
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11. Obtain an expression for the rise (or fall) of a liquid in a vertical 
capillary tube dipped into a wide vessel containing the liquid. What 
determines whether the liquid rises or falls ? 

A U-tube is made up of two capillaries of bore 1 mm. and 2 mm. respec¬ 
tively. The tube is held vertically and partially filled with a liquid of 
surface tension 49 d 3 me cm.“‘ and zero contact angle. Calculate the 
density of the liquid if the difference in the levels of the menisci is 1 '25 cm. 

Lond. Int. Sci. 


12. A capillary tube of 0-5 mm. bore stands vertically in a wide vessel 
containing a liquid of surface tension 30 dyne cm.“^, density 0*8 gm. cm.”* 
and zero contact angle. Calculate the height (A) to which the liqmd will 
rise in the tube. Establish any formula which you employ. 

What will happen if the length of the capillary projecting from the 
surface of the liquid is less than h ? Lond. Int. Sci. 

13. Describe a method for the determination of the surface tension of a 
soap solution, and prove any formula required for the reduction of the 
observations. 

Find the difference of the levels of the mercury in the two limbs of a 
U-tube if the diameter of the bore of one limb is 1 mm. and of the other 
8 mm. The surface tension of mercury is 440 c.a.s. units, its density 
13-6 era. per c.c., and the angle of contact with the walls of the tube 140®. 

J.M.B.H.S.C. 


14. Find an expression for the difference of pressure between the inside 
and outside of a soap-bubble. 

Two bubbles, of the same radius, are blown on one end of each of two 
open tubes. Describe and explain what happens when the tubes are 
connected together at their free ends. O. & C.H.S.C. 

15. Describe in detail how you would determine the surface tension of 
water by capillary elevation. Why does the water in a glass capillary 
tube rise above the level of that outside, while in a tube of paraffin wax 
it sinks below ? Is it necessary to take into account the material of the 
tube in working out the surface tension of the liquid ? 

What would be the pressure inside a small air-bubble of O-l mra. radius, 
situated just below the surface of water ? (Take the surface tension of 
water as 70 dynes per cm. and atmospheric pressure as 1013 x 10® dynes/sq. 
cm.) O.H.S.C. 


16. Define surface tension (T), and show that the pressure inside a 
spherical soap-bubble of radius r exceeds that outside by 4T/r. If this 
pressure is balanced by that due to a column of oil (sp. gr. 0-80) 1-4 mm. 
hi"h when r=l cm., find the surface tension of the solution. State the 
unit in which your result is expressed. Lond. Int. Sci. 



CHAPTER XIII 

WAVES 


Wave motion.—A disturbance of any kind which travels may be 
called a wave. The term, however, is generally reserved for a dis¬ 
turbance which travels without change of form. 

As a simple example, think of a rope, one end of which is held in 
the hand. On giving the hand a sharp jerk to one side, a pulse is 
seen to travel along the rope, provided that the rope is not stretched 
tight. If the rope is tight there will still be a pulse produced on 
giving the jerk, but this pulse may travel so quickly that the eye 
cannot follow it. In any case, if the rope is sufficiently long, the 
pulse is very nearly a true wave. It travels along the rope, and keeps 
its shhpe while travelling. 

Other types of wave arc very well known : for example, ripples 
spread outwards along the surface of a pond when a stone is thrown 
into it. These ripples become feebler through attenuation as the 
circles become bigger. The larger waves seen on the sea are not of 
the same character as the ripples, but may be looked upon as true 
waves when they travel with constant shape. 

Then again the waves in the air which produce the sensation of 
sound are of a still different type, and are invisible. They will be 
studied later (p. 300). Electromagnetic waves, ranging from those 
used in wireless transmission, through light waves, to the shortest 
known waves, such as gamma rays and cosmic rays, are further 
examples. They will not be studied here, as our attention is con¬ 
fined to waves of a mechanical type, but many of the wave equations 
apply to waves in general, whatever the particular type may be. 

General equation of wave motion.—The disturbance which travels 
may have a variety of forms. In the rope or the ripple it is a dis¬ 
placement which takes place at right angles to the direction in which 
the wave is travelling. Let Ox (Fig. 205) represent the rope or the 
surface of the water, and take the axis Oy in the direction of the 
displacement. If a displacement be given at O, at a certain time. 
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the pulse may have travelled to the position ABC at a later time. 
The curve ABC may have a variety of shapes, but some equation 



Fio. 205 .—Wave Form. 


can be found to represent 
it. The commonest type 
is represented by a sine or 
cosine curve, but for the 
moment we will write it 
y=f{x), where the function 
f is quite general. 

Since the pulse ABC^ 
travels along - Ox it must 


have a velocity (v), and after t seconds it will have travelled a 
distance vt. The complete equation for the wave motion must then 
be y=f{x — vt)y because this represents a displacement which travels 
along Ox with velocity v and with shape unchanged. After a lapse 
of i sec. the wave has travelled a distance vt. Moving the origin to 
the right by this distance and calling x' the new abscissa, x = x' +i;<, 
and on substituting for x, y—f{x* -^-vt^vt) or y—f{x'). That is, the 
curve has the same equation referred to the new origin as it had t sec. 
earlier with respect to the old origin. Hence the wave y=f{x — vt) 
travels with velocity v and shape unchanged. 

In a similar manner the equation y—fix + vV) represents a wave 
travelling in the direction xO, because the origin must now be moved 
in the negative direction, that is, to the left, in order to preserve the 
equation. For x = x' —or y—f{x' — vt-\-vt)=f(x''). 

Simple harmonic wave.—In Nature the waves which occur most 
frequently are produced by vibrating bodies, that is, bodies which 
possess simple harmonic motion, or motion represented by the 
equation y = asina>t (p. 90). If the hand which holds the end of 
the rope (p. 291) executes this motion, the end of the rope will do 
likewise, and the equation of its motion is 2 / = asina>«. As in 
Chapter IV, a is the amplitude and oy = 27Tn, where n is the frequency 
of the vibration ; 

y = asin27mi 


= a sin 27r ^, 


where T is the periodic time of vibration, that is. 
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The distance trayeUed by the wave while the end makes one com- 
ite vibration is 


plete vibration is 
called. tbe wave* 
length, A (Fig. 206), 
and therefore in one 
second the wave 
travels a distance 
nX, 

X A 

or t; = wA = ^. 



Fio. 206.—SiNB Wave. 


Now the equation 

y=/(^-«<), and this is consistent 

With the equation 

n t\ 

y = asiji 27ri^j-~J 


— a sin 


27r / 




277 

= asin 

fo/VLn motion of the end at the origin O, 

y= - a sin 277 ^ . 

The negative sign arises because, whenj i = 0, y = a sin ^ x. This is 

the equation of the curve shown in dotted line in Fig. 206 and as 
this curve moves forwards, the end of the rope at O moves down¬ 
wards, so that the equation of its motion is y= - a sin 277 - . 

aJoTnt’Jf ‘ “ ^ G - i) increasfd by the 

y = asin2.(5-4J) 


= asin{2.(^-^)-2„|. 




y = asin |27r('5-i)+2„^ 


)• 
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and at any instant y has the same value at points separated by 
distance A. 

Transverse and longitudinal waves.—The rope has been chosen as 
an illustration, but it must be understood that the above equation 
applies to all waves in which the particles of the medium execute 
simple harmonic motion. As any other periodic motion may be 
resolved into a series of sines and cosines, all waves may be repre¬ 
sented by such a series, but only simple sine waves will be considered 
here. There is one characteristic common to waves in a rope, or 
stretched string and to ripples, which is that the motion of the par¬ 
ticles is at right angles to the direction in which the waves travel. 
Such are called transverse waves. 

In sound waves the motion of the particles is in the same direction 
as that in which the waves are travelling. These are called longi¬ 
tudinal waves. These longitudinal motions of the particles cause 
compressions and rarefactions, as will be seen later (p. 298). Solids, 
owing to the possession of compressibility, as well as rigidity and 
tensile elasticity, can transmit both longitudinal and transverse 
waves, but gases, having compressibility only, can only transmit 
longitudinal waves. Liquids can transmit longitudinal waves, and 
at their'surface, on account of surface tension, can transmit ripples, 
which are transverse waves. 

Particle velocity and acceleration.—Each particle of the^ medium 
transmitting a wave moves in a line, its amplitude of vibration being 
a. Its velocity must not be confused with the velocity, v, of the 
wave. If the displacement at a point in the medium is y, the velocity 

of the particle at any instant is the quantity and may be obtained 

, /x t\°'^ 

from the wave equation y = a sin 27r ^ . 
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This may also be represented by a sine curve. Its amplitude is 

27Ta j • • 

—jT*» and it IS situated a quarter of a wave-length from the displacement 
curve. If the full-line curve in Fig. 207 is the curve of displacement. 



Fig. 207.—Pabticlb Velocitt and Acceleration, 


the velocity curve is the dotted line. At B and D the particle has 

greatest velocity ^ and it is negative at B and positive at D. 

At C and E the particle velocity is zero. 

In a similar way the acceleration of a particle is 


A 

d^y 477^a „ f 4 t\ 

dt2 cos27r^— 

_ ^TT^g f /^“4 t\ ttI 

/ ^ N 

47r2a . _ P 2 t\ 

= -^sm2^\^—--y. 

That IS, the particle acceleration varies harmonically between 

. 477*^ , 4772a , , 

- 1 - ^2 -^ > and may be represented by a sine curve half 

a wave-length from the displacement curve. 

Also, the wave velocity is ^; 

. particle velocity _ dt dy 
wave velocity ~dx~l[x' 

dt 

and IS thus the slope, at any point, of the displacement curve. 
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strui£ 


thii that any bending moment (p. 145) may be neglected, and any 

^ part of the string is dis¬ 

placed laterally from its 
equilibrium position, the 
only restoring force is due 
to the tension in the string. 
If / is the total stretching 
force in the string, that 
is (tension x cross-section), 
and AB (Fig. 208) is a 
very short length dx of 
the sti^ng displaced from 
the line EF, the restoring 
force is represented by GH, 
and is the resultant of the two forces GC and GD, each equal to/. 
The displacements are greatly exaggerated in the figure. From the 
diagram it is seen that if AB is very small, GHD and ABO are similar 
triangles, where O is the centre of curvature of the element ol 

string AB; 



Fio. 208. —Vblocitt of Wave in String. 


GH 


GH = 


dx dx 
_ » 

AO” r ’ 

GD . dx f dx 


r r 

If the string has mass m per unit length, the mass of AB is m dx, and 

its acceleration is ^ ^ 

force f dx j 

mass rm dx rtn 

Now, to express the acceleration in terms of the velocity v of the 
wave travelling from E to F, remember that the string at the point 

B has particle velocity v. (p. 293), and the particle velocity 

of the string at A is v (^)^. As the wave travels over the distance 
AB, the velocity of an element of string B changes from n ^ 
to , since the condition of the string shown at A has now 

reached B^ The acceleration of a point on the string is therefore 

dt. 
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where is the time taken for the wave to travel the distance AB or 

slope of the displacement curve at B and 
that at so that when both of these are small, ^ 




dx 

r 


The particle acceleration is thus since —=v But it 

r at T dt 


has been shown above that the acceleration is : 

rm 


r 


z 

rm 


/ stretching force 
’ m V mass per unit length * 

T^s expression is not valid if the displacements are very large, 

but holds in the ordinary case of the stretched string used in musical 
mstruments. 

^n^tudinal wave.—The representation on a diagram of a longi- 
wave is not so easy as that of a transverse wave, because 
the displacement is in the direction of the wave. In the transverse 
wave the diagram may be an actual picture of the. string. If par¬ 
ticles of the medium transmitting a longitudinal wave are at A, B, 
C, D and E (Fig. 209) when normally at rest at these points, then 



Fio. 209 .—Reprbsbntatiok op Lonoitodinal Wave. 


when the wave passes they may, at some particular moment, be at 
a, o, c, a and e. On describing arcs of circles aA',‘6B' and cC', etc. the 
points A', B' and C', etc., are obtained, and the curve A'B'C'D'E' 
represent to scale the state of the medium at that moment. Whether 
the medium IS air, or a solid rod, the points A, B and C represent 
layers at right angles to the direction of propagation of the wave. 
Each layer is moved forwards or backwards by the amount Aa, B&, 
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Cc, etc. Displacements forwards are plotted upwards and those 
backwards are plotted downwards, as in Fig. 210. If AB'CD'E is a 
sine curve, the medium is evidently compressed in the neighbour¬ 



hood of points represented by C and rarefied at points such as A 
and E. As the wave travels forwards, these compressions and rare¬ 
factions move onwards. 

Referring again to Fig. 209 ; if the displacement Aa, b 6, etc., is 
represented by y, Bb - Aa is Sy, the change in displacement over the 

distance AB or 8a:. The quantity --or in the limit when AB is very 

small, — is the compression of the layer AB. The negative sign 

is taken, because y must decrease with increasing x for the medium 
to be compressed, as it is in Fig. 210, from B to D. Thus when the 

curve AB'CD'E has a negative slope ^ is negative, and the medium 

is in compression. ^Vhere the slope, that is, is positive, the medium 

is rarefied. 

Velocity of compression wave.—Imagine two parallel planes drawn 
in the medium at right angles to Ox (Fig. 211), one through A and 



the other through B. Draw an area s round A and B in these planes, 
forming a prism of volume s da: in the medium, with sides parallel to 
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Ox. If p is the density, ps dx is the mass of medium in this prism. 
The compression at A is . and if * is the bulk elasticity of 

the medium the pressure at A due to the compression is k 
(p. 128). This gives a force sk ^ on the base of the prism a"t 

A. There is a similar force of sk over the base at B, so that' 

there is a resultant force sk on the prism due to 

the difference in compression at A and B. The acceleration of the 
medium m the prism is therefore 


w. 1 


mass 


ps 8x 


D Sx 


J-- ^ VO/ 

The particle velocity at A is v (p. 295) and at B is u , so 

that the ratio of the change in velocity of a layer as the wave 
passes over the distance dx to the time taken, U, is 

St 

and this also is the acceleration ; 

p Sx * 


Now 


Sx . 


Sx k 


St 


is the velocity of the wave v; 

k 


V^ = — 

P 


4 




velocity = a , 


=A/i. 
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If the wave is in air, the elasticity may have one of two forms, 
according to whether the changes occurring are considered to take 
place so slowly that heat diffusion causes the temperature to 
remain constant, or whether they occur so rapidly that there is 
no leak of heat from 9 ne layer to another. In the former case, the 
elasticity is calculated from the isothermal relation 

pv = const., 

that is, from Boyle’s law (p. 174), 



Now, 


elasticity = 


stress 

strain 


(p. 128) 




dp dp 

V 



The negative sign occurs because — is essentially negative, increasing 

pressure causing decreasing volume. The elasticity is therefore 
equal to the pressure, and 


velocity of wave 


4 


This result is due to Newton. On putting in the values 

* = 76 X 13’6 X 981 dynes per cm.® 

and p ==0 001293 gm. per c.c. 

for air at normal temperature and pressure, 

/76x 13-6x981 
V 0-001293 


= 28000 cm. sec. 


—1 


This is less than the observed value. It was pointed out by 
Laplace that the adiabatic elasticity should have been taken, as 
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the latter of the two above alternatives is the more Ukely to be 
correct. In this case / ^ 

jyv = const, (p. 211) ; and for air y = l *41 ; 

v-l 

elasticity = ~v^= ycv*' = yp ; 


velocity of wave 


“V 

-V 


yp 

p 


1-41 X 76x13-6x981 
0-001293 


= 33250 cm. sec.~^. 

to-the observed value of the velocity of sound 

iL adiabrc“elisS"'"^" 

Interference of waves.—Provided that the displacements are not 
excessive, two or more waves may travel independently through a 
medium at the same time. The resultant displacement at any place 
IS then the sum of the displacements produced by the separate 
waves at any particular instant. In the case of two waves, the 
resultant displacement is the arithmetic sum of the separate dis¬ 
placements where these are of the same sign, and the difference where 
the two have opposite signs. Thus the displacement due to the first 
wave may be increased at some points by the presence of the second 
wave and diminished at other points. The waves are said to inter¬ 
fere. and the phenomenon is called interference. The name is in some 
ways unfortunate, since what is really meant is that each wave 
preserve Its independent existence and does not interfere with the 

er. The resultant is the algebraic sum of the effects of the two 
waves at each place. 

The name ‘‘interference is, however, so long established and so 
ell recogmsed that its use is not Ukely to be discontinued. 
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Interference is illustrated in Fig. 212, where the ripples on the 
surface of mercury are shown. They are produced by two pointed 
wires, attached together to the prong of a tuning fork. They have 
thus the same frequency, and produce two sets of ripples which 



travel in circles from them. The surface is viewed for an instant, 
and the points of maximum disturbance are seen as lightly-shaded 
circles. These are crossed by darker rays passing through points 
where the two sets of waves together produce minimum disturbance. 

Stationary vibration.—A very important example of interference 
is seen when two waves of equal frequency and amplitude travel 
through a medium in opposite directions. The equations for the 
waves are 

1 / = a sin 277 and y = a sin 277 ^ (p. 292). 

The resultant displacement is then 


y — a sin 277 



+ a sin 277 



= 2a sin 2/7 ^ cos 27r ^ . 


The x's and the I's are thus separated, and at any given place in 

the medium the particle executes a vibration cos 27 t ^ with amiditude 

2a sin 277 At points for which x~0, 75 , A, —etc., sin 277 ^ = 0 and 

the amplitude of vibration is zero. Such points are shown at O, A, B 
and C in Fig. 213. They are called nodes, for the medium is always 

at rest at these points. On the other hand, if ^ = -g> etc., the 

amplitude has the values 2a, and the displacements are alternately 
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positive and negative. Such points are D, E and F (Fig. 213), and 
are called antinodes. 

This state of affairs is represented by a thin line curve for the wave 


y = a sin 27r 



and a dotted line curve for 


2 /= a sin 27r 



The thick line gives the curve of resultant displacement. In Fig. 
213 (a) tjie constituent waves are in the same condition. In (6) each 



wave has moved forward a distance -7 in its own direction, and the 

4 

resultant displacement is for this instant everywhere zero. Another 

advance of ^ and the condition (c) is reached. Two further advances 
A ** 

of ^ would produce the condition (a) again. 

Such a motion is a steady vibration. It is sometimes called station¬ 
ary wave motion, but it differs in an important point from a wave 
motion, because each part of the medium moves backwards and 
forwards without the advancing of a pulse in any direction. A wave 
motion is essentially a phenomenon in which some state of dis¬ 
turbance travels from one place to another. 
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It will be noticed that the distance between consecutive nodes is 
or half the wave-length of either constituent wave. The wave¬ 
length is thus the distance between alternate nodes or alternate 

antinodes. . i_ v xi. 

The above applies to all simple harmomc waves, whether the 

transverse motion of a stretched string or the longitudinal waves in 

a column of air. The conditions of production, however, differ in 

various cases. , , . ^ • x x v j 

Vibration of stretched strings.—On plucking or striking a stretched 

string, a transverse wave is started, which on reaching a fixed end 

is reflected. The reflected wave 

__ ^ together with the direct wave 

- "~Z’' (a) set up a state of steady vibra- 

^ both ends of the string 

are fixed, reflection occurs at 
both ends, and a steady state 

r- - - - - - - —-of vibration of the string can 

only be reached if the waves 
reflected from one end coincide 
(c) in phase with those travelling 

Fio 214 —modes of Vibration of a towards the other ©iid. With 
Stretched StAing. a steady state of vibration the 

ends of the string must be 

nodes, because they are fixed. The simplest form of vibration is t^n, 
as in Fig. 214 (a), with an antinode in the middle of the s^ing. The 

length I of the string is then ^ (above), where nX==v = '\J^ (p- 297); 




This is known as the fundamental form of vibration of the string. 
The next possible mode of vibration_is shown in (6). There is a node 

in the middle and A = Z ; . Similarly in (c) there are two 

nodes besides those at the ends, and A = -|Z, or « = Thus 

the various possible forms of vibration have frequencies proportional 


to 1 : 2 : 3 : ... , etc. 

An account of the notes emitted by the string vibrating will be 
found in books on Sound. 

Vibration of air column.—A train of reasoning similar to the above 
shows that a column of air confined in a cylindrical tube may be 



§ 
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set in steady vibration. But there are here two possibilities. At a 
closed end of the tube reflection occurs with a node of displacement, 
while an end open to the atmosphere is at or near a node of pressure, 
that is, an antinode of displacement. Thus with a tube open at both 
ends, the ends are antinodes and there is a node in the middle of the 
tube. The simplest form of vibration therefore has wave-length 

Ik 

A = 2i, and nX — v = -\J — (p. 299), where I is the length of the tube ; 


• • 2i V « * 


The next mode of vibration has, like the string, a frequency 

1 /X 

"=Wp’ 

and so on. 

If one end of the tube is open and the other closed, one end is an 
antinode and the other a node, 

A = 4Z and « = a/'“* 

4:1 y p 

For the next form of vibration there must be an antinode and a 
node in the tube, because antinodes and nodes must alternate ; 


• 

• 4 


and 


3 jk 

” = 4jV7- 


For the next. 


5 Ik 
“4Z V o ^ 


and so on. For a study of the notes produced the student is referred 
to books on Sound. 

Vibrating rod.—If a wooden rod be clamped at its middle point 
and stroked with a resined cloth, it may be set in longitudinal vibra¬ 
tion ; or a glass rod rubbed with a wet cloth may be used. Since 
the rod is free at both ends, these are antinodes, and the fundamental 


has frequency 


% 



where e is Young’s modulus. 

Owing to the great value of e this fundamental frequency is very 
high, and the question of the higher frequencies is not of practical 
importance. 
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Waves on water.—Everyone is familiar with the waves which 
occur on the sea, or when a stone or heavy body is plunged into a 
pond. Such waves are transverse, the surface moving up and down, 
while the wave travels horizontally. But the water being incom¬ 
pressible, a transverse motion at or near the surface must be accom¬ 
panied by some longitudinal motion. If this were not the case there 
would be a cavity under each crest and an enormous compression 
under a hollow. As this is not so, there must be a movement of 
liquid from hollow to crest to preserve the continuity of the liquid. 
It is possible from the equation expressing this continuity to find 
the velocity of such waves, but a less general and more descriptive 



method will be adopted here. If CDEFGH (Fig. 215) is a section of 
the actual surface of the water at a given instant, then cdefgh is a 
section of a surface in the water drawn at a depth in the water at 
the same instant. Each particle in a vertical line, say Dd, executes 
vertical simple harmonic motion in the same phase and periodic 
time Ty but the amplitude decreases as the depth increases. That 
this is so follows from the fact that at the bottom, the amplitude 
must be zero, but in deep water the amplitude has become zero long 
before the bottom is reached (see p. 312). 

In order to produce such a motion, without discontinuity, the 
water must pass from hollows to crests. Since the crests and hollows 
pass any point periodically, each particle of the water has a hori¬ 
zontal oscillation which must have the same periodic time as the 
vertical oscillation. If this were not so there would not be a per¬ 
manent wave transmission, the wave would continually be changing 
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in type. If the velocity of the wave, say from left to right (Fig. 215), 
is Vf let us imagine an equal and opposite velocity to be super¬ 
imposed on the medium. This would maintain the wave at rest 
while the medium streamed past it with velocity v. The lines 
CDEFGH and cdefgh now become stream-lines. The crests and 
hollows are supposed to be in parallel lines, and if a slice of unit 
thickness, of which the diagram is a section, be taken, the parts 
CDEFGH and cdefgh indicate stream-tubes. From p. 205 the velocity 
of the medium is greatest at the narrowest parts of the stream-tubes 
such asy*, and least at the widest parts such as d. 

If Fj is the resultant velocity of the water at d. 



where x is the horizontal particle displacement due to the horizontal 
oscillation. Also the velocity Fg at f is 




and f being the velocities due to oscillation at d and/. 

Since Fi is the minimum resultant horizontal velocity and v is 
constant, is the maximum oscillatory velocity from left to 

right. Similarly is the maximum oscillatory velocity from 

right to left, and there is a zero value at c, half-way between d and J. 
If the vertical oscillation of any particle is given by 



= a sin 27r ^ 


y 


and the horizontal oscillatory displacement by 


x = b sin 



dx 27 t 

'dt^Y 


b cos 



2-77 



b sin 
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Now this has its maximum value at dy where y is greatest and at 
f where y is negative, but of maximum negative value ; 


0+^=0, or e=-\-y 


and 


dx 

dt 

X 


27r , . t 

= Y ^ sin 

= 5 sin (27.|-|) 


Thus the vertical and the horizontal oscillations have the same 

periodic time T and difier in phase by Their resultant is therefore 

an elliptical motion of semi-major and minor axes a and 6 (p. 104). 

In order to find the relation between a and 6, BernouilU’s theorem 
(p. 207) may be applied to the stream-line cdefgh : ^ _ 

gh -H- -t-^y2 = const. 

Taking Iniy the undisturbed horizontal plane, as datum level, 
at d, h = a, p=Pit 


and 


__ 277 , 277 , / 




since the particle makes a complete oscillation in time T, while the 
wave travels through a wave-length A ; or, v = X/T. 

Similarly, at/, p = Pz Vz = v(l+^ 

Bernoulli’s equation then gives 

+ + -ga + ^ + iVJ^, 

P P 

ffa+^+4«*(l-^6) = -ga + S^ + iv‘(l+^b) , 


2ga + 


A / p 

Pi — Pz 477^*6 


(i) 


p A 

At c the oscillatory horizontal velocity is zero, being half-way 
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between two points d and / of maximum velocity, and the vertical 
velocity is the maximum value of 

dy 2 tt t 

“cos 2 ^y. 


which is 


277 


a or 


277 


va. 


dy 


If Fg is the resultant velocity at e, then since v and are at 


right angles to each other. 






a^. 


3 -- - ;^2 

Also A = 0 and 'p = Pzy 

so that applying Bernoulli’s equation to the points d and e. 


3«+^i+iFl>‘ = 0+^»+iF3^ 
P P 


+ ^ + ^ 1-^6 


/ o 


2 +- 


1 47r^^a® 


A 2 




V. - V. 27tv^ , 1 4772i-2fe2 . 1 47r2i;2a2 

i-i—^ ^ 6 - X-c;;-1 -To— • 




A 2 


Multiplying by 2, 

2(», —!?•») 47Tt>^h 4 77*15^ ,2 2\ 

2<7a + = —— + (6® -- a^). 


On subtracting this from equation (i). 


Pl-P2-2pi+2p3 _ 


A 2 


2p3-(Pl+y2) _ ^^2 _ ^2^ 


A 2 


(ii) 


The pressures pj, pg small, but in any case pg 

is the mean of that the left-hand side of the equation 

is zero. Hence it follows that a = 6, and the vertical and horizontal 
amplitudes of a particle are equal. This means that the particles 

describe circles (p, 105), ^ r 

Three layers in a liquid are drawn in Fig, 216, and the positions or 

the particles are shown for a given instant. Since the wave travels 

from left to right, each circle is in an earlier phase than the one on 


L 


S.P.M* 




SIO 


MECHANICAL PROPERTIES OF MATTER * 


CHAP. 


its left. If now the circles rotate as shown until every circle has 
made a complete rotation, the crest at A will travel to B, It will 





Fio. 216 .—Motion of Particles in Water Wave. 


be seen that the waves are not simple harmonic, although if the 
a^mplitude is small the departure from the simple harmonic form is 
slight. 


Velocity of propagation.—In order to find the velocity of propaga- 
tiion V of the wave, put 6 = a in equation (ii); 


-then 


P\ — Pa 27 ru* 

P ^ 

(Pi~P3)+Pff^ ^ 
2na 
P—T- 


At the surface of the liquid, the equation is as valid as for any 
other part, but the difierence of pressure between D and F (Fig. 216) 
•can only be due to the surface tension of the liquid, since the liquid 
is in contact with the atmosphere at both places. If the waves are so 
large that the curvature is negligible, the surface tension may be 
ignored aud 

V — 



which is the velocity of deep-sea waves. 

Again, the curvature at E (Fig. 215) is zero, so that P 3 = 0; 

• p + pga 

27Ta * 
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where p is the pressure just under the surface at D, due to surface 
tension. 

If the amplitude a is comparatively small with respect to the 
wave-length, the curvature at D is practically the same for all 
harmonic waves, and if the simple harmonic form is taken, the 

equation of the line CDE, etc., is y = a sin 27r Now 

dy 27 t o ® /'27r\2 x 

-=-acos2^^ and a sin 2. ^ , 

and the maximum value of this is On p. 146 it was seen 

that when the curvature is not great, its value is or the radius 

Now the pressure due to surface tension is 


of curvature, r = 


da^ 


— (p. 255), that is, T which case the expression for v 


becomes 


v2 = 




+ P9<i 


27ra 


P- 


27tT gX 

If the waves are so small that the propagation is almost entirely 
due to surface tension, the term gX may be neglected, and 




27rT 


pX 


Relation between amplitude and depth.—In order to find how the 
amplitude a changes with depth below the surface, refer again to 
Fig. 215 and consider the stream-tube whose upper layer is cdefgh. 

If the rate of change of a with depth h is then if the thickness of 

an 

the tube in its imdisplaced condition is S, the difference of displace¬ 
ment between the upper and lower surfaces at d is — jt and 

dh 

8 “^8 the actual area of the tube, remembering that it has unit 
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18 


thickness perpendicular to the plane of the diagram and that 

negative. Also at/ the area is Now from the principle 

of continuity (p. 205) the product of velocity and area is constant 
for any tube; 


••• 


s+^s): 


But 


Fi = V — 


Fi-F, = (F. + F2) 

2‘7tv 


dh 
da 

Wi' 


j _ 27ry 

a and V 2 = v + a ; 

^TTV 


Then 


Fi-F 2 =-^a and Fi + F 2 = 2v. 
47rv _ da 

X da 

O ^ ♦ 

27r a 



X 

277 


log a + C, 


where C is any constant, 
where A = 0. Then 


Let do be the amplitude at the surface, 




That is, the amplitude falls off exponentially with the depth. If 
<j = aQ€-2n^0 00186ao- Thus at a depth of a wave-length the 
amplitude has fallen to roughly 0-2 per cent, of the surface amplitude, 
and the decrease for the next wave-length in depth is at the same 


rate. 

velocity.—It will be seen that the expression for v* on 
p. 311 will be smallest for some particular value of A. The minimum 
value of may be found by differentiation with respect to A : 




dv^ 2 ttT g 

5a “ 
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equating this to zero, 

_^_2^ ff A ^ttT 

277 />A* * 277 p\ * 



477 ^ 3 ^ 

P9 


« 


This value might correspond to a maximum or a minimum of r®. 
In order to decide, difierentiate again. 


d2v2 A^ttT 

pA“ ■ 

Since every term here is positive, is positive, and the value 

for A found above corresponds therefore to a minimum of v®. 

In the case of water, T = 74 dyne cm.“^, p = l gm. cm.“®, and 

^ = 981 cm. sec.“2 ; _ 

A=^277 = cm.. 


and putting this value in the expression, 


v^ — 


7.nT gX 
pX ^ 277 * 


u = 23-19 cm. sec.“^ 


This is the smallest velocity that waves on the surface of water 
can have* For smaller wave-length, the surface tension term pre¬ 
dominates and velocity increases with decreasing wave-length. For 
large wave-length, the gravitational term predominates and the 
velocity increases with increasing wave-length. For wave-lengths 
below that corresponding to minimum velocity, the disturbances 
are usually called ripples. 

It is interesting to note that at the minim um velocity 

^ttT gX 

that is, the surface tension effect and the gravitational effect con¬ 
tribute equally to the value of n®. 

The late Lord Rayleigh used the measurement of the wave-length 
of ripples for determining the surface tension of the liquid. A glass 
plate dips into the liquid, and is rapidly raised and lowered by being 
attached to the prong of a tuning fork of known frequency. The 
surface of the liquid is illuminated intermittently with the same 
frequency as the fork. Under these conditions the ripples appear to 
stand still, and their wave-length can be measured. 
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Xp ^27r’ 

and v = nXt where n is the frequency; 

277 477^' ■ 

For fairly high frequencies inay be neglected in comparison 
with the first term, so that ^ 

^ pn^X^ 

277 • 

Ripples in front of moving body.—An interesting example of the 
dependence of velocity on wave-length is exhibited in the production 

of steady ripples in front of a partly sub¬ 
merged object moving through water. 
Such a phenomenon occurs in front of 
the bow of a boat or when a stream 
flows past a fixed post. These two cases 
are the same, because it is the relative 
velocity of the water and the obstacle 
that matters. The movement of the 
water causes a heaping up against the 
fixed obstacle, as at A, Fig. 217. This 
causes a concavity at B, which will pro¬ 
duce lowering of the pressure under the surface, due to surface 
tension, and a wave is started in the opposite direction to the stream. 
Smce the water in contact with the obstacle is at rest, the ripple 
moves away from it; that is, up-stream. On proceeding from the 
obstacle, the water gradually increases in velocity until at a distance 
It reaches the main-stream velocity. When a place is reached 
where the velocity of the stream equals the velocity of the ripple, 
the ripple is stationary. Thus there is a fixed wave pattern in front 
of the obstacle. If the water is at rest and the solid body moving 
the problem may be reduced to the above by imagining a velocity 
equal and opposite to the body to be superimposed on both. 

The greater the velocity the sharper is the heaping up of the water 
and the shorter the wave-length of the ripple produced. This again 
means a greater velocity of the ripple, so that at a greater distance 
a velocity equal to the water is reached. If the velocity of the water 
is less than 23 cm. sec. ^ there is no possible velocity of ripple cor¬ 
responding to it, and no stationary ripples will be formed. 



Fio. 217 .—Ripples in Fbont of 
Moving Body. 
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Beats.—There are several important phenomena that may occur 
when two trains of harmonic waves of nearly equal frequency have 
the same direction. If the velocity is independent of the frequency, 
as in the case of sound waves, the two waves compound in a manner 
that gives rise to beats. For example, if two tuning forks of nearly 
the same frequency are sounded together, the ear will hear a regular 
pulsation or throbbing superimposed on the note. 

If the difference in wave-length of the waves is dX, and the dif¬ 
ference in periodic time dT, one wave may be represented by 


y = a sin 2tt ^ 


t 


and the other by 


\dX T - \dT 


y — a sin 277 ^ 


t 


). 


idX T + idT. 

where A and T are the mean wave-length and periodic time. 
The resultant of these two is represented by 


y = a sin 277 ^^^ 


~ 2a sin 277 


^dX T-\dT 
xX 


) 


+ a sin 277 


( 


X 


t 


X + idX T + ^T 


) 


/■ X4 


tT 


(dA)2 

X cos 277 


) 


/I xdX 
V2 XF^ 


tdT 


)■ 


(dA)3 2r2-i(dr)2 

If dX and dT are small, (dA)® and {dT)^ are of a second order of 
smallness and will be neglected ; 

This may be looked upon as a wave 

sin 2^ (? -1) 

of mean wave-length A, which has an amplitude 

x dX t dT\ 


2a cos 277 


c 


2A2 2X2/' 


This amplitude also travels with velocity 

dA ‘ X2 r2 ‘ dA 
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But A = vT^ oxdX — v dT, if v is constant, ^ ^ 

A2 dT , 1 
•• T“'dA 

That is, the condition of amplitude travels with the same veloci^ 
as the constituent waves. 

The distribution of amplitude at any instant, say ^=0, is 

^ „ xdX 

2a cos 277 . 


If the frequency is n. 


V 


n = ^ and 


2A2 * 


dn V 

__ or 


dn 


.*. 2a cos 277 = 2a cos 277 

This is numerically equal to 2a when 
277X dn 


_ 

A2“ V 

X dn 


2v 


2v 


V 2v 

= 0, 77, 277, 377, etc., or x = 0, ^ 


2u 3v . 

etc.. 


and equals zero when 

27TXdn 77 377 577 


etc., or X — 


V 


3v 5v 


2 dn* 2 dn* 2 dn* 


etc.; 


2v 2* 2* 2* 
that is, points of maximum amplitude are separated by a distance 

—, as are points of zero amplitude. If the difference in frequency 
dn 

dn of the constituent waves is unity, x=v, which means that in the 
path traversed in one second there is one maximum of amplitude. 
Similarly, if dn = 2 there are two maxima, and so on. Thus the ii\unber 
of beats per second is the difference in the frequencies of the two constituent 
waves. 

In a similar manner, if a fixed point, say x = 0, is taken, the ampli¬ 
tude of the particle at this point is 

' / tdT\ _ _ tdn 


2a cos 277 


(- 


2^2/ 


= 2a cos 277 


since 


n = y and 


dn 

df 


* 


The amplitude equals 2a when 


7Ttdn = 0, 77, 277, etc., or < = 0, 


dn* dn* 


etc. 
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That is, the time between consecutive maxima is and there are 
consequently dn maxima per second. 

In Fig. 218 this effect is illustrated, but the constituent frequencies 
are much smaller than would be used in practice. In (a) the distance 
AC represents so that in the whole distance v there would be 
respectively 12 and 10 wave-lengths, and in (b) the resultant at a 
given instant is drawn. At A and C the waves are assisting each 
other, and at B they are in opposite phases, giving zero resultant. 
If AC IS half the velocity or the distance travelled in half a second. 




Pio. 218 .—REsutTANT OP TWO Waves op Nearly Equal Wave-lenoth. 


then one maximum and one minimum per half second will pass any 
fixed point. Thus there will be two maxima and two minima pass¬ 
ing per second, or there are two beats per second. This is in accord¬ 
ance with the statement that the number of beats per second is the 
difference in the frequencies of the constituent waves. Also the 
curve shown in dotted line in (6), which passes through the tips of 
the resultant wave-crests and hollows, is the curve 

o f. xd\ 

2a cos 277 , 

obtained above (see p. 316). 


Group velocity.—In the last case, the velocity has been considered 
to be independent of the wave-length, and the compound wave has 
maxima at A and C (Fig. 218 (b)), which travel with the common 
velocity of the constituent waves. In some cases the velocity is not 
independent of the wave-length, as in waves on the surface of water, 
and light travelling in a transparent medium other than empty 
space. If Aj, A 2 and T,, are the respective wave-lengths and 
periodic times, the equation of one wave may be written 


1,2 


yi = a sin 277 




S.P.M. 
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and of the other 


The resultant is 

y^yx+yz^<^ sin 


2,, = a8in2,r(j-|-). 
= 2a sin 2^ {| (1 +1) -1 


X cos 277- 




If Ai and Ag differ by a very small amount, the equation may be 
written 

2 , = 2a sin 2^ (? -1) cos 2,. || d (i) -1 ci (i)}. 

This is a wave of mean velocity v = ^, whose amplitude 

2acos 2^ ||d(i)-^d(i)} 

<i(^) A 

—-. The quantity - is generally called the phase 

< 1 ) 


has velocity 


velocity and 


ft) 

ft) 


the group velocity (v^). In Fig. 219 (a) two consti¬ 


tuent waves are drawn, and in (6) the resultant wave at a given 
instant is represented by the full line. Any given wavelet, such as 

EFG, travels with the phase velocity v or ^. The dotted-line curve 

ABC, which represents the amplitudes at different points, is the curve 

2aco8 2,r 

whose velocity is nO longer v, but is v* ^ , the group velocity. 



xm 
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. wavelets between two consecutive points of zero amplitude 

LM constitute a group. The number of groups passing any fixed 




(a) 



fb) 


point in space in a second may be found by taking a fixed point such 
&8 x — O and noting that the amplitude is then given by 

2a cos 27r I - ^ d j = 2a cos d (i). 

This is zero when 


. j/l'\ TT Stt Stt 


or when 


t = 


2d(^y 2d a) 


, etc. 


The interval between points on the wave, such as L and M, passing 
the chosen fixed point is thus ® 


a)’ 


or 


_ 1 


n, = -=^ and n» ~ 


^ T* 


Now if nj and Wg are the frequencies of the constituent waves, 

1 

? 

2 

so that the time taken for a group to pass a fixed point is 

1 

«i — rtg * 

The number of groups passing per second is therefore «, - or the 
difference in the frequencies of the two waves. 
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Group velocity of waves on water. —For waves on deep water 
when surface tension eSects can be neglected and the propagation 

is entirely due to gravity, the velocity is (p. 310). Thus 


A IgX 
T V9Tr”^* 


© 


= 2 


T 

X2 

1 

a" 

‘ 9 


27r 

9_ 

27r’ 
277 

9 


■ 


277 A 




T 


gX T 


V 


group velocity 


a) 

a) 


V 

2 


That is, the group velocity is half the phase velocity. 

In the case of ripples of wave-length small enough for the effect 


of gravity to be neglected 




2j^ 

Ap 


(p. 311), where S is the surface 


tension and p the density. The surface tension is here written S 
to avoid confusion with the periodic time. 

A2 277iS 1 2775 

Then, 


JI2 


J'2 


that is, 


and 


'*(?) 3 / 

group velooity = —— = -y 


• a)^ 


2775 


■© 


1 


-iV 


= 


2_7^ 

Ap 


That is, the group velocity is 3/2 times the phase velocity. 
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Waves formed by moving body. —A solid body moving through 
any medium produces a disturbance which travels from it in the 
form of waves. If the velocity is independent of the wave-length, 
the group velocity is equal to the phase velocity. This is the case 
for air waves (p. 299). If then a bullet has such a velocity that it 
produces a compression in front of it, the wave group travels out¬ 
wards with the common wave velocity. When the nose of the bullet 
is at A (Fig. 220) the compression wave starts outwards and travels 
as a spherical compression of velocity v. After an interval of time t 
let the wave have reached a sphere C whose radius is vt. The bullet 



has now reached B where AB = F^, V being the velocity of the bullet. 
After time ^ the bullet is at D, and at the end of t sec. the wave 

■" I 

which started at time ^ sec. has become the spherical wave F, 

t ^ t 

whore DF = v,^^ and BD = F 2 * From geometry it will be seen 


that a cone BGH will touch all such spheres, and this cone is the 
shape of the compression wave when the bullet is at B. 

If 6 is the angle ABH, 


sin d — 


AH 

7 ^ 



By observing such compression waves by means of the shadow 
they produced when illuminated for an instant, C. V. Boys measured 
the velocities of bullets fired from a rifle. 

The long waves made by a ship moving through water are not so 
simple as the above. The velocity of these long waves is not inde¬ 


pendent of the wave-length, and the group velocity is - (p. 320). 


As it is the group that is observable and not the constituent waves. 
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the matter is more complicated than in the case of an air wave. As the 
ship passes A (Fig. 221) the water is heaped up at the bow, and if 
the group velocity were equal to the wave velocity v, the wave would 

have reached C when the bow is at B, where 

bow passes any point, the water subsides, the crest forming a hollow. 


✓ 



Fia. 221 .—Water Waves at Bow op Boat. 


which again forms a crest, but with slightly changed period and 

'V 

wave-length. The group velocity is thus and the group has 

reached D when the bow reaches B, where AD = jAC. 

The track of the group is therefore from B to D, but it is not con¬ 
tinuous, like the track BH in Fig. 220. As the bow passes, the crest 
E (Fig. 222 (a)) subsides, and the crest which left at G and has 




reached F has become a hollow at G, which travels outwards, to 
be in turn followed by a crest at G (Fig. 222 (6)). So long as the 
oscillations last, successive waves are sent out, and the result is a 
series of crests and hollows in the line BD (Fig. 221). Such a series 
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of waves can always be seen when a body, large enough to produce 
gravitational waves, passes along the surface of water. 

Exercises on Chapter xm 

1. Define wave motion and show that it can be represented by a 
simple equation involving the velocity of propagation. 

2. Give the equation of a simple harmonic wave in terms of wave¬ 
length and periodic time. Find an expression for the particle velocity in 
such a case. 

3. Distinguish between a transverse wave and a longitudinal wave, 
giving examples of each. 

4. Show how a longitudinal wave may be represented by means of a 
sine curve. Find the value for the compression in such a wave. 

5. Find an expression for the velocity of a compression wave in air. 
What value of the elasticity should be used in calculating the velocity of 
the wave from this expression ? 

6. Define the term “ interference.” Show that two simple harmonic 
waves of the same amplitude and frequency travelling in opposite direc¬ 
tions compound into a steady state of vibration. 

7. Describe the meaning of the term ” beats,” and show that the 
frequency of the beats is the difference of the frequencies of the constituent 
waves. 

8. Explain group velocity, and calculate its value when 

8. Contrast the meaning of longitudinal progressive wave and transverse 
stationary toave. 

Write down the equation of a simple harmonic progressive wave of 
amplitude 0*1 mm. and frequency 100 vibrations per sec. travelling in the 
positive direction of the axis of x with a velocity of 33,000 cm. per sec. 
Explain the equation, Lond. Int. Sci. 
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6-6718 

■9848 

1-8968 

80 

11 

•1920 

•1908 

‘1044 

5-1446 

*9816 

I 8788 

79 

12 

•2094 

•2079 

•2126 

4-7046 

‘9781 

l‘S 614 

78 

13 

•2269 

‘2250 

•2309 

4 ‘S 315 

-9744 

1 3439 

77 

14 

■2443 

•2410 

‘2493 

4-0108 

•9703 

1-3266 

76 

15 

•2618 

*2688 

•2679 

3-7321 

•9659 

1-3090 

75 

16 

•2793 

•2766 

-2867 

8-4874 

*9618 

1-2916 

74 

17 

' *2967 

•2924 

•3057 

8-2709 

•9563 

1-2741 

78 

18 

•8142 

‘3090 

•3249 

80777 

•9611 

1-2666 

72 

19 

•3316 

•3256 

■3443 

2-9042 

•9455 

1*2892 

71 

20 

‘3491 

‘8420 

•3640 

2-7476 

■9807 

1-2217 

70 

21 

•3665 

■8684 

-3839 

2-6051 

•9836 

1-2043 

60 

22 

■3840 

■3746 

-4040 

2-4751 

•9272 

1‘1868 

68 

23 

-4014 

•3907 

•4245 

2-3559 

•9205 

1-1694 

67 

24 

■4189 

•4067 

•4462 

2-2400 

‘9185 

1-1519 

66 

25 

- 43 G 3 

■4226 

'4663 

2-1445 

•9063 

1-1846 

65 

26 

'4538 

•4384 

•4877 

2 0503 

•8988 

1*1170 

64 

27 

•4712 

•4540 

•5095 

1-9620 

‘8910 

1-0996 

68 

26 

•4887 

‘4695 

•5317 

1-8807 

•8880 

1-0821 

62 

29 

•5061 

*4848 

■5543 

1-8040 

•8746 

1-0647 

61 

30 

•5286 

•5000 

•5774 

1-7821 

•8660 

1-0472 

60 

81 

•6411 

•5150 

•6009 

1*6643 

•8672 

1-0297 

69 

32 

•5585 

•5299 

•6249 

1-6003 

-8480 

1-0123 

58 

83 

•6760 

'5446 

■6494 

1 5399 

•8887 

•9948 

67 

34 

■6934 

•5592 

•6745 

1-4826 

•8290 

•9774 

66 

35 

1 *0109 

•5736 

•7002 

1'4281 

•8192 

*9599 

66 

36 

•6283 

•5878 

•7265 

1-3764 

■8000 

*9425 

54 

87 

•6458 

'6018 

■7586 

1-8270 

•7986 

•9260 

68 

38 

•6632 

•6157 

•7813 

1-2799 

•7880 

•9076 

62 

39 

•6807 

•6293 

■8098 

1-2349 

•7771 

‘8901 

61 

40 

•6981 

'6428 

•8391 

1-1918 

•7600 

•8727 

60 

41 

•7156 

•6561 

•8693 

1 - 15 C 4 

•7647 

■8552 

49 

42 

•7830 

•6691 

•0004 

1-1106 

•7431 

■8378 

48 

43 

•7505 

•6820 

■0325 

1 0724 

•7314 

-8203 

47 

44 

•7679 

•6947 

•0657 

1-0355 

•7193 

*8029 

46 

45 

•7854 

•7071 

1-0000 

1-0000 

•7071 

‘7854 

46 



Cosloe. : 

1 

Cotangent. 

Tangent. 

Slue. 

Radians, 

Anglo. 



ANSWERS 


The following values have been used throughout, unless otherwise stated : 

9 = 32 ft./sec.* or 981 cm./sec.*. 

Density of water = 1 gm./cm.® or 62^ lb./ft.*. 

Density of mercury = 13*6 gm./cm.*. 

Atmospheric pressure = 76 cm. of mercury. 


Chapter I. p. 21. 

1. 60 ft. see.-* ; 82-7 ft. sec.-* ; 3-78 sec. 2. 32^ m.p.h. 

3. 95 ft. 4 . 32 ft. sec.-*. 

5. 480 miles per hr. per hr. ; 1440 miles per hr. per hr.; 60 miles per hr. 

6. 240 ft. 7. 21-6 ft. sec.—* ; 35*5 ft. sec.—*. 

8. 67 ft. ; 9 ft. sec.-*. 10. 498-7 ft. 11. 4-575 sec., 915 ft., 1250 ft. 

12. ft. below balloon ; ut ft. 

u* ein*a w* sin 2a 

13. u cos a, (w sm a - gt), — - , -- » • 


2g 


16. 2400 ft. sec.-*. 
19. 7 knots. 


18. 33-55 m.p.h., 26* 34' E. of South. 


CHAPTER n. p. 44. 

1. 6 ® 21'. 2. 2-74 sec. ; 6 ft. and 10 ft. 

3. V sin* a X 4-82 x 10-^. 6 . 605 poundals per sq. ft. 

6 . - 6 and + 6 ft. sec.-* ; 12 ft. poundals. 8 . e=2/ 3. 

9 . 2 sin"* m/( 7 n+M) ; 2glmM/{m+tA). 

11. 80 Ib.-ft. sec.-* ; 320 ft. poundals ; 3-2 ft. sec.-*. 

12. - 8/3 ft. sec.-* ; 5/6 ft. sec.-* ; 0-7. 13. 667 ft. sec.-*. 


CHAPTER m. p. 81. 

Q 

1. 375 lb. wt. 2. sin-*^^, W. 

3. If D is -^AC from C, resultant acts at - 3 DB from D. 

4. (4 cos 0 - 2*^3 sin d) lb. wt. 

5. 2-5 lb. wt. bisecting angle BAC ; 9-68 lb. wt. 

329 


330 


ANSWERS 


8. tan“^ 


_ (ti?i-«»g)0 _ 

2Px + (u?! + Ws)z +W(« + y) * 


12. On the axis and 0-403a from base. 

15. (OfMr®; (ii) 

17. 141-4 poundal-ft-, 300 revolutions. 

18. 3-142 sec.; 59-36 kg. wt. cm. 

21 . 18-6 lb. wt. 

23. tan“‘ 1-443=65° 17' to the horizontal. 

24. 80,000 poundals ; 30 stone wt. 


16. Ma^; 3*704 inches. 

19. 2*83 ft. 8 ec.~*. 

22. 119-7 ft. 8 ec.“^. 

25. 980 cm. 8 ec.“*. 


Chapter IV. p. 105. 

2. 428-8. 3. 324-3 ft.; 6-37 ft. 4. 2-864 ft.; 12-99 ft. sec.-» 

5. 0-7854 sec.; 42-67 ft.-poundals. 6 . 8-46 ft. ; 0-214; 28° 13'. 

9. 61-5 ft.; 1-67 sec. 10. 980 cm. sec.-*. 12. 27 rN/ 3 a/ 2 y. 

13. 3‘s/21. 14. 0-04 cm. approx.; 6 '. 15. 0-229i. 

17. 27rs/2i(N/2-l>/y. 18. 4*y^/3. 

19. T = 2?r(**-4-A*)/?*, «i(o*+6*)/3, 2wN/(4a* + 6*)/3ay. 


Chapter V. p. 124. 

1 . 6-898 X 10“*. 2. 988-3 cm. sec.”*. 3. 3-779 sec. 

4. 84-4 min. / 8 . 3-40 dynes. 


Chapter VI. p. 150. 

4. 7-258 X 10* dynes. 5. 9-913 cm. 

8 . + wt. units. 

' me 


I 


9. /x*/2?, where / is the force to produce unit strain. 1-99 ft. 

10. m/lVI=9/16. 11. Xx/l = w. 12. 9/26. 

13. 5 x 10 “* joule. 14. 0-429. 15. 1-31 x 10'^ dyne cm.”*. 


CHAPTER Vn. p. 179. 

1 . ffA®tan*«gm. wt. Thrust = IttA* tan*a gm. wt. Pressure = -|Agra. wt./cm.*. 

2. 4a/3 from top edge ; 8a/9 from bottom edge. 3. 0-0303 ft. 

4. 500 Ib. wt. 

. . ■ -ji a cos $\ l/h cos 6 

5. 2a/3 in. from the 6 m. side, +— 3 — ) / V, 




A from the b in. side. 


6 . 5r/4, 245 lb. wt., 49 lb. wt. 7. 265-5 gm., 44-5 gm. 

8 . Angle with horizontal = sin”* A/is/i. 


ANSWERS 
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9 . 

IS. 

14 . 





1 . 

4 . 







% 

1*671 gm. wt.-cm.; 12*67 gm. wt. 10. 

5 metres to level of water in tube. 18. 

69 ft. 15. 29*69 in. 16. 

53*34 metres. 18. 29*8 cm. 20. 


Weight of tube and mercury column. Decreases 
tube until tube is full. Then decreases to zero. 

14*6 inches of mercury. 


4*65 gm. wt. 

7*189 cu. m. 

36 cm. 

77*16 cm. 

owing to buoyancy of 


Chapter vin. p. 202. 

l/*/i0 cwt. 2. 0*805. 3. 13 ft. 

1*706/. 6. (i) W tan (A + a); (ii) W tan (A - a); (iii) W sin (A-a), 

a =-^(1 — sin a —/X cos a). 

W 

a{\ — fx— \ tan a) from the upper edge on the plane ; (cos ec ~ sin a). 


Chapter ix. p. 214. 

(a) 19*63 cm. (6) 7812 dynes, (c) No ; provided that all the water reaches 
the wall. Because the horizontal velocity and momentum are unchanged 
by gravity. 

0*888 cm. of mercury. 4. 73*2 cm. of mercury. 

3001 c.c. per sec. 7. 9*4 x 10® c.c. per min. 


Chapter X. p. 228. 

2. 1*84 X 10® cm. 8ec.“». 4. 4*93 x 10* cm. 8ec.“». 6. 1*469 gm. cm.“». 

7. 2*3 X 10>». 

Chapter XI. p. 248. 

6. 0*691 standard atmos. 9. 67*8 cm. of mercury. 

10. 101**C. 

Chapter XII. p. 288. 

4. 8*18 gm. wt. 5. 59*3 dyne cm.“*. 7. 6*53 mm. 

8. 1 : 6*52. 9. 0*0769 gm. wt. 

10. (a) 1*61 cm. ; (6) 1*75 cm. 11. 0*799 gm. cm.”*. 

12. 3*05 cm. The liquid will overflow until the tube is covered inside and out, 

and will then remain at rest. 

13. 0*884 cm. 15. 1*027 x 10® dyne cm.-*. 

16. 27*5 dyne cm.—*. 

Chapter XIII. p. 323, 

8. 0*01 sin 27r(x/330 - 100/). 
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Acceleration, 6. 

Angular, 48. 
in circle, 76. 
of gravity, 10. 

Adam, 287. 

Adiabatic elasticity, 391. 

flow, 210. 

Adsorption, 285, 

Air column, 305. 

Amplitude, 88. 

Aneroid barometer, 173. 
Angle of contact, 262. 
Angular acceleration, 48. 
impulse, 67. 
momentum, 66. 
velocity, 47. » 

Anti-elastic surface, 269. 
Antinodes, 303. 

Archimedes, Principle of, 162. 
Atmolysis, 245. 

Atomizer, 212. 

Atwood’s machine, 119. 
Avogadro’s law, 218. 

Axle, Wheel and, 73. 

Balance, Errors of the, 53. 
Gravity, 123. 

Sensitiveness of the, 53. 
Balance, The, 62. 

Ballistic pendulum, 31. 

Band brake, 188. 

Bar pendulum, 96. 

Barometer, Aneroid, 173. 

Fortin’s, 172. 

Beam, Bending of, 143. 

Beats, 315. 

Bending moment, 145. 

Bending of beam, 143. 
Bernoulli’s equation, 207. 
Boiling point, 236, 239. 

Boyle’s law, 173, 218. 

Boys, C. V., 116, 321. 

Brahe, Tycho, 109. 

Brake, Band, 188. 

Rope, 187. 


Breaking point, 127. 

Brown, Harkins and, 265. 

Brownian movement, 245. 

Bulk modulus, 128. 

Buoyancy, 164. 

Centre of, 166. 

c.o.s. system, 1. 

Cantilever, 144. 

Capillarily, 257. 

Capillary tube, 257. 

Cavendish, 115. 

Centre of buoyancy, 166. 
gravity, 54. 
mass, 55. 
oscillation, 96. 
pressure, 169. 

Centrifugal force, 77. 

Centri^tal force, 77. 

Centroid, 64. 
of cone, 57. 
semicircular plate, 57. 
triangle, 56. 
uniform rod, 55. 

Charles’ law, 175. 

Circular plate, Moment of inertia of, 

66 . 

Clack, 232. 

Clausius, 215, 220, 225. 

Coefl&cient of friction, 183. 
restitution, 30. 
viscosity, 191. 

Collision, 29. 

Colloids, 230. 

Combination ofs.H.M., 103. 
Comparison of velocities, 197. 
Composition of forces, 37. 

velocities, 3. 

Compound pendulum, 95. 

Cone, Centroid of, 57. 

Conical pendulum, 102. 

Conservation of energy, 41. 
momentum, 29. 

Constant of gravitation, 109, 115. 

» Contact, Angle of, 252. 
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INDEX 


Ck>ntracta» Vena, 208. 

Contraction, Coefficient of, 208. 
Couples, 60. 

Critical velocity, 192. 

Crystalloids, 230. 

Cylinder, Moment of inertia of, 71. 
Cylindrical film, 268. 

Dalton’s law, 219. 

Densities, Comparison of, 167. 
Density, Measurement of, 163. 
Density of the earth, 117. 

Dialysis, 233. 

Diffusion, 221, 229. 

Coefficient of, 230. 
of gases, 242, 244. 
pump, 247. 

Dimensions, 43. 

Disc, Moment of inertia of, 71. 
Dissociation, 241. 

Dropping plate, 121. 

Drop'Weight method, 264. 

D 3 me, The, 27. 

Earth, Density of the, 117. 

Edser, 267. 

Effusion, 219. 

of gases, 243. 

Elastic limit, 127. 

Elasticity, 127. 

Adiabatic, 391. 

Isothermal, 177. 
of gas, 176. 

Energy, 34. 

Conservation of, 41. 

Kinetic, 36, 67, 206. 
of vibration, 91. 

Potential, 40, 206. 

Pressure, 205. 

Surface, 277. 

Equilibrium, 58. 

Erg, The, 34. 

Errors of the balance, 53. 

Ewing's extensometer, 133. 
Extensometer, Ewing’s, 133. 
Searle’s, 133. 

Ferguson, 261. 

Pick’s law. 230. 

Field, Gravitational, 110. 

Film, Cylindrical, 268. 

Floating bodies, 165. 

Flow, Lines of, 204. 
of gas, 210. 

Tubes of, 204. 


Foot-poundal, The, 34. 
Force, 27. 

and pressure, 154. 
Cenfaifiigal, 77. 
Centripetal, 77. 

Forces, imposition of, 37. 
Parallel, 51. 

Parallelogram of, 37. 
Polygon of, 38. 

Resolution of, 37. 

Triangle of, 38. 

Fortin’s barometer, 172. 
Freezing point, 241. 
Frequency, 88. 

Friction, 183. 

Galileo, 10, 109. 

Gas, Perfect, 175. 

Permanent, 175. 

Gases, Diffusion of, 242, 244. 
Eff^ion of, 243. 

Kinetic theory of, 215. 
Viscosity of, 199, 226. 
Gauge, McLeod, 178. 

Graham, 221, 229, 242, 244. 
Gram, The, 27. 

Gravitation, 109. . 

Constant of, 109, 115. 
Gravitational field, 110. 

potential, 110. 

Gravity, Acceleration of, 10. 
balance, 123. 

Centre of, 54. 

Specific, 169. 

Group velocity, 317. 

Gyration, Raffius of, 65. 

Hare’s apparatus, 157. 
Harkins and Brown, 265. 
Harmonic motion. Simple, 86. 
Hodograph, The, 76. 

Hooke’s law, 126. 

Horizontal range, 14. 
Horse-power, 42. 
Hydrometers, 168. 

Impulse, 28. 

Angular, 67. 

Inclined plane, 185. 

Inertia, 27. 

Moment of, 64, 100. 
Interference, 301. 

Intrinsic pressure, 277. 
Isothermal elasticity, 177, 
flow, 210. 
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Jaeger, 263. 

Joule, The, 42. 

Kater's pendulum, 97. 

Kelvin, Lord, 232. 

Kepler, 109. 

Kilowatt, The, 43. 
Kilowatt-hour, The, 43. 

Kinetic energy, 35, 67, 206. 
Kinetic theory of gases, 216. 

Langmuir, 286. 

Laplace, 277, 300. 

Limit, Elastic, 127. 

Longitudinal waves, 294, 297. 

McLeod gauge, 178. 

Mass, 26. 

Centre of, 55. 

Maxwell, 215, 220. 

Mean free path, 222, 226. 
Metacentre, 166. 

Meter, Venturi, 209. 

Modulus, Bulk, 128. 
of elasticity, 127. 
of rigidity, 128. 

Young’s, 131. 

Molecular attractions, 282. 
Moment, Bending, 145. 
of a force, 48. 
of circular plate, 66. 
of cylinder, 71. 
of disc, 71. 
of inertia, 64, 100. 
of plate, 69. 
of rod, 65. 

Momentum, 25, 28. 

Angular, 66. 

Conservation of, 29. 
Monomolecular layers, 286. 
Motion, Newton’s laws of, 25. 
in a circle, 75. 

Wave, 291. 

Neumann, 253. 

Neutral equilibrium, 68. 
surface, 145. 

Newton, Sir Isaac, 13, 25, 31, 78, 
300. 

Newton’s laws of motion, 25. 
Nicholson’s hydrometer, 169. 

^ Nodes, 302. 

r 

Oil on waves, 288. 

Oscillation, Centre of, 96. 


I Osmosis, 232. 

Osmotic pressure, 233. 

Parallel axes, 68. 
forces, 61. 

Parallelogram of forces, 37. 
velocities, 5. 

Path, Mean free, 222, 226. 
Pendulum, Ballistic, 31. 

Bar, 96. 

Compound, 95. 

Conical, 102. 

Kater’s, 97. 

Simple, 93. 

Perfect gas, 175. 

Periodic time, 88. 

Permanent gases, 175. 
Perpendicular axes, 70. 
Perrin, 246. 

Pfeffer, 234. 

Phase, 93. 

Pitot tube, 209. 

Plane, Inclined, 185. 

Plate, Dropping, 121. 

Moment of inertia of, 69. 
Plateau’s spherule, 271. 
Poiseuille, 192. 

Poisson’s ratio, 139. 

Pollock, 124. 

Polygon of forces, 38. 
Potential, 110. 
due to shell, 111. 
due to sphere, 113. 
energy, 40, 206. 

Power, 42. 

Poynting, 116. 

Pressure, 154. 

Centre of, 159. 
energy, 206. 

Intrinsic, 277. 

Osmotic, 233. 

Projectiles, 11. 

Pump, Diffusion, 247. 

Water, 210. 

Radius of g^ation, 65. 

Range, Horizontal, 14. 

on inclined plane, 16. 
Raoult’s law, 237. 

Rate of working, 42. 

Ratio, Poisson’s, 139. 
Rayleigh, Lord, 286, 288, 313. 
Relative velocity, 18. 
Resolution of forces, 37. 
Restitution, Coefficient of, 30. 
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Retardation, 6. 

Rigidity, Simple, 128, 141. 
Ripples, 313. 

Rod, Moment of inertia of, 65. 
Uniform, Centroid of, 55. 
Vibrating, 305. 

Rope brake, 187. 

Rotating vector, 90. 


Scalars, 2. 

Scarle, 132, 149. 

Carle’s extensometer, 133. 
Semicircular plate. Centroid of, 67. 
Semi-permeable membrane, 233. 
Sensitiveness of the balance, 53. 
Shearing strain, 128. 

Simple harmonic motion, 86, 103. 
harmonic wave, 292. 
pendulum, 93. 

Sine curve, 102. 

Siphon, 171. 

Sorption, 285. 

SpeciBc gravity, 169. 

Speed, 2. 

Sphere, Potential due to, 113. 
Spherical shell. 111. 

Spring, Spiral, 142. 

Stable equilibrium, 58. 

Stability, 189. 

Stokes, Sir G., 198. 

Strain, 126. 

Shearing, 128. 

Stream-line, 204. ' 

Stress, 126. 

String, Vibrating, 304. 

Surface energy, 277. 

Neutral, 145. 
tension, 249. 

tension. Vapour pressure and, 273. 


Tension, Surface, 249. 
Threlfall, 124. 

Thrust, 158. 

Torque, 60. 

Torricelli, 171, 208. 
Torsion, 139. 

Torsional vibration, 99. 
Transverse waves, 294. 


Triangle, Centroid of, 56. 

of forces, 38. 

Tube, Pitot, 209. 



Uniform velocity, 2. 
Units, 1. 

Unstable equilibrium, 58. 


van der Waals, 278. 
van’t Hoff, 235. 

Vapour pressure, 235. 

pressure and surface tension, 273<> 
Variations in 122. 

Vector, Rotating, 90. 

Vectors, 2. 

Velocities, Composition of, 3. 

Parallelogram of, 5. 

Velocity, Angular, 47. 

Critical, 192. 

Relative, 18. 

Uniform, 2. 

Vena contracta, 208. 

Venturi meter, 209. 

Vibrating rod, 305. 
string, 304. 

Vibration, Energy of, 91. 

Torsional, 99. 

Viscosities, Comparison of, 197. 
Viscosity, 191. 

Measurement of, 194. 
of gases, 199, 226. 


Water pump, 210. 

waves, 306. • 

Watt, The, 42. 

Wave, Simple harmonic. 292. 
Wave-length, 293. 

Wave motion, 291. 

Waves, Longitudinal, 294, 297. 
on water, 306. 

Transverse, 294. 

Weight, 28. 

Wheel and axle, 73. 

Work, 34, 39. 

done in strain, 134. 
performed by couple, 63. 
Working, Rate of, 42. 

Yield point, 127. 

Young's modulus, 127, 131. 
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